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This paper deals with a constructive algorithm for asymptotic solution of a one-
dimensional inverse parabolic problem. The Wentzel-Kramer-Brillouin (WKB) method is ap-
plied for determining an unknown term on the boundary.

Finally, the WKB estimation will be tested by given a numerical example.
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1. Introduction

The effective application of methods based on solving the inverse parabolic
problems simulation and in processing the results of tests is determined by the
depth of the mathematics required connected with the statement and algorith-
mic presentation of the problems, by clarifying the specific difficulties in their
solution. Misunderstanding of the nature problems that are poorly based can
lead to errors in problem solving. Even in cases when a proper method is used
its effective application and specific features of the problem may not be fully
realized. Such negligence of the formulation of problems of a given class as well
as the method of their solving can lead to doubt as to the suitability of the very
concept of inverse problems for practical research. Then a procedure to solve
an inverse parabolic equation is very important.

In this paper, we consider a parabolic equation in one-dimensional space
including non constant coefficient in derivative term, such that values a part of
boundary is unknown. Some numerical and theoretical approaches of this type
problems, for example in inverse heat conduction problems are summarized in
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[1,2,5,6,10,11,12,13]. The unique solution of problem with constant of physically
condition to power series form, have been provided by Burggraf in [4]. It has
been shown that, if an error is made in known flux of boundary condition, then
there will be errors in unknown values of other boundary.

A lower bound of this error can be estimated by \/LA—t sinh \/LA—t, which At
is increment of variable t. These results are consistent with earlier observations
that small values of time At can produce large error in surface flux.

In this paper, we apply a finite difference method of semi-implicit type
for dyu and use Wentzel-Kramer-Brillouin approximation (WKB) for finding
an asymptotic solution for a system of ordinary differential equations that is
produced. Finally, a numerical example is presented.

2. An inverse problem

Let u(z,t) satisfies in linear parabolic equation in the form

(1) Ou(z,t) = a(z,t)0mu(w,t), 0<z<l, 0<t<Ty,
(2) u(z,0) = f(x), 0<z<1,

(3) u(©0,) = g(t), 0<t<Ty,
(4) 9zu(0,8) = p(t), 0<t<Ty,

where a(z,t) is a known continuous function, so that a(z,t) is positive func-
tion and dsa(x,t) don’t change sign, T is the final time and g(t) and p(t) are
piecewise-continuous known functions. Then, we shall determine

(5) u(1,t) = h(t), 0<t<Ty.

If we assume that h(t) is a Holder continuous function, and g(¢) and p(t)
€ L?[0,Ty] are known functions, a(z,t) € L®([0,1] x (0,Tf]) and a(z,t) > Ki,
where K is a constant number, then there exists a solution u € L2(0,Ty; Hi([0,1]))
for problem (1)-(4) ([5,7,9]).

In the next section, by using the WKB-estimation method is derived an
asymptotic approximation of solution for the problem (1)-(4).

3. WKB-estimation for determining asymptotic solution

In the case f(z) = 0, we discrete the variable ¢ and identify the solution
of (1)-(4).

Let, M € N, Aty = %, and t; = iAtys for i € Iy =4{0,1,2,---, M}.

Now, if u is the solution of problem (1)-(4), then for any i € I; the
vector

u = [uy(z),... ,uM(x)]T,



Asymptotic Solution for ... 477

is defined by
ui(z) = u(z, t;), 1€ Iy
Now, if u is approximated by 1, then by putting
(6) i1 () = 4;(z) + (00ya(z, ;) + 0'0pii(m, ti1)) Atay,

for0 <6 <1and @ =1-6>0, and substituting (6) into (1)-(4), we obtain a
system linear of second order differential equations with given initial conditions
in the form

(TAtr (0 alm, tiv1)g (@) + 0 a(x, t)ag (2) = G (x) = Gix), @€ Iy
(8) 4;(0) = g(ti) =gi, €Iy —{0},
9) 4;(0) = p(t;) =pi, @€ Iy — {0},

where h; = h(t;) and 4;(z), for any ¢ € Iy — {0} are unknown values and
functions, respectively. Clearly g(z) = ug(z) = f(x) = 0. By this assumptions,
when At); vanishes, then this is the case of non regular dependence of the
equation on the parameter.

