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In this article we observe a class of linear differential equation of second order,
(x — 1) (z — 22)(z — 3)y" + (b2a® + brz + bo)y' + (c1 + o)y = 0,

where x1,x2,x3,b2,b1,bo,c1,co are real numbers. Some substitutions for the given equation
are introduced using the coefficient of 3"’ and with their help, some existence conditions for
the integrability of the new equations are obtained, which contain a natural number.
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We observe the second order differential equation of the form
(1) (x—x1)(x — x2)(x — 23)y" + (o + bz 4 bo)y' + (c12 + o)y = 0,

where x1 # T2 # x3.
In [1], it was already proven that, in order to have one polynomial solu-
tion, the equation (1) has to satisfy the conditions:

n? 4 (bg — 1)n+c¢; =0,
(2) bo + zox3 — (z2 + x3)x1 + (bo + 1)x? + by =0,
coby + c2 — c1bg + (c1 + ba)(cr1zy + 2c0)21 = 0.
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(The first equation in (2) is the characteristic equation of the differential equa-
tion (1).) In such a case, the polynomial solution of (1) is given with the formula

(3) y=e " [(z+ K)(z —z2)" ' (z — z3)" 'e"] (n=1) ,

M N
F:/ x+ o, M—1by 1,
(J} - xl)(.’L’ — $2)
by + 2x1b
N = by + x1 + 21b2, K:_$161—|—n(1—|— T 2+x1c1—|—c0)‘
C1

Now, we will obtain the general solution of (1), using different procedure than
the one used before. To this purpose, we start with the equation

(Sz+T)(z+ K)(z? + Qr + R)u" + [B2a® + Brz + fo) +2(Sz +T) -
(2> + Qx4+ R)+ (n— 1)(z + K)(Sz + T)(2x + q) —
—(n—=18(x+ K)(z2 + Qr + R)ju' =0

Mxz+ N
Using the substitution v = (x+K)(a:2+Q:E+R)”*lef Zreern ™y and according

to conditions (2'), we get the transformed equation

(Sz 4 T)(2* + Qx + R + {—2(Sz + T)(Mxz + N) + (Bax2 + Biz + Bo)
—(n—1)[S(z*+ Qz+ R) + (S +T)(2z + Q)] } v + {(Mz + N)

X (28 4+ MS — B) + Prx + fo — M(Sz +T) — (n — 1) [-2S(Mz + N)
—2M(Sz 4 T) + 2Box + 1] + n(n — 1) [S(2z + Q) + (Sz + T)]}v = 0.

After differentiating the last equation n-1 times and putting v

obtain the equation

= z, we

(Sx +T)($2 + Qz + R)2" + [-2(Sx + T)(Mx + N) + (Baz2 + S1z + Bo)] 2’
+[(Mxz+ N)(2S+ MS — B2) + frz+ o — M(Sz +T)]z = 0.

. . . Mot N_ g .
Finally, the last substitution z = e’ *2+@=+8™"y leads to an equation of the

same type as (1),

(1) (Sz+T)(2* + Qz + R)yY" + (Boxa + 1z + Bo)y + (Bix + Bo)y = 0.

Now according to the above transformations, we can state the general solution
of (1'):



On a Class of Differential Equations of ... 413

y=e "{(z+K)(2*+Qz+R)" 'e"

(n—1)
X [Cl + Oy / (Sz+T)" 2?4+ Qr+ R)* (= + K)Qda:} } )

where
Mx+ N ,62—5
= [ 22T e M=
2+ Qe+ R S
BT TBh o Ty—n(Sh —2TP — Ty + S)
S 527 Sv1 '

The conditions for the existence of one polynomial solution of (1’) are given
with:

Sn? 4+ (B2 = S)n+v1 =0
(2) S2(8o — TQ + SR) + T*(By + S) — TB1S = 0
S*(v0B1 + 76 — 11Bo) + T(y1 + B2) (T — 2570) = 0.

If weput S =1, T = —z1, Q@ = —(z2 + x3), R = xox3, where
22+ Qx + R = (r —z1)(x — x3), we obtain a general solution formula for the
equation (1),

y=et {(z+ K)(z — 22)" N — a3)" Lel

4" x [Cl +Cy / (2 — 20)" L@ — 22) (@ — 25) " (2 + K)%zx] }(nl) .

