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A Remainder Formula for
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The aim of this paper is to analyze a particular case of bivariate Hermite interpolation
problem and to derive an integral formula of the remainder. In the end, we obtained a superior
bound for the remainder.
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1. Introduction

Multivariate polynomial interpolation is more complicated then the
univariate case, but in the same time, it is more important by a practical point
of view and hence it is studied by many mathematicians. In order to define the
general problem of multivariate polynomial interpolation, we will use the fol-
lowing notations. II¢ is the space of all polynomial in d variable, Hg the space
of homogeneous polynomials of total degree k. The expression of a polynomial
q, in d variables is: ¢ = 3|5 <geg(q) Ca()® With a = (a1,...,@4) € N? being a
natural multiindex and |a| = a; + ... + a4. We denote by N the set of natural
number including 0. The set A of linear independent functionals represents the
set of interpolation conditions.

For a given space of functions F, in d variables, which includes polynomials
and a given set of interpolation conditions A, the general problem of multivari-
ate polynomial interpolation is to find a polynomial subspace P such that for
an arbitrary function f € F there is an unique polynomial p € P such that
A(f) = A(p), for all functionals A € A. The polynomial subspace P is named an
interpolation space for the set of conditions A. In that case we say that the pair
(A, P) is correct, or the interpolation problem given by A is poised.

The generalization of Lagrange univariate interpolation problem is easy to
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do. We must just consider the set of conditions consisting in evaluation func-
tionals on a set of distinct points: A = {dy,| 6; € © C R 6; # 0;, Vi #
J; 4,5 = 1,...,n}. To generalize the Hermite univariate case we associate, to
any polynomial in d variables, the differential operator with constant coeffi-
cients: q(D) = Z|a\§deg(q) CaDa, with D¢ = D?l e ng

A natural generalization of the Hermite univariate interpolation problem is
given by the conditions
1) A = {8, 0 qia(D)| @ € BY, ) # i, V) £, gy € T1%)
j=1,....m; k=0...,l; — 1, with Q; = span{q;x| k=0...,l; — 1} being D-
invariant spaces of polynomials and g, ; being linear independent polynomials.

On the other hand, an important class of interpolation problems is given by
the set of conditions A, satisfying the property that ker(A) is a polynomial ideal.
These types of interpolation schemes are named ideal interpolation schemes.
An important result makes the connection between the Hermite multivariate
interpolation schemes and the ideal ones.

Theorem 1.1. (M. Gasca, T. Sauer, [3]) Let A be a set of linear inde-
pendent functionals. Then, ker(A) is a polynomial ideal if and only if there exists
points x; and polynomial D-invariant spaces Q; = span{qjr: k=0,...,1; -1},
j=1,...,m, such that

span(A) = span{(q;x(D)f)(z;); j=1,...,m; k=0,...,l; =1}

More, we look for minimal interpolation spaces of n order, that is for ideal
degree reducing interpolation spaces. It is known from [3] that a polynomial
subspace, P(A), is a minimal interpolation space of order n with respect to A if
and only if there exists a Newton basis of order n for P(A) with respect to A.

A polynomial space P(A) admits a Newton basis of order n with respect
to the set of functionals A, if there exists a nested set of sets of multiindices
Iy, k € {—1,0,...,n} such that the functionals in A can be reindexed into the
blocks: A®) = {A\, € Al @ € I; \ Iy_1}, k € {0,...,n}, with Iy C ... C I,
I 1=, I\ Iy C{a| ol =k}, I\ In-1 # ®, #I,, = dimP(A) and
1. There exists a basis p, € Hfa‘, a € I, of P(A) having the property:

/\6(10@) = 5a,ﬁ§ VB € I; ’/8| < ’0‘|
2. There exists complementary polynomials pf; € H\dod’ such that
AMpt)=0,VAeA aecl ={yeN: |y <n}\I, and
¢ = span{ps : a € I,} @ span{pt : a€1.}.
A path, pin I, is p = (poy - -+ s fin); px € Jp = I\ Ix—1; £ =0,...,n.
We denote by C, the set of all paths. The number of path is N. = []p_ 7,
ng = card Jy = cardA®) = dimP(A) NTIY.
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2. A particular Hermite bivariate interpolation space

The present article is a continuation of paper [5] and its purpose is
to give an integral formula for the remainder in a particular Hermite bivariate
interpolation problem from a minimal interpolation space. The set of interpo-
lation conditions are obtained by (1) for the particular choice:

(2) gk(x) = %%, © € R?, ajp € Lj CN?,

ked{0,...,1; =1}, j € {1,...,m} and L, is a lower set of indices, that is, if
a € Lj and 8 < a, then 3 € Lj.

