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Partitioning Method for Two-Variable Rational and
Polynomial Matrices
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We introduce an extension of the Grevile’s partitioning method for computing the
Moore-Penrose inverse of two-variable rational and polynomial matrices. Also we developed
corresponding effective algorithm, applicable in the case when the degrees in A(s1, s2) have
sufficiently large gaps between each other. These algorithms are implemented in the symbolic
computational package MATHEMATICA.
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1. Introduction

Let C be the set of complex numbers and C™*™ be the set of m xn complex
matrices. As usual, C[s1,s2] (resp. C(s1,s2)) denotes the polynomials (resp.
rational functions) with complex coefficients of the variables s1, s3. The m x n
matrices with elements in C[s1, s2| (resp. C(s1,s2)) are denoted by C[sq, s9]™*"
(resp C(s1,52)™*").

For any matrix A € C™*"™ the Moore-Penrose inverse of A is the unique
matrix, denoted by A, satisfying the following Penrose equations in X:

(1) AXA=A, (2) XAX=X, (3) (AX)"=AX, (4) (XA)*=XA

Computation of the Moore-Penrose inverse of polynomial and/or rational
matrices, based on the Leverrier-Faddeev algorithm, is investigated in [3, 4, 5].
In [3] it is described an implementation of the algorithm for computing the
Moore-Penrose inverse of a singular rational matrix in the symbolic computa-
tional language MAPLE.

In the second section we describe an extension of Grevile’s partitioning
method to the set of two-variable rational matrices. In the third section we
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proved main theorem describe an algorithm based on the partitioning method
and adjusted for two variable polynomial matrices. In fourth section we intro-
duced effective structures for representing polynomials and basic operations on
these structures. Also an algorithm for effective computing of Moore-Penrose
inverse is presented. In the last section we discussed implementation of previous
algorithm in symbolic package MATHEMATICA. A few illustrative examples are also
presented. There proposed results can be considered as a continuation of the
papers [3, 4, 5, 2] and an extension of the paper [1] to the set of rational and
two variable polynomial matrices. This paper is a first attempt to compute the
Moore-Penrose inverse of a two-variable polynomial and rational matrices using
the Grevile’s algorithm.

2. Partitioning method for rational matrices

Consider two-variable rational matrix A(s1, s2) with dimensions m X n.
Let A;(s1,s2) be submatrix consisting of first i columns of matrix A(sq,s9)
and let A;(s1,s2) be i-th column of A. The next algorithm computes the
Moore-Penrose inverse of A; (s1,82) as a function of A;(sy,s2), A 1(s1,82) and
ﬁ;[_l(sl, s2). It is a generalization of well-known Grevile’s partitioning method
to the set of two variable rational matrices with complex coefficients.

Algorithm 2.1 Partitioning method for two-variable rational matrices

Step 1 Initial values:

1 *
Al (51,52) = Al(51,50) — {21—(51’52)A1(sl,s2)Al(sl’32)v Ai(s1,52) £0,
1

(s1,82), A (s1,82) =0
Step 2 Recursive Step: For each ©1 = 2,...,n compute

Al (s1, )= | Ao(s1552) —dilor, s2)bi(s1,82) |
bi (51752)
where

-~

Step 2.1 d;i(s1,82)=A;_ 1(31,52)TA (s1,82),
Step 2.2 ci(s1,s2)=A;( 31732 — Ai 1 (51, 89)di(s1,52),

Step 2.3 b;(s1,s2) 31732 o 32)61(81: 52), ci(s1,82) #0
, 14d;( 81,82 i (51,52) (Ai—1(31732)T)*di(31732), ci(s1,82) =0
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-~

Step 3 Stopping criterion is i = n. Return Af(sq,sy) = Al (s1,52).

