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linear and nonlinear complex difference equations play very important role in solving of complex
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1. Introduction

The elliptic system of partial differential equations

(1'1) U!IJ_,U:IIJ =a'(x7y)u+b(x7y)’v+f(x7y)7

Uy + v, = c(z,y)u+ d(z,y)v + g(z,y),
where a, b, ¢, d, f, g are given continuous real functions of real arguments = and
y in a simply connected domain 7', plays an important role in many problems
in mechanics. If the second equation is multiplied by ¢ and after addition to the

first equation, the following complex equation is obtained

(1.2) U.= MU+ NU + L,

a+d+ic—1ib a—d—i—zc—i—zb f—l-ig

WhereM:f, N = U=u+1w.

It is known [1] that the function Uy(z) = exp( // 6’ dédn) (t=¢+

in) is a regular, partial solution of the equation U; MU. By the substitution
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U = w Uy, where w is a new unknown function, equation (1.2) is transformed

into the following differential equation:

(1.3) wh = Aw + B,

NT,
. UO . 0 . . . .

equation (1.3) contains double singular integrals with Cauchy kernel, which can-

not be solved in closed form, so it is important to construct some approximative

methods for solving equation (1.3). We give the following definitions:

Definition 1.1. Let
(1.4) zZ=g(z)

be a given complex equation, where g(z) is an arbitrary analytic function. The
equation (1.4) can define a closed or open contour, or a set of isolated points.
Further, the set of points in the complex plane defined by the equation (1.4)
is called K —contour. In practice, a great number of important contours (line,
circle etc) can be presented by (1.4).

L
where A = , B= oo It is shown by Vekua [1] that the general solution of

Definition 1.2. Let g(z) be a given analytic function and w = w(z, 2)
be a continuous complex function which can be developed in a convergent power
series in terms of z and z. Then, the compound function w = w(z, g(2)) is an
analytic function too, for which we will use the symbol ay;)w. The operator
@4(zw maps the set of continuous complex functions w = w(z, ) to the set of
analytic functions, and the geometrical meaning of this operator is as follows: if
Z = g(z) is an equation of a closed contour, then the functions w = w(z, z) and
Qg(;)w have the same boundary values on the mentioned contour.

Let W(z,Zz) be a given complex function infinitely differentiable with
respect to Z on the circular ring P: /a — §/2 < |z| < v/a + §/2. Tt is supposed
that there is a positive number b = supbg; k = n+ 1,n + 2,..., where b; are
majorants of |oza/zW§(k)|. It is shown by Canak [2] that the function W (z, Z) can
be approximated in P by complex polynomial

(1.5) W(z,2) = fo(z) +(Z—a/2)f1(z) + ...+ (Z — a/2)" fn(2).

The coefficients fi(z) can be calculated by using the formula

(k)
QW3
(1.6) fu(z) = % k=0,1,...
In order to estimate the error of the approximation, the inequality
5/2 n+1
(1.7) Rl < b2 p(6/2)

(n+1)
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is used, and |R| — 0 when n — oo. In the special case when n = 1, the
approximation is

(1.8) W(z,2) ~ a,,W + (E—a/z)aa/ZWZf
and

bo?
(1.9 7] < 2 exp(6/2)

is the error of the approximation.

2. Approximative solving of the Vekua complex differential
equation using modified areolar polynomials

The integral operator f, which is an inverse to the operator 9/0z, is
introduced by Theodorescu and Fempl ([3], [4]), and they have made some in-
vestigations of its properties. This operator is often addressed as areolar integral.

Further, we consider the continuous complex function w(z, z), expandable
in convergent series z and z in some domain 7. The set of such functions is
denoted by Wrp. These functions can be integrated term by term and its areolar
integral is a common indefinite integral on variable z. It is possible to define
areolar definite integral by

b
(2.1) 7[w(z, Z) el apW — a W,
where
(2.2) Fu2) =W(z2), Wi=u(z2).

If the function w(z, Z) belongs to the class Wy, then the right-hand side of (2.1)
is an analytic function. The following theorem is proved by Canak [5]:

Theorem 2.1.  Let wy(z) be an analytic function in a finite simply
connected domain T. The Vekua complex differential equation (1.8) with the
inatial condition

(2.3) agw(z,z) = wo(z)

18 equivalent to the areolar integral equation

(2.4) w=w0+7[(Au‘1+B), ZeT, we Wy
d
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Since the functions A(z), B(z) and wg(z) are analytic in T, then there
exist such positive real numbers «, 7, d, r, satisfying

lwo(2)] < a, [A(2)| <, |B(2)[ <6, |2[ <, (2€T).