The number of interpolation conditions is M = Z;‘n:1 l;. The space F in
definition of general interpolation problem can be replaced by CP(R?), with
p =max(l;), j € {1,...,m}.

Proposition 2.1.  The spaces Q; = span{q;r | k = 0,...,l; — 1},
j €{1l,...,m} are D- invariant.

Proof. Let ¢(z) = 2%, @ = (a1,a2) € Lj and p(z) = 27, v = (1, 72) €
N2. Then

_J) 0 if y1> a1 or 2 > an
(p(D)q)(z) = { (041)71 (az)’yzxoc—’yj in rest

with (a)y =a-(a—1)-...-(a — k+1).
But a —y € Lj, be cause L; is a lower set and therefore (p(D)q)(z) € @,
that is @; is D- invariant. [

Corollary 2.1.  The set of functionals A, considered in this section,
gives an ideal interpolation scheme.

To characterize the interpolation conditions in a suitable way, we use
the model introduced by T. Sauer in [4]. We associate to each pair (z;,Q;),
that is to each subset of functionals Aj = {\; = 0s; 0q;x(D);k =0,...,1; =1}
the following elements:

1. A tree structure E; = {1]e{,e}|. .. ]alf_l, . ,62_1}, with ef € {0,1},
for any k € {1,...1; =1}, i € {1,...,k+ 1} and, for any e¥ = 1, k > 1 there
exists an unique j = j(4) such that 5?‘1 = 1. We say that 5?‘1 is the predecessor
of eF.

2. A tree Tj according to E;: T; = {z;| yi, y%]...|ylf_1,...,y§?_1},
yF € {e; = (1,0);e2 = (0,1)} if e¥ #£ 0 and yF = 0, if ¥ = 0.

We say that z; is the root of the tree and y¥ for ¥ = 1 are vertices of the
tree. We denote by |T}| the length of the tree, that is the number of nonzero
vertices, including the root, in Tj. A sequence n = (i1,...,4) is called a chain
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in the tree structure Ej if ef = ... = 6fk = 1, where 8%1 is the predecessor of
ai»l"'ll, Vi=1,...,k—1.1If efk is not the predecessor of another element in Ej,

the chain is called a maximal chain. We denote by o(n) = k the length of chain
n. A chain ' = (iy,...,4;) is subordinate to n = (i1,...,4), if j < k. For

any chain in Ej, we define the sequence of directions y” = (yill, . ,yfk), with
yi; € {e1,e2} and the sequence of directional derivatives D;g,n) =Dy ...Dy
i i

and Dgo = I, where I is the identity operator. We will write Dy» to denote
the derivative Dyn and all derivatives corresponding to the subordinate chains
of the chain 7.

The following example illustrates the previous notions. More details can be
found in [4].

Example 1. Let be the point z; and the space
Qj = Spa'n{laglag?’é%’{lg?}’ with z = (51752) € R%.
Then, we obtain E; = {1|1,1|1,1,0}, T; = {z;le', e?|e!, €?,0} and the maximal
chains 7, = (17 1)7 2 = (172)7 n3 = (2)

In order to make a graphic representation of the tree T, we put all the
vertices corresponding to the same level on the same vertical. We denoted the
vertices of the tree by the symbol ”0”, and the root by the symbol "e”. The
vertices on the level k of the tree having e = 0 are not used and consequently
they will be not connected to another vertices of the tree. In the same level, the

number of vertices is given from top to bottom. We obtained the following tree:
YN an

