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‘We consider relationships between vy-set property and hyperspaces. In particular, we
show that each open subset of a space X is a 7-set if and only if the hyperspace 2% of closed
subsets of X with the Z*-topology is (strongly) Fréchet-Urysohn. We also introduce and study
two classes of spaces related to y-sets.
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1. Introduction

The notation and terminology that we use in this paper are standard as
in [6]. Let us fix some other notation and terminology. X will denote an infinite
Hausdorff topological space. By 2% we denote the family of all closed subsets
of X. For a subset A of X and a family A of subsets of X we put

A°=X\ A and A°={A°: A e A},
At ={Fe2X . FCA}

We consider the following two topologies on 2% (compare with [17], [13]):

1. the ZT-topology whose basic sets are of the form (A°)T, where A is a
finite subset of X, and

2. the F'-topology (known as the upper Fell topology [7] or co-compact
topology) having basic sets of the form (A¢)T with A a compact set in X.

Let A and B be sets whose elements are families of subsets of an infinite
set X. Then (see [18], [12]):
S1(A, B) denotes the selection principle:
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For each sequence (A, : n € N) of elements of A there is a
sequence (b, : n € N) such that for each n € N, b, € A,, and
{b, : n € N} is an element of B.

Stin(A, B) denotes the selection hypothesis:

For each sequence (A, : n € N) of elements of A there is a sequence
(Bp : m € N) of finite sets such that for each n € N, B, C A,, and
Unen Brn s an element of B.

The symbol G; (A, B) [18] denotes an infinitely long game for two players, ONE
and TWO, which play a round for each positive integer. In the n-th round ONE
chooses a set A, € A, and TWO responds by choosing an element b, € A,.
TWO wins a play (Ay,b1;---;Ap,by;---) if {b, : n € N} € B; otherwise, ONE
wins.

An open cover U of a space X is an w-cover [8] (resp. k-cover [16]) if X
does not belong to U and every finite (resp. compact) subset of X is contained in
a member of Y. Therefore, we assume that spaces we consider are non-compact.
We shall also suppose that all covers are countable. An open cover U of X is
called a ~y-cover [8] if it is infinite and each z € X belongs to all but finitely
many elements of U. Notice that it is equivalent to the assertion: Each finite
subset of X belongs to all but finitely many members of ¢. In a natural way
we introduce a stronger notion.

Definition 1.1. An open cover of a space X is called a i-cover of X
if each compact subset of X is contained in all but finitely many elements of U/
and X is not a member of the cover.

For a topological space X we denote:
1. © — the family of w-covers of X;
2. K — the family of k-covers of X;
3. ' — the family of v-covers of X;
4. Ty — the family of yg-covers of X.

Let us observe that we have
I'nclicQ, TI'ncCcKcC.

In [8], Gerlits and Nagy introduced the following notion: a space X
is a y-space (or a 7y-set) if each w-cover U of X contains a countable family
{U,, : n € N} which is a -cover of X. They have also proved that the ~y-set
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property of a space X is equivalent to the statement that X satisfies the selection
property S1(£2,T'). It was shown in [12] that the y-set property is equivalent also
to the selection hypothesis S, (€2,T").

A space X is said to be Fréchet-Urysohn if for each A C X and each
x € A there is a sequence (z, : n € N) in A converging to z. X is strongly
Fréchet-Urysohn if for each sequence (A, : n € N) of subsets of X and each
point z € (,cN A there is a sequence (z,, : n € N) such that for each n € N,
zp € Ay and (zy, : n € N) converges to .

For a Tychonoff space X C,(X) denotes the space of all continuous real-
valued functions on X endowed with the pointwise topology. Gerlits and Nagy
[8] have shown the following result (see also [1]).

