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We try to make some contributions in proving the conjecture which P. Borwein estab-
lished. In that order, we consider it in the matrix form and notice some wonderful relations.
Also, we concentrate our attention to self-inversive polynomials and conclude that the whole
conjecture can be written by three sequences of self-inversive polynomials. At last, our numer-

ical evaluating persuade us that a few auxiliary conjectures are true We think that they can
be useful in final proof.
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1. Introduction

Let us denote by

n—1

(59)0=1,  (a59)n=[[(1-aq))

=0
and

T(n:9) = (4:6*)n (4% ¢%)n = _]:[(1 - (1~ ).

i=
For fixed n, J(n;q) is a monotonously decreasing function in the interval [0,1]
with a unique point of inflection £ ~ 0.448527.

Peter Borwein in 1990 made the next conjecture.

Conjecture 1.1. (P. Borwein) The polynomials A,(q), Bn(q) and
Cr(q) defined by

1y . J(n;q) = An(¢®) — 4Bn(¢®) — ¢°Ca(q°),
have nonnegative coefficients.

Some similar conjectures are discussed by D.M. Bressoud [3].
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The function J(n;q) for n = 7. The coefficients of A,(q) (n = 10,11,12,13).
In the paper [2], G.E. Andrews has derived the next recurrence relations
An(g) = (1 +¢”" ) An-1(9) + ¢"Bn-1(q) + ¢"Cn-1(q), Ao(q) =1,
Bn(q) = ¢" ' An-1(g) + (1 + ¢*" 1) Ba_1(q) — ¢"Cn-1(g), Bo(g) =0,
Cn(@) = ¢" " An-1(q) — ¢"'Bn_1(q) + (1 + ¢ )Cn-1(g), Colq) = 0.
Notice that
deg An(g) =n?, degBn(q) =degCn(q) =n* -1 (n > 0).
If we write the Andrews’ recurrence relations in the form
An(q) — An-1(9) = ¢" {¢" ' An_1(q) + Bn-1(g) + Cn-1(q)}
Bn(q) = Bn-1(9) = ¢" ' {An-1(9) + ¢"Bn-1(q) — ¢Cn-1(q)},
Cn(q) — Cn-1(9) = ¢" ' {An-1(9) — Bn-1(q) + ¢"Cn-1(9)},
we see that the polynomials A,(q) = ;-'10 an;q’, Bn(q) = E;‘igl bn,;q’ and
Cn(q) = E;‘igl ¢n,j¢’, have the property

Gni =0Qn-14, bni=bn_14i Crni=cn_1; (1=0,...,n—2).

Moreover ann—1 = an—1,n-1-
According to Figure 1.b, we can believe that the following is true.
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Conjecture 1.2. The coefficients a,; are increasing functions of index
n, t.e.,
@i < appr; (1=1,2,...,[0%/2])) (n=1,2,...).

Starting from n = 7, the coefficients a, ; are increasing by indez i, i.e.,

@ni-1 < ani (1=1,2,...,[0%/2) (n=1,8,...).

The Andrews’ recurrence relations can be written in the next matrix form
Xn(q) = F(n,9)Xn1 (n=1,2,...),
where
An(q) (1+4¢>1) T T
Xn(q) = [ Bn(q) ] » F(n,q) = [ et (T+¢7h) -q" -
Cn(9) ¢ -t (1447
It can be of interest that
det F(n,q) = 1+ (¢°)* " = ¢(¢®>)" ™" = ¢*(¢>)"™"
has the similar expanding as J(n;q).

Lemma 1.1. The matrices {F(n,q)} are commutative, i.e.

Flk,q)F[n,q] = F[n,q]F[k,q].

Lemma 1.2. The recurrence relations can be written in the form

An, qChp 9B,
B'n. A'n. _an

C. —-B, A,

(1+¢ 1) q" q" Ani qCni gBna
= qn—l (1 + qzn_l) —q" Bn_1 Ap_1 "qc'n.—l
q'n—l _'qn_l (1 + 112"_1) Cn—l —Bn—l An—l

Lemma 1.3. The matriz F(n,q) can be decomposed as follows:

0 0 O
F(n,q)=q¢" 'L+ (1+ ¢ I+ q"Lt, where L=1|1 0 0]/,
: 1 -1 0
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and L' is transpose matriz of L.

