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A Classification of the Five-Dimensional Lie
Superalgebras, over the Complex Numbers.

Niki-Lina Matiadou®, Anargyros Fellouris?

A classification is made of the five-dimensional Lie superalgebras (LS), over the base
field C of complex numbers. We distinguish two types of LS, trivial and non trivial, according
to if [L1,L1] = {0} or [Ll,L1] 75 {0}

1. Introduction

The theory of Lie superalgebras (LS), has developed remarkably quickly,
both in physics and mathematics, the last thirty years. The main efford has been
devoted to the establishment of the theory of simple LS (see [8], [16]) and their
representations (see [7], [13], [17]). The major step in the subject, was made
by Kac (see [12]) with the classification of simple LS in the finite-dimensional
case. The simple LS are used to describe internal symmetries of elementary
particles and so there has been an emphasis in the literature on the simple
LS. However, we can note and use the non-simple LS, such as the nilpotent
Heisenberg LS as supersymmetry algebras for the harmonic oscillator (see [3],
[4]). Moreover, since simple LS are a small subset of the set of all possible LS,
it is worthwhile paying more attention on non-simple LS. To this direction, it is
known the classification of real LS of dimension up to four (see [1]), as well the
classification of all nilpotent LS of dimension five (see [10]). In this article, we
classify all five-dimensional LS over the field of complex numbers.

We recall that a Lie superalgebra L, is a Zs-graded vector space over
a field K endowed with a bracket operation [.,.], which is bilinear, graded-
anticommutative and satisfies the graded Jacobi identity. Thus, if L = Ly@® L1,
where Lg is the even part and L; is the odd part of L, then we have:

(4) [Lo,Lo] € Lo, [Lo,L1] C L1, [L1,Lo] € L1, and [Ly, L] C Ly,
(i) [z,y] = —(=1)"@ W[y, 2], for all z,y € LoU L1,
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(“’l) (_1)0(13)0(.2) [[x7 y]v Z] + (_1)0(y)0(x) [[y7 Z], [L’] + (_1)0(2)0(3/) [[27 $], y] =0,
for all z,y,z € LolJ L1 (graded Jacobi identity),
where to each element of the set Lo |J L1 we attach a sign o(x), which is equal
to 0, if x € Lo (even element) and it is equal to 1, if z € Ly (odd element).
The elements of Lg|J Ly, are called homogeneous elements.

It is worth noting that the graded Jacobi identity differs from the Jacobi
identity for ordinary Lie algebras, only in the case of one even and two odd
elements, say a and «, 3, respectively. Then it takes the following form:

[[a, o, B] + [lev, 5], a] = [[B, 0], ] = 0.

TwoLS L=Ly®L, and L' = Lj & L), are said to be equivalent if

there exist a graded isomorphism f: L — L', which:

(i)  preserves the bracket operation,

(ii) is homogeneous of degree 0, i.e. f(Lg) = L{, and f(L1) = L}.
Usually, we determine f, by its restriction on Ly and L.

Coming now to the mechanics of our classification of all five-dimensional
complex LS, we begin by considering all trivial complex Lie algebras of dimen-
sion m for each of the possible dimension types (m,n), with m +mn =5
(see [14], [15]).For each such complex Lie algebra, we determine its inequivalent
5 —m = n —dimensional representations. In each case, the complex Lie algebra
Ly and its representation, form a trivial LS of dimension five. We tabulate
all indecomposable trivial LS obtained by the described method above. How-
ever, the decomposable trivial LS, although not included in the tabulations, are
important in that they are needed as building blocks for non trivial LS.

Finally, we consider each pair (Lg, M), where Lo is a complex Lie
algebra, M is a Lg-module and Ly M is a trivial LS of dimension five,
indecomposable or decomposable. Then, we determine how many inequivalent
LS L = Ly&® Ly we can construct, so that L; and M are equivalent as
Lo-modules. In this paper, we tabulate into families of equivalence classes the
complex indecomposable LS of dimension five, which are not Lie algebras. We
say that L = Lo@ L1, isan (m,n) LS, if dimLy=m and dimL; = n.