Theorem 1.1. For a Tychonoff space X the following statements are
equivalent:

(a) Cp(X) is a Fréchet-Urysohn space;
(b) Cp(X) is a strongly Fréchet-Urysohn space;
(¢) X is a y-set.
The investigation of the same kind for function spaces Cj(X) of continu-
ous real-valued functions on X with the compact-open topology has been done

in [16] and [15].
In [18], it was proved:

Theorem 1.2. For a space X the following two statements are equiv-
alent:

(a) X is a vy-set.
(b) ONE has no winning strategy in the game G1(2,T) on X.

We shall prove here that similar results concerning y-sets and their vari-
ations can be obtained in terms of special hyperspace topologies on 2X. Let us
mention that the Fréchet-Urysonh property in hyperspaces was studied in [3]
and [9].

In Section 2 we consider the space 2X with the Z*-topology. In Section
3 we define two classes of sets related to -y-sets and study some their properties.
In Section 4 we study another class of spaces related to ~y;-covers.

2. y-sets and the space (2%,Z71)
The first our result in this section is similar to Theorem 1.1.

Theorem 2.1. For a space X the following statements are equivalent:
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(1) (2%,Z7) is a Fréchet-Urysohn space;
(2) (2%,Z7) is a strongly Fréchet-Urysohn space;

(3) Each open setY C X is a ~y-set.

Proof. (1) = (3): Let Y be an open subset of X and let ¢/ be an w-
cover of Y. Put A :=U°. Then A C 2% and Y° € Clz+(A). Indeed, let (F¢)*
be a ZT-neighborhood of Y¢. Then F is a finite subset of Y so that there is a
U € U such that F C U. Thus Y° C U¢ C F¢, i.e. U¢ € (F°)* N A. Therefore,
Y¢ € Cly+(A). Since, by (1), (2%,Z%) is Fréchet-Urysohn, there is a sequence
(A, : n € N) in A converging to Y¢. Let for each n € N, U,, = A’ and show
that {U, : n € N} C U is a y-cover of Y.

Let y € Y. Then ({y})" is a ZT-neighborhood of Y¢ and thus there
is ng € N such that for each n > ng one has A, € ({y}°)*. This implies
y € AS = U, for all n > ng, which means that {U,, : n € N} is a selector for U.
Hence (3) holds.

(3) = (1): Let A be a subset of 2% and let S € Clz+(A). Then U := A°
is an w-cover of the open set S¢ C X, as can be easily shown. Applying (3) to S¢
and U we find a countable family {U,, : n € N} C U which is a «y-cover of S¢. We
claim that the sets A4, = US, n € N, form a sequence in A which Z"-converges
to S. Suppose that (F€)*" is a Zt-neighborhood of S. Then F is a finite subset
of S¢, hence there exists ng € N such that F C U,, whenever n > ng. It follows
that for each n > ng we have A4,, € (F¢)*, i.e. that (A, : n € N) really converges
to S and (2X,Z%) is a Fréchet-Urysohn space.

(2) & (3): It is shown similarly by using the fact that the y-set property
is equivalent to S1(92,T). n

It is natural to ask what happens if X is a -set, i.e. to find out a
property of (2X,Z%) that is equivalent to X is a -set.

Theorem 2.2. If a space X is a ~y-set, then each dense subset of
(2X,Z7) is sequentially dense.

Proof. Let D be a dense subset of (2%,Z%) and let ¢/ := D°¢. Then
U is an w-cover of X; it is proved similarly to the corresponding part of the
proof (3) implies (1) in the previous theorem. Since X is a y-set there is a set
{Up : m € N} C U which is a y-cover of X. For each n € N, let D,, = US. We
show that the set S := {D,, : n € N} C D is sequentially dense in (2X,Z1).

Let A € (2X,ZT). Suppose, to the contrary, that no sequence in S
converges to A. Let (D,, : m € N) be a sequence in §. Then there is a
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neighborhood (F¢)* of A such that the set M = {m € N: D, ¢ (F°)"}
is infinite. It means that infinitely many sets U, from U do not contain F.
Therefore, U is not a y-cover of X and we have a contradiction. |

3. 7,-sets and the space (2%,F1)

To get results for the space (2%, Ft) similar to Theorem 2.1 we introduce
the following two classes of spaces similar to the class of y-sets. A space X is
said to be a ~yg-set if each k-cover U of X contains a countable set {U, : n € N}
which is a 7y;-cover of X. Call X a j-set if it satisfies the selection hypothesis
S1 (IC, Fk)

We begin by a characterization of 7, -sets.

