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Quasi-Symmetric 2-(37,9,8) Designs and Self -
Orthogonal Codes with Automorphisms of Order 5 *

Stefka Bouyuklieva®, Zlatko Varbanov?

No quasi-symmetric 2-(37,9,8) design is known. We prove that if such designs ex-
ist, they arise from self-orthogonal self-complementary [38,18, > 6] codes with a doubly-even
[37,17, 8] subcode with dual distance at least 5. In this paper, it is shown that there are exactly
5 inequivalent doubly-even [37,17, 8] codes with needed dual distance and an automorphism of
order 5. After the extending of these codes, no quasi-symmetric 2-(37, 9, 8) design is obtained.
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1.Introduction

A 2-(v,k, \) design is called quasi-symmetric with intersection numbers
xz and y (z < y) if the number of points in the intersection of two blocks takes
only two values x and y. If x = y = k (mod 2) these designs are self-orthogonal
and are closely related to self-orthogonal codes (see [5]).

Let C be a binary [n, k, d] code, that is, a k-dimensional vector subspace
of F3' with minimum weight d, where F3 is the field of two elements. C is self-
orthogonal if C C C* and self-dual if C = C where C* is the dual code of
C. C is doubly-even if all codewords of C' have weight divisible by four. Any
doubly-even code is self-orthogonal. A linear code C' is self-complementary if it
contains the all one’s vector (11...1).

The next theorem is the main tool in our research:

Theorem 1. Let A be the (b x v)-incidence matriz of a self-orthogonal
t — (v,k,\) design. Then:
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1) If k is even, the rows of A generate a self-orthogonal binary code of length
v with dual distance d+ > Z—j +1

2) If k is odd, the rows of the matriz (1|A) generate a self-orthogonal binary
code of length v + 1 with dual distance d+ > 7+ L

The paper is organized as follows. In Section 2 we prove that if A is the
148 x 37-incidence matrix of a quasi-symmetric 2— (37,9, 8) design then the rows
of the matrix (1|A) generate a self-orthogonal [38, 18, > 6] binary code with dual
distance d+ > 6 and this code contains a doubly-even [37,17, 8] subcode with
dual distance at least 5. In Section 3 we construct all inequivalent doubly-even
[37,17,8] codes with dual distance > 5 having an automorphism of order 5.
Unfortunately, these codes do not give us quasi-symmetric designs.

2. Quasi-symmetric 2-(37,9,8) designs and their codes

Let A be the incidence matrix of a quasi-symmetric 2 — (37,9, 8) design
with intersection numbers x = 1 and y = 3. Since the blocks of the design are
148, A is a 148 x 37-matrix. According to Theorem 1, the rows of the matrix
(1|A) generate a self-orthogonal binary [38, k, d] code C with dual distance d*- >
6, therefore d > 6. All doubly-even codewords in C' have the form (0, w) where
w € F37. Hence C = (0|Co)U(1|v+Cp) where Cy is a doubly-even [37,k—1, > §]
code. The dimensions of the dual codes of C' and Cy are the same. Therefore if
C+ = (0|D)U(1jw+ D) then C3- = DUw+ D. It follows that the dual distance
of Cy is dg > 5.

Obviously, £ < 19. Let C be a self-dual [38,19,> 6] code such that
C CC. If Ch = {w e C : wt(w) = 0(mod 4)} then dim(Cy) = 18 and
Ca- = CUS(C). We call S(C) the shadow of C. If C' = C then Cy = (0|Cp) and
since the dual distance of (0|Cp) is 1 it follows that the minimum distance of
the shadow S(C') is 1. But it is known (see [2]) that all vectors in the shadow of
a self-dual [38,19,d > 6] code have weights = 3(mod 4) and therefore the case
C = C is impossible. Hence k < 18.

The sum of two different rows of (1|A4) is a codeword in C' of weight 12 or
16. Let the sums of weight 12 are s15. To compute s12, we need to compute the

number of the submatrices of A in the form < 1 1 > We have (327) pairs of
columns in A and any pair belongs to 8 rows. Therefore we have exactly (327) (g)

submatrices of the required form. On the other hand, A contains sio pairs of
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rows with ¥y = 3 common ones and any pair contains 3 such submatrices. Hence

37\ (8
= =621
3512 <2> <2> = S12 6216

It follows that the number of the codewords of weight 12 in C' is A12 > 6216.
By the MacWilliams identities [4], A;2 — 6216 = 33- 2k—10 _ 6420 — 6 Ag —
6A¢ — o+ 6A33 > 0 where A9 = 148 + «. Hence

6414
3328710 > 6420 + 6Ag + 64 + o — 6435 > 6420 — 6 = 2810 > = > 194

It follows that £ > 18 and so k£ = 18.
Then C = C U (z + C),z ¢ C. Without loss of generality x = (0,y). So
we have
C = (0Co) U (v + Co) U (0ly + Co) U (1|v +y + Co)

If wt(y) = 0(mod 4) then Cp = (0|Cy) U (0]y + Cp) which is impossible as S(C)
does not contain vectors of weight 1. Hence wt(y) = 2(mod 4). It follows that

éo = (O‘C()) U (1”0 +y+ C()), 02 = C\éo = (1"1) + Co) U (O\y + C())

So the all one’s vector (11...1) € (1jv + Cp) C C and C is a self-orthogonal
self-complementary [38,18,> 6] code with dual distance at least 6 such that
C = (0|Cp) U (1|1 + Cp) where Cp is a doubly-even [37,17,8] code with dual
distance at least 5.

3. Doubly-even [37,17,8] codes with dual distance 5 having an
automorphism of order 5

Since the doubly-even codes with these parameters are too many, we
decided to enumerate the case of such codes with an automorphism of order 5.
We use the method developed by Huffman and Yorgov (see [3], [6]).