2. Five-dimensional Lie superalgebras

2.1 (4,1)-dimensional Lie superalgebras

Let L = Lo®Ly bea (4,1)-LS and {ay,as9,as,as;a} aset of generators.
The one-dimensional representation p: Lg — Ly is defined by:

p(aZ)(a) = [ai.,Oé] = Aiaa = 1727374'
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So, we have one of the next two cases:
(1) =0, Vi=1,23,4, or
(2) 3 at least one \; #0, for example 4.

In case (1), any (4,1)-trivial Lie superalgebra is an ordinary Lie algebra
of dimension four (for the real case, see [15]).

In case (2), the change of basis in Lg, defined by:
ay =a; — %a;;, fori=1,2,3 and a} = a4, gives
[al,a] =0, for i =1,2,3 and [a},a] = A, where g # 0.
We observe, that:
1) The scalar Ay can be reduced to unity by scaling a4.
2) The kernel of p, h, is a three-dimensional ideal of Ly, generated by ay,as, as
with a4 acting on A as an external derivation, namely, the following holds for
all 4,7 =1,2,3, i#: [a4a [a'iaa'j]] = [[a47ai]7aj] + [aiv [a47aj]]‘
3) The quotient Lie algebra Lg/ker(p) is isomorphic to the one-dimensional
Abelian Lie algebra. So, we have: Ly =h+ C a4.
4) Using all inequivalent forms of the three-dimensional complex Lie algebra
h and the graded Jacobi identity, we finally find 11 pairwise non isomorphic
families of trivial (4,1)-LS plus 1, namely the LS E'°. The latter one does not
depend on any parameters, but it is non isomorphic to any other LS from the
above families.

For the non trivial case, using the graded Jacobi identity, we get:

(2.1) [a;, [, o] = 2[[a;, 0], a], 1=1,2,3,4

(2.2) [a, [, a]] = 0.

In case (1), Lo is a four-dimensional Lie algebra with [Lg, L;] = 0.
From (2.1) we conclude that the [o,«] belongs to the center of Lg. Thus, we
find 3 non isomorphic non trivial (4,1)-dimensional LS.

In case (2), we conclude that the element [a,a] belongs to the center of
the ideal h. This analysis leads to 4 families of non trivial (4, 1)-dimensional
LS, which are pairwise non isomorphic plus 3 non isomorphic LS, which are
not depending on parameters.

2.2 (1,4)-dimensional Lie superalgebras

Let L = Lo®Ly bea (1,4)-LS and {a; a1, as, as,as} aset of generators.
In the trivial case, we note that the action of a on Lq is completely determined by
a4 x4 complex matrix. Thus, there exist 10 pairwise non isomorphic families
of (1,4)-trivial Lie superalgebras plus 2 mnon isomorphic LS not depending on
parameters, all arising from the inequivalent Jordan forms of a 4 x 4 matrix.
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Working for the non trivial case, from the graded Jacobi identity, we have:
[[ei, ], 5] =0, for all 4 =1,2,3,4.

Let [aj, 5] = Sij a, 4,5 = 1,2,3,4. Then the matrix S = (S5;;) isa 4 x4
complex symmetric matrix and by a linear transformation takes a diagonal form
S = diag (s1, $2, 83, 54). We distinguish the following three cases:

(1) If s; =0 forall i =1,2,3,4, then the LS is trivial.

(2) If there is at least one s; # 0, let [ay, 1] = s1a, s1 # 0, then [a, 1] = 0.
Using again the graded Jacobi identity, for i = 2,3,4, we have: [a, ;] = 0. So,
in order to obtain an indecomposable LS we must have s; # 0 for all 1.

(3) If s; #0 for all i, then we get only one form (over C) of the matrix S.
This analysis leads to 1 family of non trivial indecomposable (1,4)-LS.

2.3 (3,2)-dimensional Lie superalgebras

Let L = Lyo@® L be a (3,2)-Lie superalgebra and {a1,as,as; a1, as}
a set of generators. From the classification over C of the 3-dimensional Lie
algebras, we can get 7 inequivalent cases for the Lie algebra Ly.We conclude
the results, by using all these different forms of Ly and the following graded
Jacobi identity, which holds for all 7,7 =1,2,3 and k=1,2:

[[ai, aj], ] + [laj, axl; ai] + [, ail, a;] = 0.

So, we finally find 18 pairwise non isomorphic families of trivial (3,2)-
dimensional LS plus 7 more non isomorphic LS, which are not depending
on any parameters.