T;
J 7/? The maximal chains correspond to gge following
U< derivatives: D2,, = DaDy = oe D2, =
s | [P * 9
BN De‘ZDel = 8{28517 Dyn3 = DeQ = 8—{2 The
° chain 74 = (1) is subordinates both to 71 and 7s.
0
° D!y =Dy = —
v u)UJ v el &,

The interpolation conditions correspond to maximal chains and to
the chains which are subordinated to maximal chains. |
We can rewrite the set of interpolation conditions as:

(3) A = {0, 0 D;’,S"), Vn € Ty, n maximal chain , k=1,...,m}

We observe that [; interpolation conditions of Hermite type correspond to
any point x,. As a result, we may consider z; as a point of multiplicity [, or
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as a point having [; identical copies. We denote the copies of xj by :pf“ Thus
the point z; ; is a copy of the point xy, situated of level 7, that is e} ; = 1 is in
the structure of tree Ej, and 62’1 = 1. We will use the notation X for the set of
all points and theirs copies: X = {z};: e, =1, k=1,...,m}.

Let P(A) C II2 be a minimal interpolation space of n order for our condi-
tions. C. de Boor and A. Ron proved, in [1], that always there is a minimal
interpolation space with respect to conditions (1) and it is not unique, except
the case P(A) = I12. Then, there exists a Newton basis for this space, or, equiv-
alent, the points in X can be indexed using multiindices 8 € I,. Obviously,
card(X) = dim P(A) < dim I12. We will use next the notation X, instead X.
If xp = xf“ and n = (i1,...,4;) € T} is a chain, we will denote

og = o(n) and D;g = D;SX’), that is yg = y"

Using the previous notations, the interpolation conditions A are given by
the pairs (mg,Dgg), g€ I,.
Definition 2.1. (T. Sauer, Y. Xu, [4]) Let T, a tree, n = (i1,...,ix) € Ty
a chain in this tree and n; = (i1,...,%j—1,%j41,...,%), j = L,...,k. The tree T},
is regular if for each chain 1 and each j = 1,...,k, there exists a chain n’ € T}
such that y" =y

Proposition 2.2. The tree T} according to the conditions
Aj={Njk,k=0,...,l; =1} given in (2) is regular, ¥V j =1,...,m.

Proof. The regularity condition consists, in fact, in the commutativity

of the interpolation conditions, that is: dy o D;S,") = 0z 0 (Dy, Dy, ) =
dz 0 (Dyif(l) ---Dyif(k)), for any permutation 7 of the numbers 1,... k.
This property is true in our case be cause the set L; from (2) is a lower set,
yi € {e1,e2} and F = CP(R?), with p = max(l;), 5 € {1,...,m}. =
Another formulation of the regularity condition of a tree can be given by:
for any chain n = (i1,...,4;) € T, and any permutation, 7, of the directions
there exists a chain ' € T}, such that y"' = Yirayr o Yipoo1y®

Corollary 2.1. Let be p € II, p € ker(A;). Then Dyp(zj) = 0, for
any subset of directions, y' C y", with n € Tj.

Proof. We know that D;gn)p(wi) =0, VneTjp e ker(Aj). The
regularity of the tree 7 implies that for any chain n’ subordinate to 7 there is
m € T such that y’ = y™ and, consequently, Dy/p(z;) = 0. [

Definition 2.2. We say that the points set X, is block minimal derived
from A, if we can indexed the points and the conditions into blocks

(4) XU ={zg: Be\ L1}, §=0,...,m
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card XU) = dim(P(A) N 119) < j + 1, such that for any k = 1,...,m the same
level copies of z; be in the same block, the level order of a point zj, is preserved
in X,, blocks order and the interpolation problems with respect to the conditions
X = {(mﬂ,D;Z) : B € I} are poised in Il N P(A), VEk=0,...,n— 1.

A minimal interpolation space with respect to a set of points block minimal
derived from A is called block minimal Hermite interpolation space.

