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In this article we observe a class of linear differential equation of second order,

(x− x1)(x− x2)(x− x3)y” + (b2x
2 + b1x+ b0)y

0 + (c1x+ c0)y = 0,

where x1, x2, x3, b2, b1, b0, c1, c0 are real numbers. Some substitutions for the given equation
are introduced using the coefficient of y00 and with their help, some existence conditions for
the integrability of the new equations are obtained, which contain a natural number.
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We observe the second order differential equation of the form

(1) (x− x1)(x− x2)(x− x3)y” + (b2x
2 + b1x+ b0)y

0 + (c1x+ c0)y = 0,

where x1 6= x2 6= x3.

In [1], it was already proven that, in order to have one polynomial solu-
tion, the equation (1) has to satisfy the conditions:

(2)

n2 + (b2 − 1)n+ c1 = 0,

b0 + x2x3 − (x2 + x3)x1 + (b2 + 1)x
2
1 + b1x1 = 0,

c0b1 + c20 − c1b0 + (c1 + b2)(c1x1 + 2c0)x1 = 0.
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(The first equation in (2) is the characteristic equation of the differential equa-
tion (1).) In such a case, the polynomial solution of (1) is given with the formula

(3) y = e−F
£
(x+K)(x− x2)

n−1(x− x3)
n−1eF

¤(n−1)
,

where

(4)

F =

Z
Mx+N

(x− x1)(x− x2)
dx, M = b2 − 1,

N = b1 + x1 + x1b2, K = −x1c1 + n(b1 + 2x1b2 + x1c1 + c0)

c1
.

Now, we will obtain the general solution of (1), using different procedure than
the one used before. To this purpose, we start with the equation

(Sx+ T )(x+K)(x2 +Qx+R)u00 + [β2x
2 + β1x+ β0) + 2(Sx+ T ) ·

·(x2 +Qx+R) + (n− 1)(x+K)(Sx+ T )(2x+ q)−
−(n− 1)S(x+K)(x2 +Qx+R)]u0 = 0

Using the substitution v = (x+K)(x2+Qx+R)n−1e
R

Mx+N
x2+Qx+R

dx
u and according

to conditions (20), we get the transformed equation

(Sx+ T )(x2 +Qx+R)v00 + {−2(Sx+ T )(Mx+N) + (β2x2 + β1x+ β0)

−(n− 1)
£
S(x2 +Qx+R) + (Sx+ T )(2x+Q)

¤ª
v0 + {(Mx+N)

× (2S +MS − β2) + β1x+ β0 −M(Sx+ T )− (n− 1) [−2S(Mx+N)

−2M(Sx+ T ) + 2β2x+ β1] + n(n− 1) [S(2x+Q) + (Sx+ T )]} v = 0.

After differentiating the last equation n-1 times and putting v(n−1) = z, we
obtain the equation

(Sx+ T )(x2 +Qx+R)z00 + [−2(Sx+ T )(Mx+N) + (β2x2 + β1x+ β0)] z
0

+ [(Mx+N)(2S +MS − β2) + β1x+ β0 −M(Sx+ T )] z = 0.

Finally, the last substitution z = e
R

Mx+N
x2+Qx+R

dx
y leads to an equation of the

same type as (1),

(10) (Sx+ T )(x2 +Qx+R)y00 + (β2x2 + β1x+ β0)y
0 + (β1x+ β0)y = 0.

Now according to the above transformations, we can state the general solution
of (10):
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(4
0
)

y = e−F
©
(x+K)(x2 +Qx+R)n−1eF

×
∙
C1 + C2

Z
(Sx+ T )n−1(x2 +Qx+R)1−n(x+K)−2dx

¸¾(n−1)
,

where

F =

Z
Mx+N

x2 +Qx+R
dx, M =

β2 − S

S
,

N =
β1 − T

S
− Tβ2

S2
, K =

Tγ1 − n(Sβ1 − 2Tβ2 − Tγ1 + Sγ0)

Sγ1
.