Let Cy be a doubly-even [37,17,8] code with an automorphism o of order
5. The permutation o is of type (c, f) if there are exactly ¢ independent 5-cycles
and f fixed points in its decomposition. We may assume that

o=(1,2,3,4,5)(6,7,8,9,10) ... (5¢c — 4,5¢ — 3,5¢ — 2, 5¢ — 1, 5¢)

Denote the cycles of o by €4,...,€. and the fixed points by Q.41,..., Q¢
Let
Fy(Co) ={v € Cy : vo = v}
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and
E,(Cy) ={v € Cp : wt(v|;) =0(mod 2),i=1,2,...,c+ f}

where v|Q; is the restriction of v on ;. Then the code Cj is a direct sum of its
subcodes F,(Cy) and E,(Cj).

Denote by E,(Cp)* the code E,(Cp) with the last f coordinates deleted.
For v in E,(Cp)* we let v|Q; = (vg,v1,v2,v3,v4) correspond to a polynomial
Vo+v1Z+Vvex2 sz +ugxt from P, where P is the set of even-weight polynomials
in Fp[z]/(z°+1). It turns out that P is a field with 16 elements. Thus we obtain
the map ¢ : E,(Cp)* — P°.

Clearly v € F,(Cp) if and only if v € C' and v is constant on each cycle.
Let m: Fy(Cp) — F26+f be the projection map where if v € F;(Cp), (vr); = v;
for some j € Q;,1=1,2,...,c+ f.

Theorem 2. The binary code Cy with an automorphism o is doubly-
even if and only if the following conditions hold:

(1) Cr = m(F,(Cy)) is a doubly-even [c+ f,ky| code, and

(2) C, = ¢(Es(Cp)*) is a self-orthogonal [c, ky] code over the field P under
the Hermitian type inner product

c
(ua ’U) = Z uiv;l
=1

Since dimE,(Cp)* = dimE,(Cy) = 4dimC, = 4k, we have dimCy =
17 = 4k, + kr. Cr is a self-orthogonal code and therefore kr < (¢ + f)/2 =
(37—4c)/2, hence kr < 18—2c. It follows that 4k, +kr = 17 < 4k,+18—2c and
ko > 264_1. In the same time k, < % and therefore ¢ must be even and k, = %
So Cy, is a Hermitian self-dual code of length ¢ and E,(C)* is a self-orthogonal
doubly-even [5¢, 2¢, > 8] code. Since no [10,4,8] code exists, ¢ = 4 or 6.

e ¢ = 4. In this case Cy, is a [4,2,3] code over GF(16). We consider the
elements of P* = P\ {0} in the form a'¢7, 0 < i < 4,0 < j < 2, where
a=xe=1+z2+ 2%+ 2% is an element of P* of order 5 and § = = + z*
is an element of order 3. The orthogonality condition gives us that up to
equivalence C'y has a generator matrix

e 06 62
G(p_<06525)
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So we have a unique up to equivalence subcode E,(Cp)* and its generator
matrix is

01111 00000 01001 00110

10111 00000 10100 00011

11011 00000 01010 10001

11101 00000 00101 11000

00000 01111 00110 01001

00000 10111 00011 10100

00000 11011 10001 01010

00000 11101 11000 00101

Gg =

In this case C is a doubly-even self-orthogonal [21,9,> 4] code. There
exist three inequivalent such codes and using them and the code C,, we
obtain five inequivalent doubly-even [37,17, 8] codes with dual distance 5.
The obtained self-orthogonal [38,18,> 6] codes C = (0|Cp) N (1|1 + Cp)
have weight enumerators

We, (2) =1+ 725 + 17028 + 420210 + 6916212 + - - -

We,(2) = Wey (2) = We, (2) = 1+ 628 + 16528 + 430210 + 6942212 + ...
Wes (2) = 1+ 928 + 18028 + 400210 + 6864212 + - - -

Unfortunately, the sets of their codewords of weight 10 do not contain
quasi-symmetric designs.

e ¢ = 6. In this case f =7 and Cj has a generator matrix of the form

Gg O

G. Gy
where G is a generator matrix of E,(Cp)*, O is the 12 x 7 zero matrix,
and (G, Gy) is a generator matrix of F,,(Cp). Gy is a 5 x 7 matrix and it
generates a binary [7,k; < 5] code Cy. If x L Cf then (00...0,z) L Cp.
Hence wt(x) > 5 and the dual code of Cy is a [7,7 — kf > 2,> 5] code.

Such a code does not exist and therefore we do not obtain doubly-even
[37, 18, 8] codes with dual distance at least 5 in this case.

So there are exactly five inequivalent doubly-even [37,17,8] codes with
dual distance at least 5 having an automorphism of order 5. They give us five
self-orthogonal self-complementary [38,18,6] codes with dual distance 6. None of
them contains a quasi-symmetric 2-(37,9,8) design. After that the next Theorem
is obvious:

Theorem 3. If a quasi-symmetric 2-(37,9,8) design exists, it does not
have automorphisms of order 5.
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4. Conclusion

The problem of the existing of quasi-symmetric 2-(37,9, 8) designs is still
open. We have proved some properties of the corresponding self-orthogonal
codes but even after the restrictions these codes are too many for a complete
enumeration. So we decided to start with the codes having an automorphism of a
given prime order p. We have completed only the case p = 5. The same method
has been used successfully for constructing quasi-symmetric designs with some
other parameters (see [1]). It does not guarantee that if the required design
exists we will find it but if such a design has an automorphism of the same
order p then we will obtain it.
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