For the non trivial case, from the graded Jacobi identity, we have:

(@i, o], o] + [y, ], ai] — [[ag, ai], 5] =0, forall i =1,2,3, j,k=1,2

and ([, o], o] + [[e, o], eu] + [, i), 5] = 0, for all i,5,k =1,2.

Using these two relations and the 25 non isomorphic trivial (3,2)-dimensional
LS that we found before, we get 9 pairwise non isomorphic families of (3,2)-non
trivial LS plus 15 LS not depending on parameters.

2.4 (2,3)-dimensional Lie superalgebras

Let L =Lo® Ly bea(2,3)-LS and {a1,a9;a1,a9,a3} a set of genera-
tors. Working as in the case of (3,2)-dimensional LS, we find 13 pairwise non
isomorphic families of trivial (2, 3)-dimensional LS plus 3 more LS not depend-
ing on parameters. For the non trivial case, we find 9 pairwise non isomorphic
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families plus 16 LS, which are not depending on parameters. It is worth-
while paying some attention to a special case of this type, namely those denoted
(2411 + 3A)Y, forall i = 1,4,5,6,7,8. These LS, have the two-dimensional
Abelian Lie algebra 2A;; as even part and the zero representation on the odd
part. Now, imposing the graded Jacobi identity on any triple of generators, does
not provide us with any restrictions on anticommutators. Hence, for an arbi-
trary anticommutator, we can write: [a4, ;] = Sij a + Tj; b, where S;;, Tj;
are elements of the complex 3 x 3 symmetric matrices S, T, respectively,
and a = a1, b = ay. For the sequel, the symbols «, 3,y instead of «q, as, as,
respectively, make our computations easier. Thus, our problem is reduced to
that of determining all possible inequivalent forms of a pair of complex 3 x 3
symmetric matrices. In order to apply standard results (see [5], [6], [9]), we have
to distinguish two cases:

I. at least one of the matrices S and T is non-singular,

II. both matrices S and T are singular.

In the first case, using transformation of the form:

/

« «
(2.3) g |=p| 8
o4 y

on the set of odd generators, where P is a 3 x 3 complex invertible matrix
and bearing in mind that we can permute, scale or change sign on the set of
even generators a and b, we can reduce the pair S, T simultaneously into
the forms S’ = PT S P and T' = PT T P, where:

(1) S'"=diag(1,1,1), T =diag(1l,q,7), 1> |q|>|r|>0

In the first case, we have the LS: [, ] = a+b, [3,0] = a+qgb, [v,7] =
a+rb,
which for ¢ =1 or ¢ =, is decomposable. For ¢ # 1 and ¢ # r, we use the
invertible linear transformation:

a 11 a
and scaling, if it is necessary, we find the following LS:

(2411 +34)' : [wal=a, [3,6]=b, [1,7]=a+b.

In the second case, transformations of the form (2.3), lead to the cases:
(2) S = diag(1,1,0), T' = (¢}),
(3) S = diag(l,0,0), T' = (t;j)a
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where (t;;) isa 3 x 3 complex symmetric matrix, with detT’ = 0.
In case (2), we use a linear transformation of the form:

/

[0 [0
. P O
=P , with P = ,

where P; is an orthogonal 2 X 2 matrix diagonalizing (t;j)gxg and P, is

a 1x1 matrix with element ﬁ, if ths #0 or 1, if thy = 0. Also,
33

01 = (0 0)7 and Oy = (0 0). So, we conclude the following pair of complex
symmetric matrices:

S = diag(1,1,0), T' =

e S
>R O
O > =X

where ¢ € {0,1,—1} and detT’ = 0. We distinguish cases as p #q or p=gq,
and finally find the following non isomorphic LS, where &, A € R* :

(2411 +34)" : [0,0] = a, [6,6] = b, [0,7] =a—b;
(2A1,1 + 3A)5 : [Oé, Oé] = a, [57ﬁ] = b7 [Oé,’)’] =a-—- b7 [187’7] = A(a’ - b)7

(2411 +34)°: [ o] =a, [B.8] = b, [1.7] = a b, [a,9] = K(a — D),
[8,7] = Ala — b);
(2411 +34)": [o,0] = a, [6,0] =b, [y,9] =a—b, [, = Ma —b).
In the case (3), working as above, we obtain the following LS:

(245, +34)% : [a,0] = a, [3,6] =b, [a,7] =b.

