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Controllability and Relaxation in Banach Spaces*

Marian Muresan

The present paper contains three results on controllability. The first one concerns
with an approximately locally null-controllability result, while the second one concerns with
an approximately controllability result. The third one deals with the connection between the
approximately controllability of a given system and the exact controllability of the relaxed
control system associated to the original one.
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1. Introduction

In order to present our results we introduce some notations. Let Z be
a topological space and Y C Z. By int Y and clY we denote the set of interior
points, and the closure of Y, respectively. Let Z be a linear space and Y C Z,
then by coY we denote the convex hull of Y. If X is a Banach space, then by
L(X) we denote the space of linear and bounded operators from X in X. X*
is the Banach space of the linear and continuous functionals on X. Let F' be
a multifunction from a o-algebra to a topological space. By Sr we denote the
set of measurable selections from F. Under convenient assumptions, by S} we
denote the set of Bochner integrable selections from F, see [5], [4], and [7].

Consider a real interval T' := [to,t¢] with 5 < t; and A the Lebesgue
measure on T. Let X and Y be separable real Banach spaces. Let By = {x €
X | ||| < §}. We denote the closed unit ball by B, too. We further consider

(U) a weakly measurable multifunction U : T' ~ Y having nonempty and
closed values;

(B) a Carathéodory mapping B : T x Y — X (measurable in the first
variable and continuous in the second one) satisfying either there exits a positive
integrable function m defined on T’

(1.1) B(t,u) Cm(t)B, forall teT, ue€U(t).
*Partially supported by Grant No 33965/8.7.2003 from CNCSIS
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or for all t € T and u € U(t)
(1.2) |B(t,uw)| < a(t)+b||ul, a. e, a€ Li_, b>0.

(A) a family {A(t) }+cr of linear and densely defined operators generating
an evolution operator S: A = {(t,s) € T xT |tg < s <t <tp} = L(X), ie,
S(t,t) =1,Vt €T, I is the identity,
S(t,7)S(r,s) = S(t,s), Vig<s<7<t<ty,
S: A — L(X) is continuous in the strong operator topology, [10].
Also, B(t,U(t)) :={z € X | Ju € U(t) with z = B(t,u)}. For M C X, M # (),
the support function ojs(-) of M is defined in the usual way by

opm(z*) = sup(z*,x) = sup z*(x) = o(z*(M)), z*e€ X*.
xeM zeM

Under the above conditions our attention focuses on the following system
(1.3) ' (t) = A()z(t) + B(t,u(t)), te€T, uec Sy.

Throughout the present paper we are interested in some properties of the
mild solutions of the system (1.3), i.e., given 2y € X (as initial value) a mild
solution of (1.3) is a continuous function z € C(T, X) which can be written as

(1.4) z(t) = S(t, to)ze, + /tt S(t,s)B(s,u(s))ds, t €T,

where u is a measurable selection of the multifunction U such that B(-,u(-)) €
L.

The reachable set from z( at time ¢ € T' corresponding to system (1.4) is
defined as

(1.5) R(t,z9) = {z(t) € X | z(-) is a mild solution of (1.3)}.
From (1.4) and (1.5) easily follows that
(1.6) R(t,y0) = S(t,t0)(yo — m0) + R(t, o).

The latter equality means that the topological properties of the reachable set
are invariant under translations.

2. Results

Different notions of controllability are investigated in [12] and [13]. We
now recall some of them mentioned in [9], too. System (1.3) is approzimately
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controllable if for every zop € X we have int cl R(ts,zo) # (). System (1.3) is said
to be approzimately locally null-controllable if there exists an open neighborhood
V' of the origin such that for all o € V, 0 € cl(R(ts, o))

Theorem 2.1. ([3]) Suppose assumptions (U), (B) with (1.1), and (A)
are satisfied. Then

(a) if S(ty,t)B(t,U(t)) # {0} on a set of positive Lebesgue measure and (1.3)
is approzimately locally null-controllable, then there exists z* € X*\ {0}
and E CT Lebesque measurable such that

AE) >0, and 0 < o(z*(S(ts,t)B(t,U(t)))), Vte EB;

(b) if 0 € B(t,U(t)) a.e. and for every z* € X* \ {0} there exists E C T
Lebesgue measurable with \(E) > 0 such that for allt € E
o(z*(S(ty,t)B(t,U(t)))) > 0, system (1.3) is approzimately locally null-
controllable.

