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In [5], we couple finite element method and modal expansion method to study electromagnetic
waveguides junctions. In this paper, we use the same approach to calculate the reflected and
transmitted parts of the modes. We introduce a variational formulation and show numerical
result for a simple case. Numerical complicated results will be showed later.
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1. Introduction

Junctions has a principal effect on the electromagnetic propagation by
waveguides. The form and the material of the junction characterize the trans-
mission of the wave. A lot of authors had studied this problem with different
technics, Sieverding and Arndt [7], Taysh and Butler [9] and [8], V.N. Kanel-
loupoulos and J.P.Webb [3], M.D. Deshpande, C.J. Reddy and M.C. Bailey
[1], E. Limit, E. Martini, G. Pelosi, M. Pierozzi and S. Selleri [4]. G. Shen,
Look and Qian treat a particular case, the magic waveguide T-Junction [6]. In
[5], we study the junction of a circular waveguide. We introduce an impedance
condition using Dirichlet-Neumann operator which allows us to introduce a vari-
ational formulation. Using the finite element method, we show numerical result
in a simple case. This approach works as well as the junction is matched and
there is no reflected part.

In this paper, we use the technics introduced in [5], but we suppose know-
ing the incident wave and we calculate the transmitted and reflected coefficients.
Finally, we introduce the corresponding variational formulation and the numer-
ical system and we show numerical result in a simple case. This work will be
continued later to show numerical results in complicated cases.
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2. Statement of the problem

We consider a junction 7 € R3 of surface I'V between three semi-infinite
circular waveguides (C0,C1,C2) constituted by an isolating domain Q¢ of surface
I and diameter d = 2a. We denote by v the exterior unitary normal on the
surfaces.

Figure 1: Geometry

For simplicity, we suppose that the permeability 1 and the permittivity
€ are constants in Q¢ U/ and the surface I'" UTY is perfectly conductive. We
denote by f the wave frequency, w = 27 f the pulsation and k = w, /€ the wave
number.

In Q' U O, the electromagnetic field verifies Maxwell equations in harmonic
regime:

CurlE —iwpuH =0

CurlH + iweFE =0

divE =0 ; divH =0

with the boundary conditions on I UTV : EAv =0and H-v = 0.

We suppose that an electromagnetic wave (E?, H*) enter by C0. Our goal
is to study the effect of the junction on this wave and to calculate the reflected
(B4, H?) part on CO and transmitted parts across C1 and C2. In CO we have :
E=FE+E'and H=H'+ H%

3. Infinite waveguide

In [5], we studied the infinite circular waveguide and we introduced an
impedance condition on a cross surface. In this section, we recall the Dirichlet-
Neumann operator introduced in [5].

We work on cylindrical coordinates (p, ¢,z). For a circular waveguide
with axis z, the propagated modes are the transverse electric T'E and the trans-
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verse magnetic TM [2] (n € ZT and m € Z}) :

mn /
TEnm
BLEN = 2 (18t Ko )en — "2 ) ) o

mn . / .
(HZ:”FIALJ)” = ag’r]‘r\z/[ (;Jn(kimp)ep - kimJn(kimp)e(ﬁ) grzzm

T Mpm oTM , , n B2 , ,
(ETM)H - ﬁ ( nmknmJn(knm/))eﬂ - nmJ (knm/))> Inm>

where (e), €4, e,) are the unit vectors of the cylindrical axis, V| = e, AV Ae,,
all and aTM are constants defining the modes, ak) = (resp. ak2,)) is the mth

zeros of the Bessel functions of first kip(il Jy (vesp. J,), ﬂ}m = k2 — (kL,.)?
and 32,, = k2 — (k2,,)2, gL, = €PePnm? and g2, = e"PeiPim?,

We denote by fLE (resp. fLM) the cutoff frequency of the general mode
TEpnm (vesp. TMy,y,). Then, if f < fLF this mode will not propagate. The
cutoff frequencies of the first mode T FEq; and the second mode T My, are re-
spectively fLF = 87.843/a GHZ and fiM = 114.754/a GHZ where a is in

mm.