We used MATHEMATICA function Simplify to enable simplifications of ra-
tional expressions.
3. Partitioning method for polynomial matrices

For any matrix A with fL denote first ¢ columns of A and with A; denote
1th column of A. Also define s4 = 57 and s3 = 35.
Further, all matrices we will consider in polynomial form:

q1 q2 q3 q4

(1) M(s1,82) = M(s1,52,53,84) = Z Z Z Z Mjl;jz,jsmsjlls%zs%g 314
71=072=053=0 j54=0

Obviously, Algorithm 2.1 is applicable on polynomial matrix A(sy, s2).
For simplifying further expressions we need the next notation:
Denote §7 = siisfslsl, Q = (q1,q2,05,q1) = dgM degree of matrix

Q
polynomial M (s, s2,s3,54) and J = (j1, jo, 73, 74). Then by > M;S” denote
J=0
the sum (1). Also with Q denote Q@ = (q4,¢3,q2,q1). It can be easily checked
Q
that holds M* = 3 MjSJ for any M € C™*"[sy1, $2, S3, S4].

J=0
The main result is the following algorithm:

Algorithm 3.1 Partitioning method for polynomial matrices
Step 1 Denote Q; = dgX;, P; = dgy; and compute initial conditions:

7
Xig=Al Q=0 yg=) A, gAix, P=Q+Q

Step 2 Recursive step: For i = 2,...,n perform following steps

Step 2.1 Compute

D;; =

)

Xing-kAix, dgD;=Q;—1+Q

|
M= T~

(Yi—1,7-KAi Kk — A\i—l,J—KDi,K)a dgC; = Qi1 +2Q

=
Il

0
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Step 2.2 If there exists C; ; # 0 compute
7

T .
Wi = Z Ci,J—Ky:_Lfv Vi, J = Z Cz'*,J—KCi_LF
K=0 K=0
dgWi = Qi—1 + Qi1 +2Q + Q, dgv, =dgW; +Q

otherwise compute

T T
_ * _ . _ * _ * _
Wiy = Z Xi—l,J—KDi,IO Vi, J = Z (yi—1,J—KZ/i,K"‘Di,J—KDZ-,K)

K=0 K=0
dgW; =dgui= Qi1+ Qi1 +Q +Q
Step 2.8 Compute
J ——
Oiy = Z vikXi 1%~ Dy wWirk, dg0i=dgWi+Q+ Qi
K=0
J —
big = Y Uik iy g dgdi=dgvi+Q+ Qi
K=0

Step 2.4 Compute

J

KZ_O UZK@i,J—?

Xig=| "]
> ¢i,J—EWzK
K=0

J
Yi,g = Z vZKgbi’J_f? P=Q;+Q
K=0

y Qi = Qi—1 + Q+ dgW; + dgv;

Step 8 Stopping criterion 1 = n. Return

Qn
Z Xn,JSJ

Als1,52)1 = An(s,52)1 = 20
> yn,JSJ
J=0
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Theorem 3.1 Let A(s1,s2) € C™*"™. The Moore-Penrose inverse AI €
C™*™[sq, 89, 83, 84] 18 given with

-~ X; 81,589,583, 54
A2(81732733734)= Z( o )

y’i(sb 52, 83, 34)

where X; € C™*"[s1, 89,83,84], y; € C[s1, 82, 83,84] are corresponding polyno-
mials computed using recurrence relations in Algorithm 3.1.

Proof.

From Step 1 we can calculate:

Q 7 Q1 7
* > Ay S > X145
P S 1 M=
L A(S)*A1(S)  Q+e Q1
> 2 A

TJ_?A@KSJ Z yl,JSJ
K=0K=0 Y K=

Suppose that theorem holds for ¢ — 1 and let we prove it for ¢. From Step
2.1 using direct calculation we have:

Qi—1+Q g Qi—1+Q
Xio1(S) S0 Xic1,s-xAikS? > D87
(3) di(S) = yz‘z—_ll(S) 4i(S) = = I;iz—ol = P;]—=10
> yim1,087 > yim1,087
J=0 J=0
From Step 2.2 we calculate coefficients of polynomial ¢;[S]
(S) = Yi—1(S)4i(8) — Ai_1(S)Dy(S)
yi-1(S)
Qi—1+2Q J - J Qi-1+2Q J
> (X Yicrg-rkAik — A1, -k Dik)S > CigS
J=0 K=0 o J=0
P4 TPy
> Yi-1,757 > yi-1,057
J=0
If ¢;(S) # 0 then according to Step 2.3 we have
Qi—1+2Q J Py J
( JZ_:O Ci,gS >(J§0 Yi—1,757)*
bi(S) = G a