3. Tabulations

The following tabulations are of pairwise non isomorphic families of the
five-dimensional complex indecomposable Lie superalgebras, which are not Lie
algebras. The relations which describe the structure of every LS, in the next
tables, obtained by the non zero commutators only. The trivial and non trivial
LS are listed separately. For the the labelling of the five-dimensional LS, we use
the letter E. The symbols a, b, ¢, d instead of a1, a9, a3,a4 and «, 3,7, instead
of ay, ag, g, iy, make the use of the tables easier.
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table I: TRIVIAL LS
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Relations Comments
(4,1)
Eéqr d7 a] = pa, [d, b] = qb7 [d, C] =Te [d, a] =« b,q,T 5& 0
Epy | lab]=c d,a] = pa,[d,b] = gb,[d,c] = (p+ @)c;[d,o] =a | p,g#0
E,ZT a,b] =b,[a,c] = pc;[d,c] =re;[d,a] = a r#0, p#0,1
E% a,bl =b,[a,c :b+c;[d,b]=qb,[d,c]=qc;[d,a]=oz q#0
Eg a,b] =¢[d, b =qb7[dac]=qc§[daa]=a q#0
E, d,a] = pa,[d,b] = a+pb,[d,c] =b+pc;[d,a] =« p#0
EY a,c] =a,[b,c] = Aa+b;[d,b] = a,[d,c] =b;[d,a] =« A#£D0
E™ a,c] =a,[b,c] =b;[d,b] = a,[d,c] =b;[d,a] =«
E! b,c] = ka;[d,b] = a,[d,c] = b;[d,a] = @ k#0
g’i’é d,zlféa;l[d,b]fatlp:,[ilw]=gC;CEd,a]_=2 o - p,q?)éﬂ
4 a, :c,[,a —p(f[7.]_ajp.a[7c]_— pc; [d, o] = a p#
E, b,al =a+c,[b,c] = pc;[d,b] = a;[d,a] = @ n#0, |p <1
1,9
Et?f‘)s [a,0] = a,[a, B] = B, [a,7] = r7,[a, 6] = s0 0<|s| <|r|
<lg <1
E, | [a,e]=pa+Ba,fl=pB+r.lar]=py+0[a,d=pd |p#0
E”? a, & =ﬂ7[a7ﬂ]=7a[aa7]=5
B | [a,a] = pa,[a, 8] = pB +7,[a,7] = py +,[a, 0] = pd p#0
By | la,a] = pa+B,[a, 8] = pB,[a,7] = py +4,[a, 0] = pd p#0
E* a,a] = B,[a,y] =46
E;° | [a,a] = pa,[a, 8] = pB,[a,7] = py + 9, [a,0] = pd p#0
Epy | [a,a] = pa,[a, 8] = 4B +7,[a,7] = g7 +4,[a, 8] = ¢0 p.q4#0, p#q
Ez a, ] = pa, a,,@ =’y7[a7’y]=5 p;éO
By, | [a,0] = pa,[a, 8] = ¢B,[a,] = gy + 9, [a, 0] = 6 pa#0, p#q
Epy | la,a] =pa+8,[a,8] = pB,la,7] = qv +9,[a, ] = g9 p#q
ZESQ) a,a] = pa, [a, B] = pB, [a,] = ¢y + 9, [a, 0] = g6 p#0,p#4q
3,2
Eifw [a>b] = 2b, [a>c] = —2c, [ba C] = a; [aa a] = (/\ + 2)057
a,ﬁ] = A3, [b,ﬁ] = pa, [C,Ot] =vpB H, v 7& 0
E3% a,b] = 2b,[a,c] = —2¢,[b,c] = a;[a,a] = a,a, 8] = =0, full BRS algebra
b,ﬁ]:a,[c,a]:ﬁ
E°7 a,b] = b;[a, :a,[b,ﬁ]:a,[caa]:a,[C,ﬂ]:ﬁ