The conditions for the existence of one polynomial solution of (1’) are given
with:

(2
0
)

Sn2 + (β2 − S)n+ γ1 = 0

S2(β0 − TQ+ SR) + T 2(β2 + S)− Tβ1S = 0

S2(γ0β1 + γ20 − γ1β0) + T (γ1 + β2)(Tγ1 − 2Sγ0) = 0.

If we put S = 1, T = −x1, Q = −(x2 + x3), R = x2x3, where
x2 +Qx+R = (x− x1)(x− x3), we obtain a general solution formula for the
equation (1),

y = e−F
©
(x+K)(x− x2)

n−1(x− x3)
n−1eF

(400) ×
∙
C1 + C2

Z
(x− x1)

n−1(x− x2)
1−n(x− x3)

1−n(x+K)−2dx

¸¾(n−1)
.

Theorem 1. If the conditions (2) to the differential equation (1) are
satisfied, then this equation has one polynomial solution given with the formula
(3), while the general solution is given with the formula (400).

Now, we introduce substitutions to the equation (1) which are given with

(5) y = (x− x1)
α(x− x2)

β(x− x3)
γz.

It was already proven in [2] that, applying these substitutions, we can obtain at
most seven other differential equations of the same type as (1):

(6) (x− x1)(x− x2)(x− x3)z
00
1 + (b

1
2x
2 + b11x+ b10)z

0
1 + (c

1
1x+ c10)z1 = 0

(7) (x− x1)(x− x2)(x− x3)z
00
2 + (b

2
2x
2 + b21x+ b20)z

0
2 + (c

2
1x+ c20)z2 = 0
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(8) (x− x1)(x− x2)(x− x3)z
00
3 + (b

3
2x
2 + b31x+ b30)z

0
3 + (c

3
1x+ c30)z3 = 0

(9) (x− x1)(x− x2)(x− x3)z
00
4 + (b

4
2x
2 + b41x+ b40)z

0
4 + (c

4
1x+ c40)z4 = 0

(10) (x− x1)(x− x2)(x− x3)z
00
5 + (b

5
2x
2 + b51x+ b50)z

0
5 + (c

5
1x+ c50)z5 = 0

(11) (x− x1)(x− x2)(x− x3)z
00
6 + (b

6
2x
2 + b61x+ b60)z

0
6 + (c

6
1x+ c60)z6 = 0

(12) (x− x1)(x− x2)(x− x3)z
00
7 + (b

7
2x
2 + b71x+ b70)z

0
7 + (c

7
1x+ c70)z7 = 0

Here we have used the following groups of indexed coefficients:

b12 = 2α+ b2, b11 = −(2αx3 + 2αx2 − b1), b10 = 2αx2x3 + b0,

c11 = α(α− 1) + αb2 + c1,

c10 = α(α− 1)(x1 − x2 − x3) + α(b2x1 + b1) + c0,

b22 = 2β + b2, b21 = −(2βx1 + 2βx3 − b1), b20 = 2βx1x3 + b0,

c21 = β(β − 1) + βb2 + c1,

c20 = β(β − 1)(x2 − x3 − x1) + β(b2x2 + b1) + c0,

b32 = 2γ + b2, b31 = −(2γx1 + 2γx2 − b1), b30 = 2γx1x2 + b0,

c31 = γ(γ − 1) + γb2 + c1,

c30 = γ(γ − 1)(x3 − x2 − x1) + γ(b2x3 + b1) + c0,

b42 = 2α+ 2β + b2, b41 = −(2αx3 + 2αx2 + 2βx1 + 2βx3 − b1),

b40 = 2αx2x3 + 2βx1x3 + b0,

c41 = 2αβ + α(α− 1) + β(β − 1) + (α+ β)b2 + c1,

c40 = −2αβx3 + α(α− 1)(x1 − x2 − x3) + β(β − 1)(x2 − x3 − x1)