Theorem 1. If the conditions (2) to the differential equation (1) are
satisfied, then this equation has one polynomial solution given with the formula
(3), while the general solution is given with the formula (4").

Now, we introduce substitutions to the equation (1) which are given with
(5) y = (z— 1) (2 — 22)7 (2 — 23)72.

It was already proven in [2] that, applying these substitutions, we can obtain at
most seven other differential equations of the same type as (1):

(6)  (z—a1)(w —x2)(w — w3)2] + (ba® + bya + bp)2 + (e + cp)z1 = 0

(7) (x —z1)(x — 22) (T — w3) 25 + (b%mQ + b%ac + b(z))zé + (c%x + 0(2))22 =0
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(8) (— 1) (x — z2)(x — x3) 25 + (D322 + b3z + b3) 24 + (Sx + )23 =0
9) (x —21) (@ — 22)(x — 23)2f + (D322 + biz + )2, + (clz 4+ ¢i)za = 0
(10)  (z —21) (2 — m2)(z — 23) 2% + (D322 + V3w + b3) 2% + (cjz + cf)zs = 0
(11)  (z —21) (2 — 22)(z — 23) 20 + (522 + 2 + b8) 26 + (S + c§)z6 = 0

(12) (0 —o1)(@ —22)(x — 29) 2 + (bfa® + bla + b]) 2 + (cla + )z = 0
Here we have used the following groups of indexed coefficients:

b% = 2a + bo, b% = —(2aws + 2acuwe — by), b(l) = 2axox3 + by,
el = ala—1) + aby + ¢y,

C(l) =a(a—1)(z1 — 2 — z3) + a(baxy + b1) + co,

b3 =28 +by, bi=—(28x1+2Bx3—by), bE=2Bz13+ by,
¢t =B(B—1)+ by +ci,
2 = BB —1)(zg — 3 — 1) + B(bawa + by) + co,

b3 =2y +by, b3 =—(2yx1 + 2yz2 — by), b3 = 2yx129 + by,

& =y(y—1)+ by + e,

b =7(y = D)3 — x2 — 21) + y(baws + b1) + co,

by =20+ 2B+ by, b = —(20xs3 + 20ws + 2Bz + 2813 — b),
bé = 2axoxs + 2Bx123 + b,

i =2af+ala—1)+B(8—1) + (a+ B)ba + c1,

cé = —2afx3 + a(la—1)(z1 — 29 —x3) + B(6 — 1)(z2 — x3 — 1)
+a(bzry + b1) + B(baza + b1) + co,

bg =20 + 279 + ba, b‘;’ = —(2axs + 2awe + 2yx1 + 2722 — b1),
bg = 2axax3 + 2vx172 + bo,
A =207+ ala—1) +7(y = 1) + (@ + )bz + ¢,

0(5) = 2ayry + ala—1)(x1 —z2 — x3) +y(y — 1)(x3 — 22 — 71)
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+Ot(bg$1 + bl) + ’7(1)2333 + bl) + co,

WS =28+ 2y + by, b =—(28z1 + 2823 + 2721 + 2932 — by),
by = 28123 + 2yT129 + by,
A=287y+BB-1)+v(y =1+ (B+7)b2+c,

¢ = —2Byz1 + B(B — 1)(x2 — m3 — x1) + (v — 1) (23 — 33 — 1)
+5(baza + b1) + y(bazs + b1) + co,

b = 20+ 23 + 27 + bo,

bl = —(2az3 + 20xo + 281 + 2Bx3 + 2yx1 + 2720 — by),

bg = 2axoxs + 2Bx173 + 2vT 1272 + by,

ol = 2a8 + 28y + 2ay + ala=1) + B(B-1) +y(v=1) + (@ + B +7)b2 + 1,
ch = —2afxs — 20wy — 20z + ala — 1)(z; — 29 — x3)

+B(8 — (w2 — a3 —21) +v(v — 1) (23 — 32 — 71)

+a(baz1 + b1) 4 B(baxa + b1) + y(baz3 + b1) + co,

where

w1— bax? + b1y + by 7 G—1- boxd + byzo + bo 7
(13) (x5 — z1)(v2 — 71) (21 — @2) (23 — 72)
bg.’lf% + b1£C3 + b()
(21— x3)(z2 — x3)’

y=1-
and the substitutions for each of the equations are adequately given with

/ y=(z—21)%, y=(@—x2) 2, y=(v—23)2
(13) y=(z—21)%x—22)’2, y=(2—21)%x—x3)725,
y=(z—22)°(x —23)72, y=(z—21)*x—22)"(x—23) 2.