We know that, for any 7 € I}, equation (7) is an equation with small
parameter in the highest derivative. Whereas in the case of regular dependence
the limit equation (Aty; = 0) allows us to find first approximation to the solu-
tion, in the present case the limit equation ;11 (z) — 4;(z) = 0, for any ¢ € Iy,
contains no information about the solution of (7).

Now, we investigate the asymptotic form non-trivial solution for the prob-
lem (7)-(9). We can write the system of equations (7)-(9)

Lo,
(].0) W =X All,
where A = B~!.C, such that
0'a1 () 0 0 0 1 0 0 ... 0
Oai(z) 0'az(x) 0 0 -1 1 0 ... 0
B— 0 Oaz(z) 0az(z) ... 0 and O = 0 -1 1 ... 0

ai(.) = a(.,t;) for any i € Iy and A\ = (AtM)(_%). Thus a(0) = [g1,...,9m]"
and fll(O) = [pl, cee ,pM]T.

Obviously, since a(., t) and dsa(.,t) are positive functions in their domain,
consequently, the characteristic equation (10), has not turning points in [0, 1]

([6])-
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Let p1(z), -+, pm(z) be the eigenvalues of A, then ++/p1(x),- -+, £/ pym(x)
are roots of the characteristic equation in the form det(A(z) — p*I) = 0 ([6]).
Now, we are in position to determine the formal asymptotic solution(FAS). This
solution may be in the form

(11) a(z) = exp (AS(2)) (fo(a) + A7 fi(a) + A7 fa(z) + ),

where S(z) is an unknown function and fo(x), f1(z),- - are unknown vector-
functions ([3,6]).

By substituting (11) into the system, cancel the exponential term and
equating to zero the coefficients of power of A~!, then we obtain a recurrent
system of equations
(12) (A= 8?(@)I) fo(x) =0,

(13) (A = §%(@)1) fi(2) = fo(x)S" (x) + 2fp(2)S" (),
(14) (A= S8*(@)]) fr(z) = foo1(2)8" (2) + 2f4_1(2)S"(2) + fis(2),  k2>2.

It follows from (12) that S"?(z) is an eigenvalues, and fo(r) is an eigenvectors
of A. Let {ey(z),---,epm(x)} be a base of eigenvectors. Putting

S‘x::i:/ pi(s)ds, 1<5<M,
i(z) 0\/;() j

and

fo,i() = g j(7)e;j (), 1<j<M.

For any ¢ =0,1,2,---, M the function ag ;(z) may be found from the following
equation

i4f6,j(l’)Pj($) + fo,i(z)p(z) '

(15) (A(2) — pj(@) D) fi(z) = e
J

Clearly, the matrix of this system is a degenerate matrix. It is will known that,
a necessary and sufficient condition for the system (15) to be soluble is the
following orthogonality condition

(16) ej(2)-(4f0,;()p; (@) + fo(2)p(x)) =0,
to be satisfied. Here, {e] ($)};\£1 is a base of left eigen-row-vector defined by

e;(z).A(z) = pj(z)ej ().
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Then, we obtain,

4pj(x) g ;(w)ej (x).ej(x) + 4pj(x) o (z)e]
(17) +pj(z) ()€ (2

Consequently, (17) gives

() () 0.

xr
ap,j(r) = exp{/ Poj(s)ds},
0
where

¢;(2)-(4p; (2)¢}(x) + p(w)e;(x))

Poj(z) = — 4p;(x )6 (z).€5(x)

Now, we write

fl,] Zakn]

then, from (13) and (14) we obtain

_ 2pj(@)an,;(z)e](2).€}(z)

api(z , k#g
b Pe(@) — p;(@)
and
* Rj(s)

@ i(z) = ap,j(z) /0 aojj(s)dsa

where
M

(2 p] +4py ) Z ak,j(x)ek(x))

k=1
k#3

Bjle) =~ 15, (0)7 (@) (@)

Similarly, The vector functions fs ;, f3 j,-- -, will be found for 1 < j < M. Thus
(16) has 2M FAS solutions of the form (11).