Ei a,b] = b;[a, 8 =)‘ﬂa[caa]=aa[c7/@]=)‘ﬂ A#0
B | [a,b] = bi[a,0] = Ao, [0, 8] = A3, [c,a] = a ¥ B[ AL =B | Mp £0
EY° a,b] = b;[a,a] = A, [a,B] = AB,[c,a] =0 A#0
Eil a,b] = b;[a, =(1_)‘)ﬂa[caa]=a+)‘ﬁ7[c7ﬂ]=ﬁ
B2 |00 =bled =palmoel= OF Do Al = M Al=a | 0SP SLAER
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Relations Comments
E;ip [aa b] =b, [aa C] = PG [a,a] = Aa, [aa ﬂ] =uB |p| <L pA
p#0
E;jl\ [aa b] =1, [aa C] = pG [ava] = Aa, [aa ﬂ] =a+ A8 0< |p| <1,
A£0
E,” | [a,b] = b,[a,c] = pc;[a, f] = o 0<|p| <1
E}° a,b] =b,[a,c] =b+c;[a,a] = (A + D)a,[a, B] = A3, [¢, 8] = a AER
By, a,b] =b,[a,c] =b+c;la,a] = A\, [a, 8] = uB AMp#0
EYP a,bl =b,[a,c] =b+c;la,a] = A, [a, B8] = a+ A3 A#0
E® a,bl =b,[a,c]=b+c¢;[a,0] =a
E5O a’c =pc7 b7c=qc; a7a =a7 a?/a =ﬁ7[b7ﬁ]=a p?q#o
ES; a, c| = pc, b,C =qc|a, o] = «, a,ﬁ :ﬁa
ba] = —a,[b,8] = Ip| + lg| # 0
Epg a,c] = pe,[b,c] = qc; [a, a] = a,[a, B] = B,
baa]=_ﬂ7[baﬂ]=a |p|+|Q|¢O
E®3 a,b] = c;la,a] = o, [a,8] = B,[b, 8] = a
E5? a,b] =¢;la,a] =, [b,0] =8
Ef\i a,b] = ¢;la, o] = A, [a, 8] = pp Ap#0
E3S a,b] = ¢;[a,a] = Ao, [a,B] = a+ A3 A#£0
E°7 a,bl =c¢;la,B] =
E3® a,b] = c; aa—)\a+ﬂ[aﬂ]—)\ﬂ,
bya] =B,[c,a] = a,[c, ] = A#0
E59 a,b]—c,[a Oé] ﬂ [C Oé]—Oé [Caﬂ]=ﬂ
(2,3)
Epgr | la,b] = b;[a, 0] = pa,[a, 8] = qB,[a,7] =1y Ip| > |ql
>|r[>0
Epe | a,b] = b;[a, 0] = pa,[a, B] = (¢ + 1B, [a,7] = 47, [b,7] = B p#0
EZO aab =b; a, o = (p+2)a, [avﬂ] = (p+1)/67 [aap)/] =P,
bl =a,[b,v] = PER
E}; a,b] = b;[a,a] = pa,[a, B8] = a+pB,[a,7] = qv q#0,peER
E;Q a,b] = b;[a,a] = pa,[a,0] = a+pB,[a,7y] = (p— 1)7y,[b,7] = @ pPER
E;° | [a,b] = b;[a,a] = pa,[a, 8] = o+ pB,la, 7] = (p+ 1)1, [0, 81 =7 PER
E;t | [a,b] = b;[a,a] = pa,[a, 8] = o+ pB,[a, 7] = b+ py PER
Epye | la,0] = a,[a, 8] = pB,[a,7] = ¢, [b, B] = B, [b,7] = ry 1> p|
>|r| >0
E° | [a,0] =a,a,8] = B,[a,7] = py,[b, 8] = a, [b,7] = PER
E77 a7a :a7 a7/6 :ﬂ7 a7’y :77[b7/6]:a7[b7’y]:/6
Ey, | [a,0] = a,[a, 8] = pa+ B,[a,7] = q7,[b, 8] = o, [b,7] = p#0,g€R
E;, a,a] = a,|a, 0] = pa+ B, la,v] = qv,[b,a] = p#0,g€R
E® ayﬂ = Q, b7a]:'7
Eyy | [a,0]l = a,[a, 8] = pa+ B, (a7 =pB+7,[b, 8l =a,[b,y] =qa+ 8 [ p,g#0
E,; | la,0l=q,[a,fl=pa+B[a,7] =pB+7[b]=a p#0
E¥ | [a,8l=a,[a,7]=B,[b,7] =8
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table IT: NON TRIVIAL LS

