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Differential equations of fractional order appear more and more frequently in different
research areas including physical and engineering applications. An effective technique for
solving such equations is needed.

In this work, we introduce a new function called the Z-function, some properties of
which are discussed. Some known functions will be given as special cases of Z-function. This
work shows that the proposed function, Z-function, is necessary and appropriate for its con-
nection with fractional calculus and solutions of fractional differential equations.

Solution of the initial-value problem for the fractional linear differential equation with
constant coefficients based on Riemann-Liouville definition of fractional derivatives of arbitrary
order will be given. The solutions obtained are calculated in terms of the Z-function.
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1. Introduction, definitions and preliminaries

We introduce the following definitions and properties of the fractional
integrals and Riemann-Liouville fractional derivatives:

Fractional Integral. According to the Riemman-Liouville approach to
fractional calculus, the notation of fractional integral of order α > 0 is a natural
consequence of Cauchy integral formula:

fn(t) =
1

Γ(n)

tZ
0

(t− τ)n−1f(τ)dτ, t > 0, n ∈ N.(1.1)
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In a natural way, if replacing the positive integer n by the positive real number
α, one defines the Riemann-Liouville fractional integral of order α > 0 as:

D−αf(t) =
1

Γ(α)

tZ
0

(t− τ)α−1f(τ)dτ, t > 0.(1.2)

For example, if f(t) = tγ with γ > −1 , α > 0, then we have

D−αtγ =
Γ(γ + 1)

Γ(γ + 1 + α)
tγ+α, t > 0.(1.3)

We note the semigroup property

D−αD−β = D−(α+β), α, β ≥ 0,(1.4)

which implies the commutative property D−αD−β = D−βD−α.
Riemann-Liouville fractional derivative. Let m be the smallest

integer that exceeds α, then the Riemann-Liouville fractional derivative of order
α > 0 is defined as:

Dαf(t) = Dm
h
D−(m−α)f(t)

i
,(1.5)

namely

Dαf(t) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
dm

dtm

⎡⎣ 1

Γ(m− α)

tZ
0

f(τ)

(t− τ)α+1−m
dτ

⎤⎦, m− 1 < α < m

dm

dtm
f(t), α = m

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
.(1.6)

We can easily recognize that, for α ≥ 0

Dαtγ =
Γ(γ + 1)

Γ(γ − α+ 1)
tγ−α, γ > −1, t > 0.(1.7)

Details and properties of this definition are given in [9].
For the standard Riemann-Liouville fractional derivative the Laplace

transform, if exists, requires the knowledge of the initial values of the frac-
tional integral D−(m−α) and its integer derivatives of order k = 0, 1, ...,m − 1.
In fact, we have the following rule for the Laplace transform,

∞Z
0

e−stDαf(t) = sα ef(s)− m−1X
k=0

sm−k−1Dk−m+αf(0), m− 1 < α ≤ m.(1.8)
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2. The Z-function

In this section, we define and discuss some properties of the Z-function,
we give a number of useful relationships and the Laplace transform of the Z-
function. The proposed function, as we shall show in this study, is relevant for
its connection with solutions of linear fractional differential equations.

Definition 2.1. The Z-function

Zαp (z) = Z
α
p

µ
z

¯̄̄̄
α1, α2, ..., αk
a1, a2, ..., ak

¶
,(2.1)

where α and αi are positive real numbers (α > α1 > α2 > ... > αk), p and ai are
arbitrary real numbers, is characterized by the series representation

Zαp

µ
z

¯̄̄̄
α1
a1

¶
=

∞X
n=0

(−1)nan1
z(n+1)α−nα1−p

Γ((n+ 1)α− nα1 − p+ 1)
,(2.2)

Zαp

µ
z

¯̄̄̄
α1, α2, ..., αk
a1, a2, ..., ak

¶
=

∞X
n=0

(−1)n
Xµ

n

n1, n2, ..., nk

¶
an11 an22 ...ankk

× z(n+1)α−n1α1−···−nkαk−p

Γ((n+ 1)α− n1α1 − · · ·− nkαk − p+ 1)
,(2.3)

where the second summation extends over all possible combinations of nonneg-
ative integers n1, n2, ..., nk such that n1 + n2 + · · ·+ nk = n.

For α > α1 > · · · > αk , ak 6= 0 and z ∈ C, the Z-function Zαp is an
analytic function, since the convergence radius of series (2.3) is ∞.

