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A linear homogeneous differential equation of second order with polynomial coefficients
is considered in this article. The degree of each polynomial is equal to the order of the
derivative of the unknown function which is multiplied by. By the methods of differentiating
and integrating, we obtain the conditions for existence of the two polynomial solutions of
the differential equation as well its general solution. These results are applied to three other
differential equations that have the same normal kind as the original equation, so three other
special general integrals of the original equation are obtained.
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1.
Consider the homogeneous linear differential equation of second order
(1.1) ay’ + By’ + Fy =0,

where a(z) = A2 + pz +C, p(z) =Dz +E; A#0,B,C,D,E are constants.
Provided that m is a positive integer, we differentiate (1.1) m-times and get the
differential equation of (m + 2)-nd order, see [3,4]:

(12)  ay™ 4 (ma’ + By + (@ o @ g+ F) v =0

As it is known ([1,3]), the differential equation (1.1) has a polynomial solution
of degree m if and only if its characteristic equation

(1.3) (g) o + (f) g +F=0
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has at least one root £* = m. If the other root is also a positive integer, then m
is the smaller one.

In order to find a polynomial solution of the differential equation (1.1)
as well its general solution, we use the substitution

(1.4) y=ae aday,

which transforms (1.1) in the following differential equation
aw” + (2 — B)w' + (& = '+ F)w = 0.

Integrating the above equation m-times leads to the equation

aw("m+2) [(m —2)d + 3] w1

(7 e (7 )] o

where w(=™) = [ [...[wdz™. If we integrate this equation once more, we get
the equation
o~ [(m — 1) + 3] w™™ = Ay,

where Ay denotes an arbitrary constant. Solving the last equation, for w(=™)
we get

(m)
w™ = A, (am_lef gdx)(m) + Ay (am—lef gdm/a—me—fgdxdx> ’

where A; is an integration constant.
According to the substitution (1.4), the general solution of differential
equation (1.1) is

y = AT 300 (ool )

(m)
+ Agoze_fgdx (am_lef gdx/a_me_fgdxdx> .

Now, let us suppose that the original equation has another polynomial solution
of degree (m + mn), where n is a natural number. Applying (1.3) to (1.2), for
ym 1) we get

—m — 8
(m+1) — (=M fada:,

Y

y = (a—me—fgdﬂ(_m_l) .

i.e.
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Hence, the differential equation (1.1) would have a second polynomial solution
of (m + n)-th degree if and only if, see [2,5]:

(ame 1 8as)™ o,
which means
B8
a e S et = P (2).
From the above:

P (z)
Pn—l(w) '

B(z) = —mad — «
If z1 and x5 are the zeros of the polynomial a(z), for P, 1 we get:
Py_1(z) = (z — 21)F(z — 29)" 1 F k=0,1,...,n—1,
and for 3(z),
B(z) = —-Am+k)(z —x2) — A(m +n —1 —k)(z — z1).
Furthermore,
D = —(2m+n-1)A,
F = - (m> o — (m> B = m(m +n)A.
2 1
Finally, we can say that the general solution of the differential equation

P, (z)

"+ m(m+n)Ay =0,
Pn—l(x)>y ( ) Y

n !/
oy’ — (ma -«
1.e.

ay” —[(m+k)(z—x2)+(m+n—1—-k)(z—21)] Ay + m(m +n)Ay =0

is a polynomial of (m + n)-th degree

1 (m)
Ty

1 (m)
+ A20m+lpn_1($) |:@P—1(:17)/Pn_1(w)d$:| ,
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1.e.

y = Ai(z-— £E1)m+1+k (x — $2)m+n—k [(:17 _ wl)_k_l(w . $2)_n+k} (m)

+ Al (iE _ £I?1)m+1+k (iE _ $2)m+n—k

(m)
I R ET O R (CEEAL R xz)”_l_kdx] .

In order to obtain other special general integrals of differential equation (1.1) we
shall consider three other linear differential equations of second order that have
the same normal kind [4] as the differential equation (1.1). We shall apply the
above results to these three equations in the case when at least one root of their
characteristic equations is a natural number. Using the relations between these
three equations and the equation (1.1) we obtain new special general integrals
as follows.
2.

The differential equation
(2.1) a' + 7 + Fiz=0,

where 1 =2d' — 3, Fy =" — '+ F, has a characteristic equation

(2.2) (g) o+ (;’) B, + (g) Fi =0.

Let us denote its roots by n* and 7n** and suppose that at least one of them
is a natural number. In the case when they are both natural, n* will be the
smaller one. So, if n* = m, m is natural, the general solution of the differential
equation (2.1) will be:

(m)
z = DBjoe” J e (am )
(m)
+ Bgae (am ! fﬂldx oz_me—f%ldxdx>
— Bja~ ef Edg (am—f—l - Bda:)( m)

+ BQO[_lef gd;v (am+16—f§dx/a—m—2€f gdzd;p) (m)

where B, By are arbitrary constants.
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Since the differential equation (1.1) with the substitution
y=aqe" [ Gda,
transforms into the differential equation (2.1), its general integral is going to be:

(m)
y=DbB <am+le—f gdx>(m) + B, (am-!-le—fgda:/a—m_zef gdxdx>

3.

The differential equation
(3.1) au” + Bou’ + Fou = 0,

where

S B+ R S
61 = (2A+E>$+ 2 A (2A—D+E>+E,

1 S S
F, a(zA-lHE) (D+E>+F,

BD —2AE, R=+/B2-4AC, R#0,

has a characteristic equation

(3.2) (g) o+ (i) B35 + (g) Fy =0.

Suppose that the characteristic equation (3.2) has a root (* = m, m is a
natural number. If it has another root (**, also a natural number, m is the
smaller one. The general solution of the differential equation will be

S

u = C’1oze_fi_2d$ (am_lef %d’”>(m)
. . ‘ (m)
+ Cgae_fﬁa_zdm (am_lef ﬁoc_zdx/a_me_f%dmdx) :
Since the differential equation (1.1), with the substitution

1 S 1 D d 1 B
y = artaar G B G5 qdey,
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transforms into form (3.1), the general solution of the differential equation (1.1)
in this case, is:

3, S 1 D de 18 B B (m)
y = Ciaztaar e )R] T-g [ qde—] Zdx (am—lef Ezd$>

3 S 1_D d 118 B
+ Cyartmm Gin)R[ G5 [ gdo—[ Trdr o

(m)
(am_lef %dr/a_me_f%dmdx> .

X

4.

The differential equation

(4.1) av” + B3v' + F3v = 0,

By = (2A—§>x+B_R(2A—D—%)+E,

S
D - — F
R>+ ’

3
I
==
—
S
b
|
S
|
=
~—
—

has a characteristic equation

(4.2) <;) o + C) By + <g) Fy =0.

Suppose that the last equation has a root 7 = m, m is a natural number. If
there exists another root 7**, which is also a natural, m is the smaller one. In
that case, the general solution of the differential equation (4.1) is

- Dlae—f%&d:c (am—lef %dw)“n)

(m)
+ Dzae_f%&d’” (am_lef %&dx/a_me_f%&dxdx>

As the differential equation (1.1) with the substitution

1 S D 1 d 1 B
y = a2 1r elia DR T3 [ qdry,
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transforms into equation (4.1), its general integral will be:

3__8 D _1y d ﬁ 8 (m)

D 1 f de _ -1 f ﬁdx f —&dd}
(m)
(am_lef %&d“}/ Me - % dxdx) .
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