Let us write out the leading terms. For this purpose,let us introduce the
notation

&g-i)(:p; A) = exp {:I:)\/Ox \/pj(s)ds +1In(ag j(x))}, 1 <j <M,
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then

i) (@) = a9 (5 0) (5 (2) + 0(A7).

Now, if for any 1 < k < M, Re(p;(z) — pr(z)), do not change sign for = € [0, 1],
then the system of equations in the form (10) has two solutions ﬁgi)
(10), as A — +oo uniformly in z € [0,1] ([8]).

In order to find a solution from (10) without the term exponentially of
A, a nicely done ideas is p;(z) = —y?(z), where, it means of that > 1 or 8’ < 0
([13]). Then

(z) satisfying

M M
(18) a(z) = > Pl @) + 3 Dal D (@),
=1 =1

such that ¢\ are derived of the initial conditions (8) and (9), are a solution of
the system (10).

Finally, if f(z) # 0, then using the superposition principle, putting
u(z,t) = v(x,t) + w(z,t), then we find that

ow(z,t) = a(z,t)0pv(z,t), 0<z <1, 0<t<Ty
(w70) = 07 0<z< 17
v(0,t) = g(t), 0<t<Ty,
a:vv( 7t) = p(t)7 OStSTfa
and
Ow(z,t) = a(z,t)0pw(z,t), 0<z <1, 0<t<Ty
'IU(:E,O) - f(x)a 0 S z S 17
w(0,t) = 0, 0<t<Ty,
w(l,t) = wv(1,1), 0<t<Ty,

and we can find an asymptotic solution for problem(1)-(4).

The above result may be summarized in the following statement.

Theorem. Let a(z,t) and dia(x,t) are strictly positive functions and
differentiable for any x € [0,1] for a given fized t, then the ordinary second order
system of differential equations (10) possesses two asymptotic solutions

™ (z) = @ (23 0) (e () + (A7),
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where for any 7 =0,1,---, M,

'&;:t)(:]j; A) =exp {£A /0”7 \/Pj(s)ds +1In(a(z))}

and
)-(4p;(s)e;(s) + pj(s)e;(s))
apj(z) = exp{— / ds},
’ 4p;(s ) 7 (s)-€5(s)
pj(w),ej(z), and e}(x) are eigenvalues, eigenvectors, and left-eigen-row-vectors

matriz A, respectively.

Proof. See the analysis preceding the above theorem statement. [

4. Numerical sample

In this section, to illustrate the results of this paper we have chosen an
example with linear flux. The following example demonstrate the application
of the proposed approach. The exact values for u satisfies in problem (1)-(4).
Detailed descriptions for some Aty = 0.2,.01, and Ty = 1 at = 1 are shown
as follows.

Example. Assume that

1
a(z,t) = 7
flz) =0,
g(t) = 1,
p(t) = —t.
Obviously, u(z,t) = texp(—=z) and h(t) = —* are exact solutions for the above

problem. Now we use WKB method to this problem. For Aty = .2,.1 and
0 = 0.1, at x = 1, the result are given in the following table.

Aty = 0.2 Aty =0.1
6 A =u(Lt) | de(lt) | PRl | oan(Le) | et
2| 00735759 | 0.0560657 | %23.7 | 0.0802724 | %9.1
4| 0147152 | 0160545 | %910 | 0148848 | %l.15
6] 0200725 | -0.213328 %33 0220985 | %0.22
S| 0204304 | 0297695 | %l15 | 0294333 |  %0.29
T 0367579 | 0.366499 %03 0.367882 | %037

Table 1. Exact and approximate solution wu,(1,¢) with # = 0.1
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