The electromagnetic field (E, H) in the waveguide can be written as

E(p,¢,2) = >, Y. (BLE+ED)

(CH) M e o

H(p,¢,2) = Z Z (Hnm+Hnm)
nGZ“'mer‘

We deduce the relation (CurlE) = iwpH) = R(e, A E), where R, introduced
in [5], is called the Dirichlet-Neumann operator.

4. Problem in bounded domain

The Dirichlet-Neumann operator allows us to solve the problem in bounded
domain obtained by cutting the circular waveguides by cross sections. Let  be
a domain of surface 02 = ' U ¥y U X1 U X9 and v the exterior unitary normal
on 0f). We denote by Ry, Ry and Rs the Dirichlet-Neumann operators on the



446 T. Sayah, B. Azar

Figure 2: Bounded domain

surfaces X, 21 and Xo. Then E verifies the system :

([ Curl %Curl E-k<cE=0 in Q
EAn=0 onT
vAE(p,¢,2) =vANE'(p,¢,2)

+ Z Z MYP e, + MO ey on Yo
n€Zt mezt
®) (Curl E)| — Ro(v A E) = (Curl Ei)” —Ri(vANEY) on X
for 1=1,2 we have :
vANE(p,¢,2) = Z Z ML e, + M2 ey ony
n€Zt mezt
L (Curl E)| — Ri(vANE)=0 on Y

5. Variational formulation

In this section, we show a variational formulation corresponding to the
problem (P). First, we introduce the space V' where we search the field F

V={ueL?Q)? CurluecL?Q)3 vAu=0 on I'}

For F' in V we have

/ CurlE - Curl FdQ) — k2/ E-FdQ— | Curl E-(vAF)do =0
Q Q N
with
Curl E-(vAF)do = R1(1//\E)~(1//\F’)da+/ Rey(VAE)-(vAF)do
o0 P PP

+/ Ro(vANE —vANEY) - (vAF)do + Curl E'- (v A F)do
o



Effect of Junction on Electromagnetic ... 447

Then the corresponding variational formulation is

(find E € V such that , VF' € V we have
/CurlE-CurleQ—k2/E-FdQ —
Q Q

(V)4 R(wAE)-WAF)do+ | Ra(vAE)-(vAF)do
31 PP

+ Jg, RR(WAE —vAE") - (vAF)do = — g Curl E* - (v A F)do
0

6. Approximation

In fact, for a frequency f, we have a finite number of propagated modes.
For the approximation, we can take these propagated modes and some evanes-
cent modes which has a non neglected effect. The modes which have the cutoff
frequency very far of f will be neglected. Then the infinite double summa-
tion 7,7+ > ez + can be approximated by a finite summation Z;V:o Z(];Vi1
For the discretisation, we use the H,,; volume finite elements coupled with the

modes. To simplify the numerical method, we introduce auxiliary variables

(a%’%E,ag’%M), (a}L%E,a}L%M) d (a?L%E,a?L%M) which are the Fourier coeffi-

cients of v A E%(p, ¢,2) on g and M = v A E(p, ¢,z) on ¥ and ¥y. Using the
formula (CH) we write

( VA (E(p7¢7 ) EZ P7¢7 Z Z 0 TE Viem + a%’g;M an) on Yo
n€Zt mezf
) vAE(p,,2) Z Z an B Vo + altM W) on ¥,
n€Zt mezt
vAE(p,,2) Z Z a2t Vm + a2EM W) on Xy
\ n€Z+m€Z+
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Then the problem becomes:

(find E € V, (a%LF,a%TM) (alTF alTM) and (a21F a2TM) such that |

nm J7'nm nm J7'nm nm

VE €V, (07 BIM), (BLEF, bETM) and (80P, 1) we have

s _ . _
/ C’urlE-C’urleQ—kzj E-FdQ —
Q Q

/ Rl(u/\E)-(z//\F')dcr+/ Ry(vAE)- (v AF)do +

21 ZJ2

fEORo(V/\E—I//\Ei)'(V/\F)dO'Z—/ Curl E'- (v A F)do
o

WE
M=

/E (v A B). (B577 Vpy + BT W) dor =

1 1

=

Il

o

')

Il

M
/E (5T Vi + TV W) (B57F Vo + BTN W) dort
1

1 m=1

=

Il

o

')

Il

M= 1M IM-
M= 1M]=
o 1Mz

(v A B). (BT Ty + BTN TW,,) do

0

S
I
=

=)
I
—

\

To solve this system, we use numerical approach coupling finite element method
and modal expansion method ([5]). In fact, the corresponding matrix has the
form:

nnnnnnnnnnnnnnnnnnnn

] A A

&

Where App, r represents the interaction between finite element method and the
modes. Let Xpp be the finite elements degrees of freedom and Xp be the
unknown coefficients of the modes. Then we have to solve the system:

{AEF,EF Xgr + Aprr Xr = b
Arpr Xpr + Aprp Xp = 0

Solving this system gives directly the modes. The reflected part an 3y can be
calculated using the relation F¢ = E — E.
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7. Numerical result

For the numerical validation and to avoid dispersions, we consider the

frequency W < f(GHZ) < % which excites only the first mode

TE;. In this case, the Dirichlet-Neuman operator is ([5]) R = i3{,. Denoting
by A = a%’lTE, we have on a cross section (v the unitary normal on this section):

vAELF

/ ) o
M{) e, + MYy ey = A Ky Jy(klip)e, + ;J1<khp)e¢> eieiinz

1.841 1.841 1 o
1 (Jo( ap)(ep+ie¢)+ilz( p)(e¢+iep)> eideifliz

2a

which will be denoted by v A ELF = A V{{®, where 8}, = /k2? — (k{;)? and
kl, = 1.841/a. We consider as junction P a portion in the middle of a circular
waveguide of radius @ = 1mm and length L (see Figure 3). Theoretically, there
is no reflected modes and the electromagnetic wave propagates trough the cable.
For the numerical comparison, we take as incident wave the first mode (T'E11)
with a coefficient A = 1 and a frequency f = 112Ghz. The mesh contains 10
points per wavelength and the program, written in C++, computes respectively
the transmitted and reflected parts a}ﬁTE and a?ﬁTE as function of the length of
the cable. The next table (Figure 4) shows numerical results.

Figure 3: Circular waveguide

As we see, the numerical results gives an acceptable values of the trans-
mitted and reflected parts. The table shows that this numerical approach is
independent from the length of the cable. The Figure 5 shows the trans-
mitted and reflected coefficients frequency dependent for L = 1.mm. We re-
mark that for 110GHZ < f < 114.754GH Z the first mode propagates, but for
87.843GHZ < f(GHZ) < 110GHZ we have some dispersion because we are
near the cutoff frequency of the first mode.

This numerical example constitutes a validation of the method which can
be applied for complicate and industrial applications.
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length of the cable .5 mm 1.mm 1.5mm |2.mm 3.mm
transmitted part 0.999643| 0.99927( 0.999655| 0.999501| 0.999494
reflected  part 0.026704| 0.038199( 0.026274| 0.031572| 0.031801

Figure 4: Table results

transmitted
reflected

08
06 |
0.4

0.2

§0 §5 1 60 1 65 1 1 0
Frequecy (GHZ)

Figure 5: Frequency dependent
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8. Conclusion

To study the effect of the junction on the electromagnetic propagation in
waveguides, we pass to a bounded problem using the Dirichlet-Neuman operator
and we couple the finite element method with the modes. Taking an arbitrary
electromagnetic field coming from Yy, we calculate the reflected part in 3y and
the transmitted parts in ¥; and Xs.
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