Theorem 3.1. For a space X the following are equivalent:
(1) X satisfies Sy (KC,T'k);
(2) X satisfies S1(IC,Ty), i.e. X is a y,-set;

(3) ONE does not have a winning strategy in the game G1(K,T'y) played on
X.

Proof. We have to prove only non-trivial cases (1) implies (2) and (2)
implies (3).

(1) = (2): Let (U, : n € N) be a sequence of (countable) k-covers of
X; suppose that for each n € N, U, = {U,,, : m € N}. For each n € N,
let V,, denote the family of sets of the form U, N Uk, N--- NUyk,. Then
(Vn : n € N) is a sequence of k-covers of X. Since X satisfies Sy, (IC,I'y;) choose
for each n € N a finite subset W, of V,, such that (J,.ny Wi is a y;-cover of X.
(Note that some W,,’s can be empty.)

As U, ey Wh is infinite and all W,’s are finite, there exists a sequence
m; < mg < -+ < mp < --- in N such that for each i € N we have W,,, \
Uj<i Wm; # 0. Choose an element Wy, € Wi, \ Uj<; Win;» @ € N, and fix its
representation Wy, = Uy g, N Uz, M-+ N Up, g, as above.

Since each infinite subset of a ~yg-cover is also a 7,-cover, we have that
the set {Wy,, : ¢ € N} is a 7g-cover of X. For each n < my let U, € U, be
the n-th coordinate of W,,,, in the chosen representation of W,,,, and for each
n € (mj, miy1], i > 1, let U, € U, be the n-th coordinate of W,,,,, in the above
representation of Wy, . Observe that each U, D Wy, ,. Therefore, we obtain
a sequence (U, : n € N) of elements, one from each U,,, which form a ~x-cover
of X and show that X satisfies S1 (K, T'y).
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(2) = (3): Let o be a strategy for ONE in G1(K,T';) and let the first
move of ONE be a k-cover o(0) = {Un), Uy, -, Uy, -} Suppose that for
each finite sequence s of natural numbers of length < m, Us has been already
defined. Then define {U(y, ...n,, k) : k¥ € N} to be the set

U(U(’fll)'i U(nl,’fl2)7 B U(nl,"',’flm)) \ {U(’rn)') U(n1,n2)7 ) U(’rl1,"',nm)}'

Because each compact subset of X belongs to infinitely many elements of a
k-cover, we have that for each s a finite sequence of natural numbers, the set
{Us~(n) : n € N} is a k-cover. Apply (2) and for each s choose ns € N such
that {Us—(n,) : s a finite sequence of natural numbers} is a y;-cover of X. In-

ductively define a sequence n1 = ng, ngy1 = Ny, ... p,), for k > 1. Then

U(n1)7U(n1,n2)7' o 7U(n1,~~~,nk)7' o

is a y,-cover, and because it is actually a sequence of moves of TWO in a play
of the game G1(K,T';), o is not a winning strategy for ONE. [

Proposition 3.2. The class S1(IC,T'y) is an inverse invariant of perfect
irreducible mappings.

Proof. Let f: X — Y be a perfect irreducible mapping from a space
X onto a space Y satisfying S (K, I'x) and let (U, : n € N) be a sequence of
k-covers of X. Then (f#(U,) : n € N) (where f#(U,) = {f#*(U) : U € Uy}
and fA(U)={yeY :f<(y) cU} =Y\ f(X\U)) is a sequence of k-covers
of Y as can be easily verified. Therefore, there is a sequence (f#(U,) : n € N)
such that this collection is a yg-cover of Y and for each n € N, U,, € U,,. Then
{U, : n € N} is a 7g-cover of X. Indeed, if K is a compact subset of X, then
there is ng such that for all n > ng, f(K) C f#(U,). So, for all n > ny we have
K C f<f#(U,) C U,. n

Theorem 3.3. A space X satisfies S1(IC,Ty) if and only if each finite
power of X satisfies S1(KC,T'x).