The following sequences of functions will be useful:

2

(2.5) wo(z) =1, p1(2) = /w(z)dz, ceey on(z) = /A(z)gon_g(z)dz,
0 0

z

(2.6) Bo(z) =z, Bi(z) = /B(z)dz, ey Bn(2) = / A(2)Bn—2(2)dz.
0

0

Then we form the so-called modified areolar polynomials Z Yr—19;, and Z Br—10y-

For their coefficients the following estimations are valid:

z

er(2)] = [ wn(z)dz| < alz| < ar ... fpaya (2] <47 gy ()] < 0
0

A=)l = /B(z)dz SOy [Brje1(2)] S 097 By (2)] <A77
0

By using the previous inequalities, one obtains

- 1— (yr)"
2.7 1P| <or+ayr?+ .+ oy = ar——
( Pk—1Pk g Y :

k=1 1_774

< el 2 3 1 1 21—(77’)n
2.8 e 10g| <02 40y + . oy T = g
( k v g 1

— - r

k=1

It follows from (2.7) and (2.8) that the corresponding areolar series
o0 n o0 _ n .
> k1P = Jim. > ok-1P > Br-1By = Jim > Br-1By
k=1 ) k=1 k=1 ) k=1

are absolutely and uniformly convergent for yr < ¢ < 1 because

s . or?
Z Pk—1Pk
k=1

1—r’

ar

> Br-1By

k=1

(2.9) < <

1—77";
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These series define two continuous complex functions

(210) 90(272) = Z Pk—1Pk> /3(27 2) = Z/Bk—lﬁk‘
k=1

k=1

On the base of the formula (2.4) the recurrent sequence of functions can
z

be constructed: w, = wo + /(A@n_l + B)dz, n =1,2.... Thus, it is easy to
0

obtain the sequence of approximative solutions of the equation (1.3) as:

V3
wy = wo + [(Awy + B)dz = wy + Apop; + Bz
0

(2.11) wy = wo + [(AW + B)dz = wo + Apop, + Ap19y + Bz + ABof,
. 0

n n o
wp, = wo + Akzl Yr—19; + Bz + AkZQ Br—28k_1-

As the modified areolar series (2.10) are uniformly convergent, the sequence of
functions (2.11) is uniformly convergent as well, i.e.

(2.12) lim wy(z,2) = w(z,2) = wo + Bz + A > ok 1P+ A Br2Bi
k=1 k=2

The function w(z, z) is an exact solution of the Vekua equation (1.3). Indeed, if

[e.e] [e.e]
the value of (2.12) and its derivative w}, = B+A Z Or_1P,+A Z ﬂk_gﬁz_l are
substituted in the equation (1.3), we can see that the coefficients of the modified

areolar series on the left side are equal to the corresponding coefficients on the
right side, i.e. the function w(z, z) satisfied the equation (1.3). Further, we can
see that the function (2.12) satisfies the initial condition (2.3).

Finally, it is possible to estimate the absolute value of the error of the
n—th approximative solution w,, of the equation (1.3) by

o0 o0 —
|R| = |w—wy| =|A ¥ @op@p+A X Br—20k1

< Aar [(yr)" 4 (yr)™ ]+ A [(yr)" £ ()" 4]
< (yar + 182 ()P —— — (a4 ar) O
= 7 T T 1—qr "’

If the assumption vr < ¢ < 1 is valid, then the error of the estimation
can be always made arbitrary small.
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3. A method of Euler type for approximative solving of the
Vekua complex differential equation

Let
(3.1) wh = A(z, 2)w + B(z, 2)

be a given complex differential equation of Vekua type with the initial condition
(3.2) QW = wo(2).

It is supposed that A(z, z) and B(z, z) are given continuous functions of the
circular ring P: \/a—06/2 < |z] < v/a+3/2 and w(z) is a given analytic function
of the same ring.