Proof. (a) From the definition of approximately locally
null-controllability we have that there is a positive 6 such that for all zg €
int (B;) it holds that 0 € cl(R(tf,xo)). Then 0 < o(z*(cl (R(tf,20)))). Also
0 < o(z*(R(ts,z0))). Using theorem 2.2 in [2], we have

(*(S(ts,to)wo)) +o (2*(fid S(ts,)B(t,U(1))dt))
(2" (S(t1.t0)20)) + fu o (2" (S(t7. 1) B, U (1)) d,

0 < o(z*(R(ts,z0)))

=0
=0
for any z( € int (Bs) and z* € X*. Therefore we can write
ty
0< [T ol (S(t, B U®))dt.

to

Since S(ts,t)B(t,U(t)) # {0} on a set of positive Lebesgue measure, we see that
there exists z* € X*\ {0} and F C T Lebesgue measurable, with A\(E) > 0 such
that 0 < o(z*(S(tr,t)B(t,U(t)))), for all t € E.

(b) Choose z* € X*\ {0}. Then choose E C T Lebesgue measurable
with AM(E) > 0 such that for all t € E o(z*(S(tf,t)B(t,U(t)))) > 0. Thus we
can define the nonempty multifunction L as

E>t~ L(t) :={uecU(t) | z*(S(ts,t)B(t,u)) > 0}.
We consider the following mapping

E XY > (t,u) = g(t,u) == z*(S(ts,t)B(t,u))
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and remark that it is Carathéodory. Then by theorem 6.5 in [1] the multifunction
E >t~ H(t) :=x"(S(ty,t)B(t,U(t)))

is weakly measurable, hence graph measurable. Recalling that g is Carathéodory
and using corollary 6.3 in [1], we have that the set

{(t,u) | 2*(S(ts, t)B(t,u)) > 0}
is measurable. Then the multifunction L is graph measurable since
graph(L) = graph(H) N {(t,u) | " (S(ts, 1) B(t, u)) > 0}.

Using the Aumann selection theorem, we get a measurable selection uq from L
such that u,(t) € L(¢), a. e. on E.

The mapping T' x Y > (t,u) — S(ty,t)B(t,u) is Carathéodory. U
has closed values. Then by theorem 6.5 in [1] the multifunction T > ¢ ~»
S(ts,t)B(t,U(t)) is weakly measurable. Thus it is graph measurable. By hy-
pothesis 0 € S(ts,t)B(t,U(t)), for all t € T. Then by theorem 7.2 in [1], we get
a measurable selection uy(t) € U(t), t € T, such that 0 = S(ts,t)B(t, ua(t)),
a. e. The selections u; and wus are integrable, too. Thus we can define
U = xYgpul + XT\EU2 € Sllj.

Let Z € C(T, X) be the (unique) mild solution generated by 4 and start-
ing from the origin, i.e., xg = 0. Then we have

a*(&(ty)) = fylo(@*(S(ts,t)B(t,a(t))))dt
= on'(;I:*(S(tf,t)B(t,’ul (t))))dt > 0.

Thus o(z*(R(tf,0))) > 0. Since z — o(z*(R(tf,z))) is continuous, we can
find § > 0 such that for all z € intBs we have o(z*(R(ts,z))) > 0. Then
0 € clcoR(ts,xz) = clR(ty, ) for all z € int By and thus system (1.3) is approx-
imately locally null-controllable.

Now the proof is complete. [ ]

Remark 1.
(a) Our theorem 2.1 is related to theorem 2.2 in [9].

(b) In theorem 2.2 in [9] the multifunction U is considered having convex
values and being on a weakly compact subset of Y. We need not such an
assumption of convexity of U. Regarding the second assumption, we have
required instead that U is integrably bounded.
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(c¢) In theorem 2.2 in [9] the Carathéodory mapping B has linear growth. We
need not such an assumption.

Theorem 2.2. ([8]) Admit (U), (B) with (1.2) and (A) hypotheses and
consider system (1.3). Moreover, suppose that

(i) p{t €T | S(ty,t)B(t,U(t)) is not a singleton} > 0,
(ii) the multifunction T >t S(ty,t)B(t,U(t)) is graph measurable.

Then system (1.3) is approzimately controllable on T if and only if there exists
no z* € X*\ {0} so that z*(S(ty,t)B(t,U(t))) = constant, a. e. on T.

Proof. Necessity. Suppose that there exists z* € X* \ {0} with
z*(S(ts,t)B(t,U(t))) = constant, a. e. on T. Then there exists u € S so
that if c(t) := z*(S(ty,t)B(t,u(t))), it follows ¢(-) € L' and R(ts,0) # (. Let
z € R(ts,0). Then there exists u € S, such that

oty) = [ (g 0Bl u(n) dr.

Taking into account Corollary V.5.2, page 134, in [14] it follows that

o) =2 (fi/ Stp, 0B, u(t) dt) = [ 7 (S(ty, ) B(t, u(t))dt
= to c(t)dt =k € R.

