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1. Introduction

Denote by U the unit disk in the plane.
A finite Blaschke product in the unit disk is a holomorphic function of
the form

n )\k —Z |)\k’
bo(z) = [ === 25 U,
(2) kl;Il 1— ez Mg <

Ae U, k=1,2,....,n. An infinite Blaschke product in the unit disk is a
holomorphic function of the form

o0
)\k—z |/\k|
b(z) = —_— (1—1|X|) <o0,z€U N €U k=1,2,.
(2) k|:|11_)\kz ;;1 [ Ak]) k

The sequence (A\;)72; C U is called an H* interpolating sequence, if for every
bounded sequence (cg)72; there is bounded holomorphic function such that
f(Ax) =c, k=1,2,.... By the theorem of Carleson the sequence (A\)32, C U
is an interpolating sequence if there exist 4 > 0 such that

inf H

Jik#j

)\)\k
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The Blaschke product is called an interpolating Blaschke product, if its zeros
are different and form an interpolating sequence. Let b,(2) be a finite Blaschke
product in the unit disk with zeros A1, Ao, ... A,. We may suppose that 0 <
A1l < |A2] < ... < |An|. We try to find interpolating Blaschke product By,(z),
m € N, such that

By(z) = by(z) if m — oo

uniformly on the compact subsets of the unit disk U.
First, for m > 2, x > 0, define

(1) Rz = L (1- ' k=12
. = — =1,2,....
Note that
(2) lim Z ngm) (x) ==,
m— o0 P

and

>0 2
®) Jim S [R @) =0

k=1

We put A1 = A1, dnt2 = Aoy oo, Apan = A Aok = Mg, k=1, 2,.... Define

00 k
1 1
(B WLE
k=n+1 \/m
Note that
1 n+1
Am 1— — .
0< < ( m) vm
Define )\,(Cm) ceU,m>2,k=1,2,...s0 that
(m) 11 (m) (4
1= 7] = =) - R (),
(4) arg /\,(Cm) =arg\,, k=12...,

where

Am = Zl [(1— Ae)E — %mr
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Note that )\gm) #+ )\,(gm) if j # k and )\,(Cm) — A\, m — 00, for every k. According
to (4) we have

i(l - )Al(cm) ) = En: [(1 — DT - Lm]k

k=1 k=1

) Fn = (1= 1) = S0 .

if m — o0o. According to the definition of )\,(Cm), we have that for every m > 2,

(6) Al < Il < A k=12
Let

_ 1 — [ A1
(7) 6_1;1?331{ 1— || [

Then (see for example [1], [2]), from (7) follows

2
n k
1-c¢
Z(Hthk):‘S

k=1

n

(8) II

k, k#j

Aj — Ak
1— XAk

According to (8), (see for example [2]), we have

S =) (= P) L
9) — <2log —=C(9).
k%j 11— X Agl? J

Also, there is a §; such that for all k # j

(10) ki:i-zy
1—)\]' Ak
Now, we are able to prove that the sequence ()\k )k_l is an interpolating
sequence. Take -
O<e
(11)
1— ]330 1—|\)?)%8 =AM 1=\ [\
cminf L MPPCO) (=B (PPN 1l Py
n+(1—|An)2)C(8)” 8—4-151 (1—|\|) n 2 2
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There is a my such that if m > mq:

(12) ‘A,ﬁm)—/\k‘<§, k=1,2,....
Let
2
my — (1= [M[?) [n+ (1= [A]?) C(9)] s = C2(6),
(13) (1- WP)Z[ZH“ Anl?)2 — 12
myg = 2
8(n+1)%2 (V2 + V/IN)

and choose my = max{my, ma, ms, mq}. From (12) we have:

=X AR S 1= X - 8,

14 —(m - €
(14 =3 > =R - <
Let m > mg and put for j # k
- 'M | A=A
1— D) = el (1= R = AP
(15) Tik = ( | J| )_( | Ak | )7 7'](7:) J k ‘

1= X A? 11— X" A2

According to (12) and (6), we have

m) o . _ de S S}
S S D WO T Wesre s Rl L

(m) € C(9)
1 ) < Tup — < —
00w = o — e a - e = YOt

Furthermore, using (17) we have:

ZTyk ZTyk + Z m)>20 )

k,k#j k. k#j n+1>k#£j

(1 —[A1]?)(1 — | A&)?
+Z M]?) \k!)

k>n+1 1_‘)")
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(18)
1—|M\)? 1 1
C(0) + A wP)r—: — C(9) + N 3C(0)
Hence, by (14) and (16) it follows
(m) _ y(m)
(19) inf ] NN et
I [T X mem) |
s k#] J Tk

By (19), the sequence ()\I(Cm))zozl is an interpolating sequence for every m > my.

Theorem 1. Each finite Blaschke product in the unit disk can be
approximated uniformly on the compact subsets of the unit disk by interpolating
Blaschke product.

Proof. Let b,(z) be the Blaschke product with zeros A1, Ag, ..., An;
IA1] < [A2] < -+ < |An|- Suppose first that n > 2. Let By, (z), m > my, be the

interpolating Blaschke products with zeros ()\lgm) )Zil, m > myg. It is easy to
check that -
(20) lim b, (A,gm) =0, lim Bn(\) =0

for every k. Let € > 0 be chosen as in (11). Put

(m) _ (m)
W) =Thia P S

(21) A A
(n) M™M=z M)
dm =it - S

- 1-X, 'z A

Similarly as in (18),

(22) Tim e (A) = 0.
Let
(23) rm(2) = [bn(2) = Bm(2)] -

If z=MA, orz= )\,(Cm), then

(24) lim 7p,(A) =0 and  lim rp(A™) =0
—00

m—0o0 m
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for every k. Let z # Ay, 2 # A", k=1,2,..., then we have
rin(2) = [bu(2) = (=) + ) = Bu(2)]

< a2) = D) +167(2) = oD (2) )

SQZIIZ(’”)I—IMIHIMIA — A"

st <1 - |z|> Ak HA(’” |
> 1- AT — A
(n) LAY
(25) 2/ (2)] Y 1_|Z 22 (EEEINE
k=n-+1
- S A "”\—rm 201 — |
+2[¢™ (2 — Tk <oy Tk 719 — :
D D e B K EVCA D e

if m — oo.

m—oo | — = z m—oo

where By, (z), m > 2, is a Blaschke product with zeros

26 A;m:l_[(l_%)i_ﬁk
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