Let[a, A], (a, A € R) be a given finite interval. We will introduce the mesh
x; = xo+ih, h=(A—a)/n, xy = a, x, = A and construct the system of circles
K;:z=uzi/z, (1 =0,1,2,...,n). An analytic function of a complex variable
can be presented in an explicit form by W = W (z, z), or in tabular form, if its
boundary values on a given circles W (z, z)/ i, are known. By using operator « it
is possible to construct a sequence of analytic functions wg(2), wi(z),. .., w,(2),
if their boundary values on K; are equal to the corresponding boundary values
of W(z,z). The presentation of the analytic function W (z, Z) in a tabular form

K; Koi,?:x()/z K1:§=SL‘1/Z ... | K,

1 Z=xp /%
w;(z) | wo(z) wi (2) oo | wp(2)

(3.3)

is called a-representation of the function on the system of circles K;.

If a,, ., W(z,Z) = wi(z), (i =0,1,...,n), then the representation (3.3) is
unique for each value z = x;/z corresponds one and only one analytic function
wi(z).

We are looking for an approximative solution of the problem (3.1)—(3.2) in
the form (3.3). We are trying to find a sequence of analytic functions w;(z), (i =
0,1,...,n) which boundary values on the circles z = z;/z, (x;41 —2; = h =
(A —a)/n) are approximatively equal to the limit values of the exact solutions.

Using (3.1), the formula (1.8) is transformed into
(3.4) W(z,2) = a,,W +(Z—a/z)a,,, (AW + B).

By using the operator ay,/, on (3.4), the first approximative value is w; =

h
wo + ;aa/z(Awo + B). On the circle zZ = z;/z, the formula (3.4) is transformed

into

(3.5) W(z,2) = ag, ;W + (2 — x1/2) g, 1, (AW + B).
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The second approximative value wy is obtained by using the operator a,, /., on

h
(3.5), i.e. ag, ;W =ws = w1 + —ay, /., (AW + B). By resuming this process in
z

the same way, the recurrent formula
h _
(3.6) Wit = w; + ;ami/Z(Awi + B)

is obtained, and it is an approximative solution of the problem (3.1)—(3.2) in
the tabular form (3.3).

4. On a Vekua complex difference equation

Some linear and nonlinear complex difference equations are considered
by Canak [6] and he has shown that they play very important role in solving
of complex differential equations. In this chapter, the Vekua complex difference
equation will be considered.

Definition 4.1. Let Lo: Z = go(2), L1: Z=g1(2),...,Lyp : Z = gn(2)
be given closed contours which limit the domains Gy, G1,...,G, and let Gy C
G1 C ... C Gy. In [6] Canak introduced areolar v-differences as:

Qg W — QlgyW %9n™ = Fgna ™

g, — gy — (G0, 1), - g gn—1 = Y(9n—1,9n)
g1 — 9o It

P(91,92) — ¥(g0,91) = (90,91, 92)

g2 — 9o
(4.1) :
7/’(971—1»971) - 7/’(971—27911—1)
9n — gn-2

= (gn—2+9n—1,9n)

¢(91792,- .- 7gn) _ /(/}(907917 < 7gTL—1)
dn — 90

= "p(gOagla SR 7gn—lagn)‘

On the base of the mentioned differences, the sequence of functions
ag,w — w(z,Z)
9o — %

= 7/)(2790)

(42) = = w(zag(hgl)

¢(90a917~ .. 7gn) - ¢(5a90a917~ .. agn—l)
gn — 2

= ¢(27907917 e agn)
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is constructed.

These differences play an important role in the theory of interpolation of
the nonanalytic functions. The equations that contain unknown complex func-
tion and its differences of the type (4.2) for the system of contours
zZ=gi(2),(i =0,1,...,n) are called complex areolar 1)-difference equations.

Let

(4.3) Yu (2, 9) = b(z,2)W + ¢(2, 2)

be a complex difference equation of the Vekua type, where z = g(z) is an equa-
tion of a simple smooth closed contour, and b(z, z), c(z, Z) are given continuous
complex functions. It follows from (4.3) that

(44) Yu(z,g) = w =0T +c= w+ (g — 2)bT = aguw — (g — 2)c.
=

The conjugated equation
(4.5) W+ (7 — 2)bw = agw — (7 — 2)¢
will also be considered. The solution of the system (4.4)—(4.5) is

agw — (g — 7)o + bogw — (5 — #)be]
L by~ 2)

(4.6) w(z,z) =

Since the general solution of difference equation (4.3) contains an arbitrary ana-
lytic function ¢(z), we make an assumption, on the base of (4.6), that it should
be in the following form

p(2) = (9= 2)[c+ bp(2) — (7 — 2)te]
1—bb(g — 2)(g — 2) '