+α(b2x1 + b1) + β(b2x2 + b1) + c0,

b52 = 2α+ 2γ + b2, b51 = −(2αx3 + 2αx2 + 2γx1 + 2γx2 − b1),

b50 = 2αx2x3 + 2γx1x2 + b0,

c51 = 2αγ + α(α− 1) + γ(γ − 1) + (α+ γ)b2 + c1,

c50 = −2αγx2 + α(α− 1)(x1 − x2 − x3) + γ(γ − 1)(x3 − x2 − x1)
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+α(b2x1 + b1) + γ(b2x3 + b1) + c0,

b62 = 2β + 2γ + b2, b61 = −(2βx1 + 2βx3 + 2γx1 + 2γx2 − b1),

b60 = 2βx1x3 + 2γx1x2 + b0,

c61 = 2βγ + β(β − 1) + γ(γ − 1) + (β + γ)b2 + c1,

c60 = −2βγx1 + β(β − 1)(x2 − x3 − x1) + γ(γ − 1)(x3 − x2 − x1)

+β(b2x2 + b1) + γ(b2x3 + b1) + c0,

b72 = 2α+ 2β + 2γ + b2,

b71 = −(2αx3 + 2αx2 + 2βx1 + 2βx3 + 2γx1 + 2γx2 − b1),

b70 = 2αx2x3 + 2βx1x3 + 2γx1x2 + b0,

c71 = 2αβ + 2βγ + 2αγ + α(α−1) + β(β−1) + γ(γ−1) + (α+ β + γ)b2 + c1,

c70 = −2αβx3 − 2αγx2 − 2βγx1 + α(α− 1)(x1 − x2 − x3)

+β(β − 1)(x2 − x3 − x1) + γ(γ − 1)(x3 − x2 − x1)

+α(b2x1 + b1) + β(b2x2 + b1) + γ(b2x3 + b1) + c0,

where

(13)

α = 1− b2x
2
1 + b1x1 + b0

(x3 − x1)(x2 − x1)
, β = 1− b2x

2
2 + b1x2 + b0

(x1 − x2)(x3 − x2)
,

γ = 1− b2x
2
3 + b1x3 + b0

(x1 − x3)(x2 − x3)
,

and the substitutions for each of the equations are adequately given with

(13
0
)

y = (x− x1)
αz1, y = (x− x2)

βz2, y = (x− x3)
γz3

y = (x− x1)
α(x− x2)

βz4, y = (x− x1)
α(x− x3)

γz5,

y = (x− x2)
β(x− x3)

γz6, y = (x− x1)
α(x− x2)

β(x− x3)
γz7.

The conditions for the existence of one polynomial solution for each of the above
equations (6)-(12), according to the previously stated, are:

(6
0
)

n2 + (b12 − 1)n+ c11 = 0,

b10 + x2x3 − (x2 + x3)x1 + (b
1
2 + 1)x

2
1 + b11x1 = 0,

c10b
1
1 + (c

1
0)
2 − c11b

1
0 + (c

1
1 + b12)(c

1
1x1 + 2c

1
0)x1 = 0,
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(7
0
)

n2 + (b22 − 1)n+ c21 = 0,

b20 + x2x3 − (x2 + x3)x1 + (b
2
2 + 1)x

2
1 + b21x1 = 0,

c20b
2
1 + (c

2
0)
2 − c21b

2
0 + (c

2
1 + b22)(c

2
1x1 + 2c

2
0)x1 = 0,

(8
0
)

n2 + (b32 − 1)n+ c31 = 0,

b30 + x2x3 − (x2 + x3)x1 + (b
3
2 + 1)x

2
1 + b31x1 = 0,

c30b
3
1 + (c

3
0)
2 − c31b

3
0 + (c

3
1 + b32)(c

3
1x1 + 2c

3
0)x1 = 0,

(9
0
)

n2 + (b42 − 1)n+ c41 = 0,

b40 + x2x3 − (x2 + x3)x1 + (b
4
2 + 1)x

2
1 + b41x1 = 0,

c40b
4
1 + (c

4
0)
2 − c41b

4
0 + (c

4
1 + b42)(c

4
1x1 + 2c

4
0)x1 = 0,

(10
0
)