The conditions for the existence of one polynomial solution for each of the above
equations (6)-(12), according to the previously stated, are:

n? + (b — n+ci = 0,
(6) by + mox3 — (x2 + x3)T1 + (b + D)2t + by =0,
cobt + (¢5)? = eibg + (e + by)(c1z1 + 2¢5)x1 = 0,
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n? + (b3 — Dn+cf =0,
(7) bg + zoxs — (z2 + x3)x1 + (b3 + 1)a? + bz =
c3bt + (c3)? — 302 + (3 + b3)(ciar + 263wy = O,

n?+ (b3 —1Dn+c =0,
(8) by + wax3 — (w2 + m3)w1 + (b3 + 1)at + bizy =0,
cob? + (c3)% — ¢ibg + (cf + b3) (cfzy + 2cd) 21 = 0,

n?+ (b5 —1Dn+ct =0,
(9) bg + xom3 — (z2 + m3)71 + (b3 + 1)at + bjzy =0,
cgbi + (c§)? — cibg + (cf + b3)(ciar + 2¢5)x1 = 0,

n?+ (b3 — Dn+ ¢ =0,
(10) by + wox3 — (22 4 x3)z1 + (b3 + 1)a? + bl =0,
bl + (c§)? — 305 + (§ + b3 (xy + 2¢))x1 = 0,

n?+ 5 —1n+ & =0,
(11 ) bg + xox3 — (332 + x3)T1 + (b6 + 1):E% + b?xl =0,
Sb8 + (§) — S8 + (8 + b8 (Szy + 2¢8) 1 = 0,

n?+ (bt — Dn+ ¢l =0,
(12 ) bO + xox3 — (332 + 133)5(31 + (b2 + 1):E1 + bl-Tl 0,
bl + (c§)? = cfbh + (c] + bY)(cla1 + 2¢f)x1 =0,

and the formula for each of the related polynomial solutions is given with

(14) zi=e b [(x + K;)(z — xg)”_l(m — acg)”_leFi] (n=1) ,
while the related general solution is given with
(15) 2z =e T {(z+ K;)(z — 29)" H(x — x3)" Lelt

X [cl Oy /(a: —21)" Yz — 22)1 (@ — 23) " (z + Ki)2da:} }(nl) :
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i=1,2,34,5 6,7,

where
MZ'.’L' + Ni ; ; ;
F; = d M; =b5—1, N; =10} b’
oo T B 2B e )
c1
Theorem 2. Given the differential equation (1), and if there is a

number n € N (the smaller if there are two nulls of the characteristic equation)
for which at least one of the conditions (2), (6"), (7'), (8'), (9'), (10'), (11’) and
(12") hold, then the equation (1) is solvable in closed form. In addition, with
(13") and (14) we obtain the formula for one of its particular solutions,while
(15) gives the formula for the general solution, while (15) gives the formula for
the general solution.

Other existence conditions for integrability of (1) are obtained in [3,4].
Example. We consider the differential equation
(x—1)(z+1D)(z—3)y" — (B32% + 62 — 1)y +4(x + 1)y = 0.
It has one polynomial solution
y1 = (z +1)%,
while the general solution is
(16) y=0C1 ((z+1)%n(z+1)+2) + Co(z + 1)%

Having a = § = v = 2 and using the appropriate substitutions, one can obtain
seven different transformational equations:

(z —1)(z+ 1)(z —3)2) + (2 + 102 + 13)2] — 42, = 0,
(x—1)(z+1)(z —3)28 + (2* + 22 — 11)24, = 0,

(x—1)(x +1)(z —3)25 + (2% — 62 — 3)25 + 423 =0,

(x —1)(x + 1)(z — 3)2] + (52% + 18z + 1)2) + (4z + 20)z4 = 0,
(x —1)(x +1)(z —3)28 + (5® + 10z + 9)25 + (4z + 4)25 = 0,
(z —1)(z +1)(z — 3)zf + (522 + 2z — 15)2§ + (4z — 8) 26 = 0,
(z —1)(z + 1)(z — 3)25 + (922 — 18z — 3)2, + (162 4 16)27 = 0.
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Their general solutions can be obtained from (16), according to the re-
lated substitutions.
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