Relations Comments
4, 1)
E%qr d, a] = 2a, [d> b] = qb, [da C] =T [d> a] = [Ot, a] =a q,r#£2
E}%(Q—p) a, b] =G [dv a’] = pa, [d7 b] = (2 - p)ba [dv C] = 26; [dv O{] =

a,a]=c P#0,q#2
E3 a,b] = ¢;[d,b] = 2b,[d,c] = 2¢;[d,a] = o;[a,a] = ¢
ES d,a] = 2a,[d,b] = a + 2b,[d,c] = b+ 2¢;[d, o] = ;

a,al =a
E%g d,a]l = 2a,[d,b] = a+2b,[d,c] = qc;[d,a] = a;[a,a] =¢ q#0,2
E;é d,a]l = pa,|[d,b] = a+ pb,[d,c] = 2¢;[d,a] = a;[a,a] = ¢ p#0,2
(EP)! a,b] =c¢;[d,a] = a,[d,b] = a+b,[d,c] =2¢;[d,a] = q;

a,al =c¢
(As3+ A) d,a]l = a,[d,c] =b;[a,a] = b
(A4 + A) d,b] = a,[d,c] =b;[a,a] = a
(Ags + A)* a,b] = ¢;[d,a] = a,[d,b] = =b;[a,a] = ¢
(1,4)
(A1 +4A)" | [a,a] =a,[3,8] = a,[1,7] = a,[0,0] = a
(3,2)

[a7b] = ba [aa C] = =¢ [b7 C] = 2(1; [CL,OA] = %OA, [aaﬁ] = _%ﬂa di-spin
E3¢ algebra

b, 0] = %a, [c,a] = %,@; [, ) =b,[8,0] = —c¢,[a, 8] = —a | or osp(1,2)
Dy’ + A a,b] =bjla,a] = o, [b, 0] = ;[8,8] = ¢
D1%0+A a,b =0jla,x :%a’[a,ﬁ]:%ﬁ7[b7ﬁ]:a;[ﬁ,ﬁ]:c
25 [a,5]= b,a, d] = pes [a, o] = (2 + Dav, [0, 8] = Z5,

b8l =a;[3,8]=c 0<|p|<1
(E;%%)l a,b] =b, [a,c] = pS [a7a] = %OQ [ayﬁ] = %ﬂ’ [a,a] =b p;é(]
(E;:il)Q [a, b] =b, [a7 C] = pS [a7 a] = %OQ [a7 B] = %ﬂ’

22

a,al =b,[8,8]=b p#0
E;:%% a, b] =b, [a7 C] = pS [a7 a] = %OQ [a7 B] = %By

a,0] = b, (8,4 = c p#£0
E;:‘i p-1 a, b] =1b, [a7 C] = PG [a7 a] = %OQ [a7 ﬁ] =({- %)ﬂa