Qi—1+2Q
(X Cy8)( ¥ CisS87)
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Qi—1+Qi—1+2Q+Q J

J dg W J
(X Cig-ry; | #)S Z Wi.gS
_ J=0 K=0 ’
Qi—1+Qi—1+2Q+2Q  J d!wz
J v J
J=0 =
also in case ¢;(S) = 0 we have
. Qi—1+Qi_1+Q+Q T dg W;
w Z ( Z Xi*_1 J_KDi E)SJ Z Wi,JSJ
b(S) 1(S)yz 1(S) J=0 —o ’ 5 ="
' 1+ *D*((;)D (S()S) Qio1+Qi 1+Q+5 J g -
it : Z Vi1 s-x¥w + Di -k D; %))57 Jz_:ov’_l’J
J=0 K=0 -

In both cases we used temporary polynomials W[S] € C[S]™** and v[S] € C[S]

with degrees satisfying dgW; = dgv; + Q. From Step 2, applying previous result
we calculate A;(S)f

jz.(s)’r = A¢_1(5)Tb—(§l)¢£5)b¢(5)*
!
[ Qi1 dgW;+Q+Q;_1 g T
JZ—:O X;_1,587 JZ:O Z—:o i g—EWVio1,- x57)
Qi11@Q s - dgv;+Q+Qi_1 J
> Yi-14S > (Xv Ui KYio1,0— 757)
_ J=0 J=0 K=0
dgW;
ZLWZJSJ
J=o0_
dgv;
> vy 57
L J=0 -
[ dge; g T [ dg®; i
(> W kX157 Di s wWiK)) PRI
J=0 K=0 J=0
dgp; J dgo;
(Z U;,Kyi—LJ—?)SJ Z bi,557
N J=0 K=0 _ J=0
= dgW; - dgW;
B e £ e
> ”;,JSJ > U;,JSJ
L J=0 ] J=0 ]

Here we also used temporary polynomials ©(S) € C(S)™*" and ¢(S) € C(S)
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with coefficients defined in Step 2.3 of Algorithm 3.1. Finally,

[ dg®;+dgv; J ]
(> v;,K@i,J—?)SJ
J=0 K=0 Q
dg¢;+dgv; J i 7
R (3 v b, s 7)S 2 XisS
A;i(S)F = J=0  K=0 —J=0_
’ dgWitdge; J s Qi+Q J
(Z ¢¢,J—fW¢*,K)S Z yi,JS
J=0 K=0 J=0
dgv;+dg¢; J
> (X U:,Kd)i,J—?)SJ
L J=0 K=0 J

where holds:

J
*
v 0., =
K0, J-K
KZo WHTH

4) Xig=| " , d9X; = Qi = Qi—1 + Q + dgW; + dgv;
KZ::O ¢1,J—?W:K
J —
(5) Vi = D Vi g dgyi = P = dgv; + dgi = Qi + Q
K=0
(6) dgX; = Q; = Qi—1 + Q + dgW; + dgv;,

which completes the proof.

4. Effective computation of Moore-Penrose Inverse

191

In practice we work with polynomial matrices A(s1,s2) with a small
number of nonzero coefficients. In that case, previous algorithm is not effective
because there are a lot of unnecessary operations. Therefore, we constructed

sparse structure and effective algorithm for computing Af(s1, s3).

Definition 4.1 Define as ¥ 4 set of degrees with non-zero coefficients in

matriz polynomial A:
Ua={J|A; #0}

Let ny = |V 4|. Define effective structure of A as:

Ea={(J,A;)|J € U4}

Define operations @, © and © on sparse structures as: B4 ® Ep=FEayp, F4 O

Ep=Es_p, Ex ® Ep=E . Also define Ex=Fx-
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Obviously we have

A-B= Z AJABJBSJA+JB
JaEVy, JpeUp

and holds V4 C ¥4 + ¥p. If C = AB then coefficients

Cy= > AgBj-Kk
KG\I/A, J—KG\I/B

for J € ¥ (also Ec = E4 ® Eg) can be computed in time O(na - ng).