Let z € V:i={z € X | 2*(2) = k}. V is a closed hyperplane and cl R(t;,0) C V.
Hence intcl R(tf,0) C intV, so intcl R(tf,0) = 0, i.e. our (1.3) system is not
controllable.
Sufficiency. The idea is simple: to choose two integrable selections from
S(b,)B(-,U(+)) far away one from the other such that the corresponding solu-
tions of system (1.3) to be also sufficiently far one from the other.

From the Castaing representation theorem, theorem 5.6 in [1] or theorem
4.2.3 in [5], it follows that there exists {u, },>1 a countable family of measurable
functions such that U(t) = cl{u,(t) | n > 1}, for all t € T.

We choose an arbitrary, but fixed z* € X*\ {0}. Then for ¢ in a subset of
T having a strictly positive measure there exist vi,ve € S(ty,-)B(t,U(-)) with
2*(v1 — vg) # 0 on that set.

For a while we admit that U has bounded values, too. Later on we will
remove this extra assumption. Define the following mappings

M(t) = sup{z™(S(ts, 1) B(t, U(1)))} = supp{z*(S(ts, ) B(t, un(t)))},
m(t) = inf{z*(S(tf,1)B(t,U(1)))} = info{z(S(ts, 1) B(¢, un(t)))}-
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From the hypotheses it follows that
2= (S(ty, ) B, U < [l - [1S(ts, 1)l (alt) + bllu(®)]]),

and from the boundedness of U we may write —oo < m(t) < M (t) < +oo,

a. e. on T. Also we have that the mappings m and M are measurable on T
and, at the same time, n(t) := [M(t) — m(t)]/2, t € T, is measurable. From (i)
it follows that if C':= {t € T'| n(t) > 0}, then u(C) > 0. Define € : C' — R as
e(t) :=n(t)/2, t € C. Since the differences M (t) — &(t), respectively m(t) — e(t)
are well defined for all ¢t € C we may consider the multifunctions L; : C' ~ Y,
1 = 1,2 defined by

2.1) Ly(t) =Au e U() [a"(S(tr,1)B(t,u)) > M(2) - e(t)},
' Lo(t) ={ue Ut) | *(S(ts,)B(t,u)) < m(t) +e(t)}.

We check that L and Ly are graph measurable. Note that
graph L1 = graphU N graph Fy, graph Ly = graph U N graph Fs,
where

Cot— Fi(t)={zeY [filt,z) 20}, Cot— F(t) ={z €Y | fo(t,z) <0},

(2.2) filt,z) =2*(S(a,t)B(t,z)) — (M(t) —e(t)), teC, z€Y,
' fa(t,z) =2"(S(a,t)B(t,2)) — (m(t) +et), teC, zeY.

Invoking theorem 6.4 in [1], we infer the measurability of F} and F. Hence L;
and Ly are graph measurable. By the Aumann selection theorem, theorem 5.2
in [1], we can choose two measurable functions u; and wus such that u; : C —
Y, u;(t) € L;i(t), a. e., i = 1,2. Obviously

(2.3) o (S(ts, ) B(t,u(t)) < z*(S(ty, ) B(t,ui(t), te C.

Now our desire is to substitute the measurable functions u; and uy by integrable
ones, [9]. The substitution is realized in such a way keeping valid an inequality
of the form (2.1). For p > 0 and v € S}; define

t), ift e C and ||Jui(t)| < p,
),  otherwise,

t), ift e C and ||u2(t)| < p,
),  otherwise.
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Then uy p,us, € Sf; and
(24) 27 (S{y, 1) Bt ugp(t))) < 2™ (S(ty, 1) B(t,uip(t)), teT.

For p sufficiently large the above inequality is strictly on a measurable subset
having strictly positive measure. Let 1,2, be the trajectories of system (1.3)
corresponding to u; p, respectively us . Then for p sufficiently large we have

ty
0< [ (S0t DBt (1) = Blt s (D)) dt = (1 t) = 2y (11).
Since the functional z* € X* \ {0} has been chosen arbitrary, we infer that the
reachable set R(tf,0) is not included in any closed hyperplane in X.

Hereafter the proof goes identically as the last part of proof to theorem
2.1 in [9].

Now let us remove the assumption on the boundedness of the values of
U. It means that M or m or both may be unbounded on some ¢ € T. Let us
introduce the following functions

m(t), if m(t) > —o0,

(1) = M(t), if M(t) < +oo,
N 0, otherwise.