Obviously,
0 0 0
L= 0 00/, (LY?=UY») L"=ULHY =0 (n=3,4..).
-1 0 0

By mathematical induction, we can prove the next lemma.
Lemma 1.4. [t is valid

0 0 0 fon  —fan1 O
(LLY"' = | 0 fan—z fan1 |» (LL)* = | —fan_1 fan—z O (n > 0),
0 fano1  fon 0 0 0

where f, are the Fibonacci numbers:

f0=fl=17 fnzfn—1+fn—2 (n=2,37‘°')'

2. The Borwein conjecture through eigenvalues

The matrix F(n, q) is of great importance in the Borwein conjecture. So,
let us examine it by spectral analysis.

Theorem 2.1. The matriz F(n,q) has the eigenvalues

M(n;q) = (1 - q" 23 (1 - g1/3)

] = L o Rl s SV
Aa(n;q) = (1+ 5‘1 2/3+ 5qn l/3+q2 1)_*_27(1 2/3(1_q1/3)

1 n— 1 n— n— \/5 n—
Aa(nig) = (1+ 54 2"°‘+§q 13 4 ¢ =it - ).

These eigenvalues have the following properties:
J(niq) = [ Mk ),
k=1

M(756°) = M(n;9) - Aa(n; q) - As(ms q),
Az(n,q) A /\3(n;q) — (1 + qn—l/3 + q2n—2/3)(1 + qn—2/3 + q2n—4/3).
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Theorem 2.2. The matriz F(n,q) can be decomposed by
I1n7ﬂ = Al'l)n'ﬂl_la

where the matriz D, = diag{A1(n; q), A2(n; q), A3(n; q)} and the matrices M and
M~ do not depend on index n and they are given by:

—_g?/3 1—;13(12/3 1i;13q2/3 i
M = 1/3 _1+#/3_1/3 —14iV/3 1/3
q M3q LiY3q
1 1 1 ]
-1 g'/3 /3
M-l = 1 u;\/i 1-=iv3,1/3  42/3
2
3¢%/3 1-iv3  _1+4iV3,1/3 ,2/3
2 2 4 ]
Theorem 2.3. [t is valid
n n
I Fli,q) = M - (H D,-) ML
=1 =1

Theorem 2.4. The polynomial A,(q) can be expressed by

An(q) = % {H M(k;q) + [T Aa(k;i @) + [T Aa(k; q)} :
k=1 k=1 k=1,

3. Some reciprocal polynomials in the conjecture

We remind that a polynomial A(g¢) = anq™ + an_14""* + --- + ag is
reciprocal if an_j = ar (k=0,1,...,n),ie., A(q) = ¢"A(1/q).
Yet G.E. Andrews [2] has noticed that

(3.1) Cn(g) = 4" 7'Ba(1/g) (n€N),
i.e. that B,(q) and C,(q) are inversive to each other. Hence
Cni=bpn2_y_; (1=0,1...,0%-1).

We can notice some sequences of reciprocal polynomials.
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Let us denote by
Dn(q) = Bn(q) + Cn(9),  En(q) = Bn(q) + ¢Cn(9q)-
The polynomials A,(q), D,(q) and E,(q) reciprocal, i.e.,
An(a) = 4" An(1/0), D) = ¢“ 7' Da(1/q),  Enla) = ¢ " En(1/q).

The sequences {A,(q)}, {D.(q)} and {E,(q)} satisfy the next recurrence

relations
A, 1+ ¢*n1 q" 0 An_q Ao 1
Dn — 2qn—1 1+ q2n—1 _qn—l Dn—l , DO — 0
En qn—l = qn —qn 1 + 412"_1 En—l EO 0

Similarly, introducing the reciprocal polynomial
F,=A,+ Ena

we can prove:

The sequences {A,(q)}, {Dn(q)} and {F,(q)} satisfy the next recurrence
relations

A, 1+ ¢*m1 q" 0 An_q Ao 1
Dn — 3qn—1 1+ q2n—1 _qn—l Dn—l , DO = 0
F, Vi 0 14 ¢*1 Fr Fo 1

4. The fundamental recurrence relation

It seems to be of great importance to find separate recurrence relations
for the sequences {A,(q)}, {B.(¢)} and {C,(q)}.