Special Cases. It follows from the definition (2.2) that

Z11

µ
z

¯̄̄̄
0
a

¶
= e−az,(2.4)

Z21

µ
z

¯̄̄̄
0
a

¶
=

1√
a
sin
¡√

az
¢
,(2.5)

Z22

µ
z

¯̄̄̄
0
a

¶
= cos

¡√
az
¢
,(2.6)

Zαα

µ
z

¯̄̄̄
0
a

¶
= Eα (−azα) ,(2.7)

where Eα (z) is the Mittag-Leffler function in one parameter.
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Identities of Z-function. The Z-function satisfies the following identi-
ties:

Zαp

µ
z

¯̄̄̄
· · ·β · · · γ · · ·
· · · a · · · b · · ·

¶
= Zαp

µ
z

¯̄̄̄
· · · γ · · ·β · · ·
· · · b · · · a · · ·

¶
,(2.8)

Zαp

µ
z

¯̄̄̄
· · ·β · · ·
· · · 0 · · ·

¶
= Zαp

µ
z

¯̄̄̄
· · · 0 · · ·
· · · 0 · · ·

¶
,(2.9)

Zαp

µ
z

¯̄̄̄
· · ·β · · ·β · · ·
· · · a · · · b · · ·

¶
= Zαp

µ
z

¯̄̄̄
· · · β · · · 0 · · ·
· · · a+ b · · · 0 · · ·

¶
,(2.10)

Zαp

µ
z

¯̄̄̄
α1, α2, ..., αk
a1, a2, ..., ak

¶
=Zα−αkp−αk

µ
z

¯̄̄̄
α1−αk, α2−αk, ..., αk−1− αk, 0
a1 , a2 , . . . , ak−1 , ak

¶
,(2.11)

where the dots represents any parameters. The proof follows immediately from
the Z-function definition.

Laplace transform of Z-function. It is known that Laplace transform
is a powerful tool for solving initial value problem for both ordinary and frac-
tional differential equations. In the following theorem, we compute the Laplace
transform of the Z-function.

Theorem 2.2. Suppose that α > α1 > α2 > · · · > αk > 0 , α− p > −1
and t > 0, then the Laplace transform of the Z-function is given by:

∞Z
0

e−stZαp

µ
t

¯̄̄̄
α1, α2, ..., αk
a1, a2, ..., ak

¶
dt =

sp−1

sα + a1sα1 + a2sα2 + · · ·+ aksαk
,(2.12)

¯̄̄̄
a1s

α1 + a2s
α2 + · · ·+ aks

αk

sα

¯̄̄̄
< 1.(2.13)

P r o o f. From the definition (2.3), it follows that

∞Z
0

e−stZαp

µ
t

¯̄̄̄
α1, α2, ..., αk
a1, a2, ..., ak

¶
dt

=

∞Z
0

e−st
∞X
n=0

X
(−1)n

µ
n

n1, n2, ..., nk

¶
an11 an22 ...ankk

× t(n+1)α−n1α1−···−nkαk−p

Γ((n+ 1)α− n1α1 − · · ·− nkαk − p+ 1)
dt,(2.14)
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where the second summation extends over all possible combinations of nonneg-
ative integers n1, n2, ..., nk such that n1 + n2 + · · · + nk = n. Performing term
by term integration and using the well known property:

∞Z
0

e−sttγdt =
Γ(γ + 1)

sγ+1
, γ > −1,(2.15)

we can write the right hand side of (2.14) in the form

∞X
n=0

(−1)n
Xµ

n

n1, n2, ..., nk

¶
an11 an22 ...ankk

sp−α−1

snα−n1α1−···−nkαk
(2.16)

= sp−α−1
∞X
n=0

(−1)n
Xµ

n

n1, n2, ..., nk

¶³ a1
sα−α1

´n1 ³ a2
sα−α2

´n2
· · ·
³ ak
sα−αk

´nk
,

(2.17)
since n1 + n2 + · · ·+ nk = n.

Using the multinomial theorem and (2.13), we can write (2.14) as:

∞Z
0

e−stZαp (t)dt = sp−α−1
∞X
n=0

(−1)n
³ a1
sα−α1

+
a2

sα−α2
+ · · ·+ ak

sα−αk

´n
(2.18)

= sp−α−1
∞X
n=0

(−1)n
µ
a1s

α1 + a2s
α2 + · · ·+ aks

αk

sα

¶n

(2.19)

=
sp−1

sα + a1sα1 + a2sα2 + · · ·+ aksαk
.(2.20)

3. Fractional differential equations

In this section, we give solutions of initial value problems for linear ordi-
nary fractional differential equations with constant coefficients, where the frac-
tional derivatives are based on the Riemann-Liouville definition.