Proof. Let X belongs to the class of spaces satisfying S; (K, T'x) and let
(W,, : n € N) be a sequence of k-covers of X™ for a fixed natural number m. By
a lemma in [4] for each n € N there is a k-cover U,, of X such that {U™ : U € U,}
is a refinement of W,,. Because X € S;(K,T';), choose a sequence (U, : n € N)
such that for each n € N, U,, € U, and {U,, : n € N} is a ~,-cover of X. For
each n € N, let W), be an element in W,, with (U,)™ C W,,. Then the sequence
(W, :€ N) shows that X™ belongs to the class S;(KC,T'y). Let K be a compact
subset of X™. Then the union (J;<,, pi(K) = C of its projections onto X is a
compact subset of X and thus there is ng € N such that C C U, for each n > ng.
Therefore, for each n > ng we have K C C™ C (U,)™ C W,,. n
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Theorem 3.4. For a space X the following are equivalent:
(a) (2X,F7T) is a strongly Fréchet-Urysohn space;

(b) Each open setY C X is a vy-set.

Proof. (a) = (b): Let Y be an open subset of X and let (U, : n € N) be
a sequence of k-covers of Y. Then (A, =US : n € N) is a sequence of subsets of
2% and Y¢ € e Clp+ (Ay). As (2%, FT) is strongly Fréchet-Urysohn, for each
n choose an element A,, € A, such that the sequence (A, : n € N) F™-converges
to Y. For each n € N put U, = A%. We prove that {U, : n € N} is a 7y,-cover
of Y.

Let K be a compact subset of Y. The set (K¢)* is an F™-neighborhood
of Y¢ and thus 4, € (K¢ for all but finitely many n. So, for all but finitely
many n we have K C AS = U,, i.e. {U, : n € N} is indeed a ~y-cover of Y.

() = (a): Let (A, : n € N) be a sequence of subset of 2% and let
S € Npen Cle+(Ay). Then for each n € N, U, := Af is a k-cover of the set
S¢ open in X. Let us show the last assertion. Take a compact set C in S°.
Then (C°)7 is an Ft-neighborhood of S so that (C°)™ meets A, in some B,,.
It implies C C Bf € Uy, i.e. Uy, is a k-cover of S°.

By assumption there are sets U, € U, n € N, such that {U, : n € N} is
a yg-cover of S¢. We prove that the sets 4, = U, n € N, form a sequence F'-
converging to S and showing that (2%, F1) is strongly Fréchet-Urysohn. Suppose
(K°¢)* is an Ft-neighborhood of S. Then K is a compact subset of S¢ and since
{U, : n € N} is a yg-cover of Y there is ng € N such that K C U, for n > nyg.
It follows that for all n > ng we have A4, € (KT, ie. that (4, : n € N)
F+-converges to S. Therefore, (2%, FT) is a strongly Fréchet-Urysohn space. m

Similarly we can prove the following result.

Theorem 3.5. For a space X the following are equivalent:
(a) (2%,F%) is a Fréchet-Urysohn space;

(b) Each open setY C X is a yj-set.

We do not know the answer to the following question.

Problem 3.6. Is the vy, -set property equivalent to the ~yi-set property?
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In [10] (see also [11]), Hurewicz introduced a covering property of a space
X, nowadays called the Hurewicz property in this way: for each sequence (U, :
n € N) of open covers of X there is a sequence (V,, : n € N) such that for each
n € N, V, is a finite subset of U, and each z € X belongs to UV,, for all but
finitely many n. In [14] it was shown that this property is actually an S f;,-type
property. In [18] a property weaker than the Hurewicz property and denoted
by Usin (T, ) was introduced (see also [12]), and in [2] it was studied in some
details. In this section we shall consider the following class of spaces.