Similary holds ¥ 4.5 C ¥4 U¥p and sum E4® Eg = {(J,A;+ By)|J €
U 445} can be computed in O(ng + np). Also using

Ea- ={(J,A5)|J € Ta}

E 4 can be computed in O(n,4) and holds ¥ 4« = U 4.
The next algorithm is effective partitioning method for computing Moore-
Penrose inverse for 2-variable polynomial matrices.

Algorithm 4.1 Effective Partitioning Method for polynomial matrices

Step 1 Compute effective structures of initial values: Ex,=F4, and Ey,=FE, ®
Ey,.

Step 2 Recursive step: For i = 2,...,n perform following steps

Step 2.1 Compute Ep, = Ex, , ©® E4;
Step 2.2 Compute Ec, = E,, | © Ey;, © EX_l ® Ep,.
Step 2.2 If V¢, # 0 compute
Ew, = Ey,_, © Ec,, Ey, =E¢,_, O Eg,
otherwise compute

Ew, =Ex, , ©Ep;, E,, =E, OFE,  ®Ep, , OEp,,.

Step 2.3 Compute

Eeo, = E_I)i@ Ex,_, © Ep, © Bw,, E4 =E, ©E,_,

]
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Step 2.4 Compute

By, :E_liz‘@Eqﬁm B, :E_WQEOw Ls; :E—@'@Ewi

R4
For all J € ¥p, UV¥g, form X; ;= [ Sljj ] where R; j and S; j are
2
elements corresponding to J in Er, and Eg, or zero if such doesn’t
exists.

Step 8 Stopping criterion is i = n. Return

Z Xn,JSJ
JG\I/Xn

> yn,JSJ
Jequn

AT(Sl, 82) =

5. Examples

We implemented Algorithm 4.1 in symbolic package MATHEMATICA. Im-
plementation is tested on several test matrices from [6] (S,, F,, V,, H, etc).
Here we presented two short examples.

Example 5.1 Moore-Penrose inverse for two-parameter matriz B
of the order 4 x 3 from [6] is equal to:

H2r ot (2 1) L2 1)
r+2t —2xr—t —2x+2t 2tz 2tz 72 \t x t il

—x — 2t 2x +t 2x — 2t
—x + 2t 2¢ —t 2x + 2t
—x + 2t 2¢ —t 2x + 2t

B=2 , Bi=|-Zs 242 L (142) L( 1,32)

T2tx T2tx 72

—t+x t—x t+x t+x
36tx 36tx 36tz 36tx

Example 5.2 Finaly, we form a two-parameter complex matrixz C
of the order 4 x 3 from, similar to test matrix B:

rx+2It —2x—t —-2Ix+2t
—x — 2t 2x +t 2x — 2t
—x + 21t 2x —t 2Ix + 2t
—x + 2t 2 —t 2x + 2t

C=2

Moore-Penrose inverse is equal to

(1441402 4+(9—31tz+(2+80)z? (1441402 +(7+ 1 tx+62>
—224t3 —104t22 —224¢3 —104tx2
ot = (8—4D)t34+(104+161)t2 o+ (11451 te? +(1+41)x>  12t34+(6—81)t°x+(3—71)tz>—3z3
—224t32—104tx3 224t3 x+104tx3
(—84+1)t2+(18+121)te+(13+131)x> (12¢2—(22—201)tz+(13+131)z>

448t22+208z3 448t2+208z3

(14+141)t%2 —(9—31)tx+(2+81)x> (1441402 — (7+ 1)tz +62>
—224¢3 —104tz2 2243 104tz2

(8—4D)t3— (1041612 a4+ (11450 tx> — (14423 12t3—(6—81)t2a+(3—71)tz>+3z°
224t3 £ +104tx3 224t3 z+104tx3
(8—4I)t?4(18+121)tx—(13+131)z> 1242 4(22—201)tz+(134+131)z?

448t2z+208z3 448t22+208z3
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6. Conclusion

We investigate the computation of the Moore-Penrose inverse of two-

variable rectangular, rational or polynomial matrices, using the Grevile’s recur-
sive algorithm. We state an algorithm for computing the Moore-Penrose inverse
of rational matrix. Then we prove main theorem which provides algorithm for
computation of the Moore-Penrose inverse of polynomial matrices. Also an ef-
fective variant of previous algorithm and symbolic implementation in package
MATHEMATICA are also investigated.
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