a,a] =b,[a, 8] =c¢
E?%T a,b] =b, [a,c] =G [a,a] = %a, [ayﬂ] =rp; [a,a] =b r7é0,§
Eil:;,l—q a’b :ba a,Cl = ¢ [(1,0[] =4qa, [(l,ﬂ] = (1_q)ﬂy [aaﬂ] =b q# %
E,1 a,b] =b,[a,c] = pc;[a, o] = 30, [a, /] = a + 35, [8,8] =b | p#0
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Relations Comments
E%() [aa b] =b, [a>c] =b+g; [a>a] = %a> [aa ﬂ] = %/37 [C, ﬂ] =
B,Bl=b
(E%g)l a, b] = b> [a>c] =b+ (&3 ['I’C“] = %C% [aa ﬁ] - %ﬂy
a,a] =b,[3,8]=b
E‘; a,b]=b,la,c] =b+ca,a] = 3a,[a,B] = rB;[e,a] = b r#0
(E;S ! [aab] = b, [a,c] = b+c; [a,a] = %a, [aaﬂ] =a+ %ﬂa [ﬂ,ﬂ] =b
(E% ? [a,b]:b,[a,c]:b—l—c;[a,a]:%a,[a,ﬂ]za—l—%ﬂ;
o, 0l =3b[8,8=c
E3; a,c] = 2¢,[b,c] = 2¢;[a,a] = a,[a, 8] = B,
ba Ot] = —qQ, [baﬂ] = ﬁy [ﬂvﬁ] =cC
E3; a,c] = 2¢;[a,a] = a,[a, 8] = B, [b,a] = —a, [b,0] = B;
a,f]=c
Eir’,s—l aab =C|a, 0] =, a?/@]=_ﬂ;[aaﬂ]=c
E% a,b] =¢a, 0] = o;[3,8] = ¢
(E5S)* a,b=c;la,al=¢,[3,8] =c Heisenberg
LS
i34 S =cmA=aBA=c
3A1,1 +24 aaa] =aa[ﬂaﬂ] =b, [avﬂ] =c
2.3
ET, Gl =0 ool = To, [0 A = B, o] = ;o] =B PR
B, | @0 =t al= 50wl = 1wl =
i a,a] = b,[3,8 = b r#0
E(%S%% a, b] = ba [a,a] = %OQ [a7 ﬂ] = %ﬁa [aa')/] = %7a
a,a] =b,[8,8] =b,[v,7]=b
Bl i, a,b] = bj[a, 0] = 30, [a, 8] = ¢B,[a,7] = (1 — @)v;
a,a] = b, [3,4] = b g #0
(Ego)'! a,b] = b;[a, 8] = 3,[b,~] = B;
s 7] = _20'3 [ﬂa’}/] = b7 [O"’Y] = a, [O‘aﬂ] =-b
(Edo)? a,b] = b;[a, B] = B,[b,7] = B; [, 7] = a,[a, B] = =b
Eji_p Z,b]=bg a,a] = pa, a, f] = a +ppB,[a,] = (1 - p)y, pER
Y =
21 a,b] =b;[a,0] =pa,fa, 8] = a+pB,[a,7] = 57, [, ]=b |[peR
E) [ =k = ol A=a+ B aa]= 7BA=b
@7 [mh=bma=la@A=at A=
(3,8l =b,[1,7]=b
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Relations Comments
(E?)1 [a,b] = b;[a,0] = 50,[a,8] = a+ 38,[a,7] = B+ 57
A Al — b [ Al — B [~ A1 — o} L0
5,61 = 9,10, 7] 0, [V, Y1 = ko K#F0
(EL)? a,b] = b;[a,a] = 30,[a, 0] = a + 38,[a,7] = B+ 37
/87/6] = ba [O‘a’Y] =-b
(E?)g' a,b] =b;[a,a] = 3a,[a,8] = a + 35,[a,7] = B+ 57
V] =0b
DI s+ A a,0] = a,la, 0] =—0;la, B8] =b,[v,7] =b
-Dl—ll,q_"f4 a, o] = q, |a, :_ﬁa aa’Y]:q'y;[a,ﬂ]:b q7é0,i1
(c’>+ A a, 8] = o[B8, 8] =b,[,7]=b
(DP 4+ A1) | [0, 8] =, [a,7] =B [1,7] =b
(D15+A1,1)2 a,ﬂ =, |a,7y :ﬂa ﬂ,ﬂ :b, aa’Y]:_b
(D15 +A1,1)3 a,ﬂ =, |a,7y :ﬂa ﬂ,ﬂ :b, 7,7] :b7 [aa’Y] =-b
(2A1,1 +3A)" | [a,al =a,[B,8]=b,[v,7]=a+b
(2411 +34)" | [a,a] = a,[3,8] =b,[a,7] =a —b
(2411 +34)° | [v,0] = 4,3, 8 = b [a,)] =a—b Bl =Ma—b) | A£0
(2‘41,1 +3A)6 Q, o = a, ﬂaﬂ =ba '73'7] =a—b,[a,’y = K(a_b)v
B,7] = Aa —b) KA # 0
@A 734 [ [mal=a, B A =bml=a—bhmA= a8 | X0
(2A1,1 +3A)8 o, =a,[8,8 b, a,'Y] =b
Remark 3.1. The reader may notice the discontinuity in the num-

bering of the LS in table I. This is due to the presence of real LS in each
(m,n)-dimension (m,n = 1,..4), which of course cannot be included in this
classification.
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