The symbol U, (I'x, ) denotes the selection principle:

For each sequence (U, : n € N) of y,-covers of X there is a sequence (V,, : n € N)
such that each V,, is a finite subset of U,, and either {UV, : n € N} is a k-cover
for X, or for some n € N, X = UV,.

We shall show now that this selection principle is of the Sy;, type.

An open cover U of a space X is said to be large if each point of X belongs
to infinitely many elements of /. A countable large cover U of X is k-weakly
groupable (see [4], [5]) if there is a partition of U into infinitely many finite,
pairwise disjoint subsets U, such that each compact subset of X is contained in
Ul,, for some n € N. Let A¥=%9 denote the family of k-weakly groupable large
covers of a space.

Theorem 4.1. For a space X the following assertions are equivalent:
(1) X has property U (g, K);
(2) X has property S pin(Dk, AF=w9P);

(3) For each sequence (U, : n € N) of vyi-covers of X there is a sequence
(Vn : n € N) such that for each n € N, V, is a finite subset of Uy, Vy’s
are pairwise disjoint and for each compact set K C X there exists some
n € N with K C UV,

Proof. (1) = (2): Let (U, : n € N) be a sequence of yg-covers of X.
Because each infinite subset of a ~y;-cover is also a 7y;-cover one can suppose that
U,’s are pairwise disjoint. Also, without loss of generality, one can assume that
for each n € N, no finite subset of U, is a cover of X.

Apply (1) to find a sequence (V,, : n € N) of finite sets such that for each
n €N, V, CUy, and {UV, : n € N} is a k-cover of X. This implies that |J,,cy Vn
is a large cover of X. Its partition {V, : n € N} shows that |, .n V» is actually
k-weakly groupable.
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(2) = (3): Let (U, : n € N) be a sequence of y,—covers of X. As in (1)
= (2) one can suppose that U, and U,, are disjoint for distinct n and m, and
else that all covers are countable. For n € N let Uy, = {Upx : k € N}. Define
new yg-covers V,, n € N, in the following way:

Vn:{UljkﬂUQ,kﬂ~'ﬂUn,k:kGN}\{(D}.

We again may suppose that V,, N V,, = 0 for m # n.

Apply (2) to this new sequence (V, : n € N) to choose a sequence (W), :
n € N) of finite sets such that for each n € N, W,, C V,, (and so W,,’s are
pairwise disjoint) and U, .y Wh is a k-weakly groupable large cover of X. This
means that (U, .5y Wn = U,,eN Hn, Where H,,’s are finite, pairwise disjoint and
each compact set K in X is contained in UH,, for some n € N.

Since sets W, and H,, are finite, there are ¢ € N such that Wi NH; =0
for 7 > 4. Let 47 be the smallest such natural number. Define C; to be the set
of all Uy such that Uy is a term in the above representation of a member
of H; for some 5 < 4;. Let i2 > 41 be the minimal natural number such that
Wy NH; = 0 whenever j > i5. Define Cy to be the set of all U, ;, where Uy, is
a term in the representation of an element of H; for some 5 <45. And so on.

We get the sequence (Cy, : n € N) such that for each n € N C, is a finite
subset of U, and consequently C, N C,, = 0 for m # n. We claim that the
sequence (C, : n € N) witnesses for (U, : n € N) that X satisfies (3).

Let K C X be a compact set. There exists some n € N such that K C
U#H,. Pick the smallest & such that n < i;. Then Wy U---UWg_1) N H, = 0.
That implies that each element H in H,, has in its (above chosen) representation
a set of the form Uy, ; (such elements are in C) and therefore we have UH,, C UCy.
It follows K C UCj and (3) holds.

(3) = (1): It is evident by the definition of Uz, (I'x, ). [
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