Theorem 4.1.  The sequences {A,(q)}, {Bn(q)} and {C,(q)} satisfy
the same recurrence relation

Fntz = Fnpz - (L+q+¢)(1 + ¢+

~Fatr -+ (14 g+ @)1+ ¢+ ¢ ) 1 F, - 31— (1 = 712,

with only difference in initial values:
Fn=An(g): Ao=1, Ar=1+q, Aq)=1+9¢+2¢*+¢+4",

Fo=DBn(q): Bo=0, Bi=1, By(q)=1+q+¢°,
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]:Tl = C‘n(q) : CO = 0, Cl - 1, C2(Q) =1 + q2 + q3’
Fa=Dn(g): Do=0, Di1=2, Di(q)=2+q+q*+2¢,
Fn=En(q): Eo=0, E1=1+gq, Ey(q)=1+2¢+2¢+¢",
Fa=Fu(q): Fo=1, F1=2+2q F(q)=2+3q¢+2¢*+3¢+2¢"

Proof. The most simple way to find the recurrence relation is from the
relations for the sequences {A4,(q)}, {Dx(¢)} and {F.(g)} which are given in
Theorem 3.3. From the second relation we have

¢" 1 =3¢" A+ (1+¢*" " )Dpoy - D (n€N).
Now, we can eliminate F;,_; and F, from the third relation, i.e. we have
3¢"An — (""" (14 ¢) +3¢"(1 + ¢*" 1)) Ans
= Dny1— (14 9)1+¢*")Dna + ¢(1 + ¢°* 1) Dps.
From the first relation of Theorem 3.3, we have
q"Dp_1 = A — (14" NHA,—1 (n€eN).

We use it for D,_,, D, and D,;; and put in the previous relation. After
changing n — n + 1, we get the wanted difference equation. u

The recurrence relation for A,(q) can be written in the form
Ants(@) = (1+g+ q,z) {1+ @) Anta(q) — a(1 + ") Anya(9) }
+¢° {¢" (1 + ¢+ ¢ Ans1(9) + (1 = *™)(1 - @) An(0)} -

Conjecture 4.2. The polynomials

(14 ¢*"*®)Ans2(q) — ¢(1 + ¢*"%)? An11(q)

and
"1+ g+ ¢*)Ans1(g) + (1 = )1 - ¢2) A, (q)

are polynomials with non-negative coefficients.

5. The zeros

May be it can be useful to examine the zeros of polynomials A,(q), Br(q)
and Cy(q).
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Lemma 5.1. The polynomial Ay, 1(q) vanishes in the point —1. More-
over, it can be written in the form

Azny1(g) = (1 + ‘1)/12n+1(‘1)7

where A2n+1(q) is a self-inversive polynomial.

Proof. From recurrence relation for the sequence {A,(q)}, taking ¢ =

—1, we obtain Ajn43(—1)= 3A2,41(—1). Since A;(—1) = 0, by mathemati-

cal induction, we have Ayn41(—1) = 0 for all n € N. Hence, we can write

Agn+1(q) = (1 + ¢)Azn41(q), where Agni1(q) is a polynomial of degree (2n +

1)2 — 1. Knowing that A,41(q) is the self-inversive polynomial,i.e. Asn41(q) =
g2+ A,..1(1/q), by simple change, we have

Agnsa(g) = ¢ 1Ay, 11 (1/9).
m

Conjecture 5.1. The polynomial /ign+1(q) has all positive coefficients.

Lemma 5.2. If the polynomial A,(q) vanishes at the point z = Re®,
then it also vanishes at the points z = Re™*, z = ¢''/R and z = e™**/R.

Proof. Since A,(q) has all real coefficients, it follows that the com-
plex zeros appear in conjugate pairs. From the fact that A,(q) is self-inversive
polynomial we conclude that, if z = Re' is a zero, then also 1/z = e™*/R. =

Our numerical evaluating persuade us that all the zeros of A,(q) lie in
thering 1 —e < |z| < 1+4¢, where 0 < e < 1/2.