Theorem 3.1. Suppose that m − 1 < α ≤ m , α > α1 > α2 > · · · >
αk > 0 , mi − 1 < αi ≤ mi (i = 1, 2, · · · , k) and t > 0, then the initial value
problem £

Dα + a1D
α1 + · · ·+ akD

αk + ak+1D
0
¤
y(t) = f(t),(3.1)

where Dα is the Riemann-Liouville fractional derivative of order α, has the
following solution
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y(t) =

tZ
0

f(t− τ)Zα1

µ
τ

¯̄̄̄
α1, α2, ..., αk , 0
a1, a2, ..., ak, ak+1

¶
dτ

+
m−1X
i=0

Di−m+αy(0)Zαm−i

µ
t

¯̄̄̄
α1, α2, ..., αk , 0
a1, a2, ..., ak, ak+1

¶

+

m1−1X
i=0

a1D
i−m1+α1y(0)Zαm1−i

µ
t

¯̄̄̄
α1, α2, ..., αk , 0
a1, a2, ..., ak, ak+1

¶
...

+

mk−1X
i=0

akD
i−mk+αky(0)Zαmk−i

µ
t

¯̄̄̄
α1, α2, ..., αk , 0
a1, a2, ..., ak, ak+1

¶
.(3.2)

P r o o f. Applying the Laplace transform to both sides of (3.1) and using
(1.8), we obtain

sα
∼
y (s)−

m−1X
i=0

Di−m+αy(0)sm−i−1+ a1s
α1

∼
y (s)−

m1−1X
i=0

a1D
i−m1+α1y(0)sm1−i−1

+ · · ·+ aks
αk

∼
y (s)−

mk−1X
i=0

akD
i−mk+αky(0)smk−i−1 + ak+1

∼
y (s) =

∼
f (s),(3.3)

that is
∼
y (s) =

∼
f (s)

sα + a1sα1 + · · ·+ aksαk + ak+1

+

m−1P
i=0

Di−m+αy(0)sm−i−1

sα + a1sα1 + · · ·+ aksαk + ak+1
+

m1−1P
i=0

a1D
i−m1+α1y(0)sm1−i−1

sα + a1sα1 + · · ·+ aksαk + ak+1

+ · · ·+

mk−1P
i=0

akD
i−mk+αky(0)smk−i−1

sα + a1sα1 + · · ·+ aksαk + ak+1
,(3.4)

where
∼
y (s) and

∼
f (s) are the Laplace transforms of y(t) and f(t), receptively.

Inverting the Laplace transform, using (2.12), we obtain the solution (3.2) of
the problem (3.1).
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Example 3.2. The initial value problem

Dαy(t) + ay(t) = 0, t > 0,(3.5)

with intial conditions

Dα−iy(0) = ci, i = 1, 2, · · · ,m,(3.6)

where m− 1 < α ≤ m, has the following solution

y(t) =

tZ
0

f(t− τ)Zα1

µ
τ

¯̄̄̄
0
a

¶
dτ +

mX
p=1

cpZ
α
p

µ
t

¯̄̄̄
0
a

¶
(3.7)

=

tZ
0

f(t− τ)τα−1Eα,α (−aτα) dτ +
mX
p=1

cpt
α−pEα,α−p+1 (−atα) .(3.8)

Example 3.3. Consider the initial value problem

d

dt
y(t) + aDβy(t) + by(t) = f(t), t > 0,(3.9)

where 0 < β < 1, with initial conditions

Dβ−1y(0) = c1 , y(0) = c2.(3.10)

Comparing with (3.1), (3.9) admits the solution

y(t) =

tZ
0

f(t− τ)Z11

µ
τ

¯̄̄̄
β, 0
a, b

¶
dτ + c2Z

1
1

µ
t

¯̄̄̄
β, 0
a, b

¶
+ ac1Z

2
β

µ
t

¯̄̄̄
β, 0
a, b

¶
.(3.11)

4. Summary

In this work, we introduce a new function called the Z-function in terms
of a convergent power series which generalizes some known functions. Some
properties and the Laplace transform of the Z-function are also presented.

The study showed that the proposed function, Z-function, is appropriate
for its connection with fractional calculus and plays an important role in solving
initial value problems for fractional differential equations. Solutions of some
known fractional differential equations are given in terms of Z-function.
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