n2 + (b52 − 1)n+ c51 = 0,

b50 + x2x3 − (x2 + x3)x1 + (b
5
2 + 1)x

2
1 + b51x1 = 0,

c50b
5
1 + (c

5
0)
2 − c51b

5
0 + (c

5
1 + b52)(c

5
1x1 + 2c

5
0)x1 = 0,

(11
0
)

n2 + (b62 − 1)n+ c61 = 0,

b60 + x2x3 − (x2 + x3)x1 + (b
6
2 + 1)x

2
1 + b61x1 = 0,

c60b
6
1 + (c

6
0)
2 − c61b

6
0 + (c

6
1 + b62)(c

6
1x1 + 2c

6
0)x1 = 0,

(12
0
)

n2 + (b72 − 1)n+ c71 = 0,

b70 + x2x3 − (x2 + x3)x1 + (b
7
2 + 1)x

2
1 + b71x1 = 0,

c70b
7
1 + (c

7
0)
2 − c71b

7
0 + (c

7
1 + b72)(c

7
1x1 + 2c

7
0)x1 = 0,

and the formula for each of the related polynomial solutions is given with

(14) zi = e−Fi
£
(x+Ki)(x− x2)

n−1(x− x3)
n−1eFi

¤(n−1)
,

while the related general solution is given with

(15) zi = e−Fi
©
(x+Ki)(x− x2)

n−1(x− x3)
n−1eFi

×
∙
C1 +C2

Z
(x− x1)

n−1(x− x2)
1−n(x− x3)

1−n(x+Ki)
−2dx

¸¾(n−1)
,
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i = 1, 2, 3, 4, 5, 6, 7,

where

Fi =

Z
Mix+Ni

(x− x2)(x− x3)
dx, Mi = bi2 − 1, Ni = bi1 + x1 + x1b

i
2,

Ki = −
x1c

i
1 + n(bi1 + 2x1b

i
2 + x1c

i
1 + ci0)

c1
, i = 1, 2, 3, 4, 5, 6, 7.

Theorem 2. Given the differential equation (1), and if there is a
number n ∈ N (the smaller if there are two nulls of the characteristic equation)
for which at least one of the conditions (2), (60), (70), (80), (90), (100), (110) and
(120) hold, then the equation (1) is solvable in closed form. In addition, with
(130) and (14) we obtain the formula for one of its particular solutions,while
(15) gives the formula for the general solution, while (15) gives the formula for
the general solution.

Other existence conditions for integrability of (1) are obtained in [3, 4].

Example. We consider the differential equation

(x− 1)(x+ 1)(x− 3)y00 − (3x2 + 6x− 1)y0 + 4(x+ 1)y = 0.

It has one polynomial solution

y1 = (x+ 1)
2,

while the general solution is

(16) y = C1
¡
(x+ 1)2ln(x+ 1) + 2

¢
+C2(x+ 1)

2.

Having α = β = γ = 2 and using the appropriate substitutions, one can obtain
seven different transformational equations:

(x− 1)(x+ 1)(x− 3)z001 + (x2 + 10x+ 13)z01 − 4z1 = 0,
(x− 1)(x+ 1)(x− 3)z002 + (x2 + 2x− 11)z02 = 0,
(x− 1)(x+ 1)(x− 3)z003 + (x2 − 6x− 3)z02 + 4z3 = 0,
(x− 1)(x+ 1)(x− 3)z004 + (5x2 + 18x+ 1)z04 + (4x+ 20)z4 = 0,
(x− 1)(x+ 1)(x− 3)z005 + (5x2 + 10x+ 9)z05 + (4x+ 4)z5 = 0,
(x− 1)(x+ 1)(x− 3)z006 + (5x2 + 2x− 15)z06 + (4x− 8)z6 = 0,
(x− 1)(x+ 1)(x− 3)z007 + (9x2 − 18x− 3)z07 + (16x+ 16)z7 = 0.
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Their general solutions can be obtained from (16), according to the re-
lated substitutions.
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