Especially, when we consider a zero z = Re' (R # 0), according to
Lemma 8.2, we have 4 different zeros and the next product

(z — Re'')(z — Re™)(2 — €' /R)(z — e/ R)

1 1
=2-2(R+ E)cost z(14 20+ {(R + ﬁ)z + 2C0$(2t)} 2241
in the polynomial A,(q).
In the case R = 1, this product can be written like (22 — 2zcost + 1)2.
But, only one or two zeros appear from this four point set.
Similar behavior we notice for the zeros of B,(q) and C,(q).
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6. No doubt, the positive sequences

The sequences of polynomials {A}(q)}, {B;(¢)} and {C; (g)} derived
from the relation

[T+ &5+ 1) = AF(®) + 4B (6®) + ¢°CH(d®),
=1

are, no doubt, with positive coefficients.
Remembering the Borwein conjecture

H(l =) (1 = ) = Au(¢®) — ¢Bn(¢®) — °Cu(d®),

and multiplying the same sides of equalities, we can prove the next theorem.

Theorem 6.1 The sequences {An(q)}, {Bn(q)} and {Cr(q)} are con-
nected with the sequences {A}(q)}, {B}(q)} and {C;}(q)}, by the relations:

An(9%) = At (9)An(q) — ¢C (9)Bn(q) — 4B} (9)Ca(9),

Bn(¢*) = =C(q)An(q) + B} (¢)Bn(q) + A (2)Cn(q),
9Cn(¢*) = =B (9)An(q) + A (q)Bn(q) + ¢C;¥ (q)Cn(q)-

7. The generating functions and Laplace transform

Denote by

a(2) =) An(@)2", B(2) =Y Ba()2", 7(2)=) Calg)s"
n=0

n=0 n=0

the generating functions of the sequences of polynomials included in the Borwein
conjecture.

Theorem 7.1.  The generating functions a(z), B(z) and v(z) satisfy
the next system of the functional equations

27 e(2) - 1] = a(2) + qa(q*2) + ¢B(gz) + 97(q2),

z71B(2) = a(qz) + B(z) + ¢B(¢%2) — ¢7(qz2),
z71y(2) = a(gz) - B(gz) + 7(2) + ¢v(¢22),
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with initial values

a(0)=Ag=1, B(0)=Bo=0, 7(0)=Co=0.

Using the fundamental recurrence relation, we prove

Theorem 7.2.  The generating function a(z) satisfies the next func-
tional equation

¢ a(¢®2) - (1+ 0+ ¢%) {(92)? e(q*2) + ¢*2° a(¢®2) - (1 - ¢2)2 a(q’z)}
—q(1-2)(1-¢2)(1-¢%2) a(2)+q[(1-q-2¢*~¢*+¢* +¢°) 2+ 1+2(1+¢+¢*)] = 0.

Let us apply the Laplace transform on the sequences {An(q)}, {Bn(q)}
and {C,(q)}. Denote by

‘C[An(q)] = an(p)’ ‘C[Bn(q)] = bn(p)’ ‘C[Cn(Q)] = cn(p)-

Knowing that

£l = ﬂp Ll An(a)] = (~1)*alP(p),

we have:

Theorem 7.3. The Borwein conjecture can be written in the form

@a(p) = a1 (p) — a2 () + (=1)"8, (p) + (= 1)< (1),

ba(p) = (~1)" a0 () + baa (p) - 887 V() - (~1)"e, (1),
Cn(P)=( 1) 1 fln 11)(p) ( 1™ lb(n 1)(p)+cn_l(p)_c(2n 1)(p)

Here, the improvement is in the fact that we find recurrence relations
with constant coefficients.
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8. Conjectures for further research

By using package Mathematica, we have done a lot of trials which per-
suade us that the next statements are true.

Conjecture 8.1. The polynomial B,(q) = E;‘ial bn,;q’ has the prop-
erty

bn,n2—2 =0, bn,j >0, 5# n? -2,

Equivalently, knowing C,(q) = q"z‘an(l /q) (n € N), we can establish
the next conjecture.

Conjecture 8.2. The polynomial C,(q) = Z;‘ial cn,jqj has the prop-
erty

a1 =0, ¢n; >0, j#1.

Conjecture 8.3.  The coefficients of the polynomials A,(q) — Bn(q)
and A(q) — ¢Bn(q) are positive. '

Conjecture 8.4. The coefficients of the polynomial A,(q) — Cr(q) and
An(q) — qCr(q) are positive.

Conjecture 8.5.  The coefficients of the polynomials A,(q) — (1 +

") An-1(9); Ba(g) = (1+ ¢’ ")Ba-1(g) and Cu(g) - (14 ¢*""")Cr-1(q)
are positive.
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