1, otherwise, and - m(t) = {
Then we define 7(t) := [M(t) — m(t)]/2 and in (2.1) and (2.2) we consider M
and 7 instead of M, respectively m. Then we repeat the last part of the proof
of the previous case.

At the end we get the same conclusion on the reachable set as before.
Thus the proof is complete. |

When X is a separable real Hilbert space the above result has been
obtained in [6].

In this the last part of the paper we consider that there are given

(U") a weakly measurable multifunction U : T ~» Y having nonempty,
closed, and convex values such that U(t) C W a. e., W being a weakly compact
subset of Y';

(B") a mapping B : T x Y — X measurable in the first variable and
sequentially weakly continuous in the second one satisfying (1.2).

To system (1.3) we associate the convexified system

I e e et
' p(t) € Y (t) a.e., p(-) is measurable

with 3°(¢) = {6 € M (W,,) | 0(U(t)) = 1}, where M} (W,,) denotes the space of
probability measures on the compact, metrizable space W, (the set W endowed
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with the relative weak topology). Taking 7(%)(-) = d,(;)(+), where u is the original
control and d,,;(+) is the Dirac probability concentrated on u(t), we can see that
system (1.3) embeds in the relaxed one, (2.5). The reachable set from z( at time
t € T corresponding to the relaxed system (2.5) is denoted by R.(t,xo).

Theorem 2.3.  Suppose assumptions (U'), (B') and (A) are satisfied.
Then system (1.3) is approzimately controllable if and only if system (2.6) is
exactly controllable.

Proof. From (1.6) it follows that we may suppose that the initial value
xg is the origin.
We prove that

(2.6) Re(t;,0) = cl R(t;,0).

From [2] we have that clR(tf,0) is a convex set. From Mazur’s theorem it
follows that it is enough to prove

(2.7) Re(t7,0) = el (R(t7,0))u,

the closure in respect to the weak topology. Then instead of (2.6) we prove
(2.7).

First we show that R.(ts,0) is convex and closed in X.

The convexity follows in the following way. Consider two arbitrary points
x1,%2 € Re(tf,0), and o, 8 > 0 with « + 8 = 1. Then we write

w1 =o' Jyw S(ts,5)B(s,u)p (s)(du)ds, p € Sy,
To = fotf S S(tg,8)B(s,u)pa(s)(du)ds, p1 € Sy~

Then we have
t
azy + fry = /0 ’ /W S(ty,s)B(s,u)[ap(s) + Bua(s)](du)ds,

and aui + Bug € SZ'
To prove the closedness of R.(tf,0) we consider a sequence (z,), such
that for all n, z,, € R.(ts,0). Then

tf
Ty = /0 /W S(ty,s)B(s,u)pn(s)(du)ds, pn € SZ'

From [11] it follows that SZ is w*—compact in L*°(T, M (W,,))
= (LY(T,C(Wy))*, where C(W,,) is the space of real valued continuous func-
tions defined on the compact metrizable space W,,, and M(W,,) is the space
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of all Radon measures on W,,. Thus M(W,,) = C(Wy)*. Since C(W,,) is a
separable Banach, L'(T,C(W,)) is separable. Then the w*—topology on SZ
is metrizable. Thus passing to a subsequence if necessary, we suppose that
fin, w, e SZ' Then since by hypothesis (B), u — S(ts,s)B(s,u) is sequen-
tially continuous, we have that s — 2*(S(ts,s)B(s,-)) belongs to L*(T,C(Wy)
for every z* € X*, and so

/Otf /WS(tf,S)B(S7U),Un(S)(dU)dSi}/otf /WS(tf,s)B(s,u)u(s)(du)ds,

Thus
t
2o [ ] S(ts,5)B(s,uuls)du)ds € Relty,0).

Hence R.(t,0) is weakly closed in X.
Next we show that R.(t,0) = clR(ty,0), in X. We have that

R(ts,0) C Re(tr,0) = clR(tf,0)w C clRe(ty,0)w = Re(ty,0).

So one inclusion is obvious. To prove the other inclusion we consider an arbitrary
x € R.(ts,0). Then there exists a 1 € SZ such that

tr
x = ./0 /W S(ty,s)B(s,u)p(s)(du)ds.

By [11] we can find a sequence (uy), of integrable selections in U such that
Ou,, AN . Set

t t
tn= [ S(ts,8)B(s, un(s))ds :/’/ S(t7,5)B(5, )8y, (s (du)ds, n € N.
0 0 w

Then z, € R(t;,0), for all n € N and x,, — 2. Further we have R.(t;,0) C
cl R(t fs O)w .
Hence R.(tf,0) = cl R(tf,0), and the theorem is proved. L]
When X and Y are separable real Hilbert spaces the above result has
been proved in [9].
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