It means that the unknown analytic function a,w is included into the arbitrary
analytic function ¢(z). As the function (4.7) satisfies the equation (4.3), it is its
general solution. We can see that the process of solving of the Vekua difference
equation (4.3) is easier than the corresponding differential equation (1.3). The
substitution of the first derivation w’ by the approximative value of v-difference
Yw(Z,9) = w together with the formula (3.4) open the possibility of
-z
approximative solving the Vekua differential equation via difference equations.
In some particular cases, the difference equation (4.3) enables the exact solving

of the differential equation (1.3). At first, we can state a question: for which class

(4.7) w(z,z) =
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of functions w(z, z) its first derivative w’ is equal to its v-difference v, (z, g)?
Answering the question, we introduce the new differential equation

QgW — W

4.8 P =
(4.9 wl = 4

As the contour z = g(z), i.e. the analytic function g(z) is an arbitrary function,

we can put ayw = {(z), where £(z) is an arbitrary analytic function. So, the

w_, #l2)
Z—g Z-—g

solution [7] is bi-analytic function w = (Z — ¢)p(2) + &(2) or w = Zp(2z) +

&1(2), (& = —gp + &), where o(z), £(2) are arbitrary analytic functions.

We can conclude that if the difference equation (4.3) has a bi-analytic
function as a solution, then it is a solution of the Vekua differential equation as
well, and the process of solving of the differential equation can be substituted
by the solving the corresponding difference equation. Now we can determine
the condition upon it is possible.

Let the difference equation

differential equation (4.8) transforms into w?} —

= 0 and its general

(4.9) Yuw(z,9) = Aw + B

have a solution of the form w = Z(z) + £(z), where ¢(z), £(z) are arbitrary
analytic functions. By the substitutions

aqu—w 0| 7(2) +€(2)] - [70(2) + £(2)]

'ébw('é?g) = - -
g—z g—z

_ 00+ 80— ple) ~e) _ plello =D _
g—=z g—

and @ = z¢p(z) + £(2), from (4.9), we obtain ¢(z ) A[z(p(z) + @} + B or

(4.10) B=p(z) — A[zgp(z) + §(z)]

So, we can formulate the following

Theorem 4.1. The Vekua complex differential equation (1.3) and
its corresponding difference equation (4.9) have a solution in the form of a bi-
analytic function for any coefficient A = A(z, z), if the coefficient B = B(z, Z)
is in the form of (4.10).

Example. Find a particular solution of the Vekua differential equation

(4.11) w

w— Z.

W~
n | =
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Solution. In this example, the coefficients A(z,z) = 1/z and B(z,z) =
—Zz. The condition (4.10) is satisfied if ¢(z) = z and £(z) = 22. It means that
the equation (4.11) has a particular solution in the form of a bi-analytic function
w(z,2) = 22 + 2°.

References

[1] I. N. Vekua. Systeme von Differentialgleichungen erster Ordnung vom el-
liptischen Typus und Randwertaufgaben, Berlin, VEB Verlag, 1956.

[2] M. Canak. Uber die a-Approximation einer nichtanalytischen Funktion
durch ein areolares Polynom, ZAMM 69, 1989, 71-73.

[3] N. Theodorescu. Dérivée et primitives aréolaires, In: Annali di Mathe-
matica 44, Bucurest, 1960.

[4] S. Fempl. Areolarni polinomi kao klasa neanalitickih funkcija, Mat. Vesnik
1(16), 1964, 29-38.

[5] M. Canak. Uber Existenz und Einzigheit der Losung einer areoliren Dif-
ferentialgleichung erster Ordnung, Mathematica Balkanica 8, 1978, 43-48.

[6] M. Canak. Komplexe Differenzengleichungen, In: Functional, Analytic and
Complex Methods, Their Interactions and Applications to Partial Differ-
ential Equations, World Scientific, London-Singapore-Hong Kong, 2001,
294-306.

[7] S. Fempl. Regulire Losungen eines Systems partieller Differentialgleichun-
gen, Publ. de L’Inst. Math. 4(18), 1964, 115-120.

L Faculty of Technology and Metallurgy
Skopje, Republic of MACEDONIA

e-mail:liljana@ian. tmf.ukim. edu.mk

2 Faculty of Mathematics Received: 30.09.2003
University of Belgrade
SERBIA and MONTENEGRO

3 Faculty of Agriculture
University of Belgrade
SERBIA and MONTENEGRO