We proved in [5] the following proposition:

Proposition 2.3. If X,, is block minimal derived from A, then there
exists a Newton basis, (ps), o € I, such that Dggpa(x/g) = 08,a, Vo, €
I, and |B] < |of

Using corollary 2.1. and the notations from proposition 2.2., we ob-
tain the following corollary:

Corollary 2.2. The following equality holds, for any B € N2, with

B8] < n and any v € N?, |y] < |B]: (Da”_l

v5

pg) (xy) =0, VE=1,...,0,, with

k _
Y5 = Yy Yr 1y Ykt Lo - - - s Yroy)

Proposition 2.3.  There exists the unique defined directions, d, g €
R, such that, for any v € Jy_1, B € I}, k = 1,...,n the following equality holds:

(5) py(@)(@ = 29) = Y Dga(py()( = 29))(@a) - Palz) = D doy5- P (2)

a€Jy [36[;

Proof. Let Q,(z), v € Jx—1 be the left term in (5). We will prove that
Q4(z) € span{pé : B € I,}. First, we consider 3 € Ji. In that case

Dy (Q)(z5) = Dy} (4 () (w—24)) ()= Y Dye (py(@)(@—24))(20)-Dyspales)
aEJy
We have D;Zpa(mﬂ) = 03,0 , if |B] = |a| and consequently we obtain

Dy3Q~(zg) =0, VB € J.
Let be, next, 8 € I;_;. To obtain the derivatives, we use Leibnitz formula
(see [4]):

(D5 (09)) () = Y. Dy,p(w;) - Dy,q(w;) =0, Vu € Ty, j=1,...,m,
yitya2=yH*

and obtain

o3
-1
D;g (py(z) (7 — z4))(75) = (25 — x’Y)D;gp’Y(xﬁ) + Zyﬁ,ngg Py(z5)
Jj=1
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The corollary 2.2 and the definition of Newton polynomials involve:
D;g (py(x)(x — 2,))(x5) =0, VB € Iy_1. More, be cause D;Zpa(xg) =0,Vace
Ji, B € I._1, we have

g (Z D;‘; (p’Y(x)(x - x’y))(xa) ~pa(x)> (l'ﬁ) =0, VB € I_1, a € Jg,

acJy

Therefore D;ZQ’Y(.’E[;) =0, VB € I}, v € Jy_1. Taking into account that
deg Q(z) = k, the proof is complete. [

Using a generalization of the divided difference introduced in [4], we defined,
recursively, in [5], the & order block divided difference by, k € {0,...,n+ 1}:

bol; f] :f(x)
b [ X0 i f] =
= by[X “ . ( Do fl— > Dgebe[XO, L XD g4 £ palz),

acJn
with Dgab,[X©, ..., XY g0 f] = (Dgab[X O, ..., XY, 5 f1) ().
The following equality holds (see [5]):
(R (f))(2) = (f = Ha(H)(2) = bpga[XO .., X a5 f]

3. The remainder formula

To obtain an integral form of the remainder in the interpolation for-
mula from a minimal block Hermite interpolation space, we introduce, like in
[4], for every pair of multiindices, o, 3, with || = || =1 < n and y3 =

(yﬁ,h cee 7yﬂ,05); Yg,i € RZ:

D;g if x4 #1zp
1. A differential operator D, 3 = Z Daﬁ U o =g
a = 4Lj,

— if
2. Adinotion 2= { 7070 I e 2
8,081 a = T3

3. A directional derivative of n order, associate to every path u € C,
D7}, =D .D

Bpp—1-kn " Zpo,p1

4. A number IL,(X*,y*) = Dy, 1 pnPpn—1 (Tpn) -+ Dpgpn Ppio (T )
where X# = {%07 c Ty b

The following two theorems represent the main result of this paper.
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Theorem 3.1. Let P(A) be a minimal block Hermite interpolation
space, of n order. Then, the expression of the remainder is:

(6) (Bul£,A)(@) = 3 pua(a) - (X" 37) [ Doy, DI FOM (X" 2)dt +
HeCn R2

£ Y Y p @My [ Dy DI FOMX"

J=lpeCj—1 Bel; R2
x € R?, where M(t|V) is the normalized simplex spline distribution, given by

/ FEOM@E°, ... v")dt = (n — 2)!/ f(ogv® + -+ + 00" do, with
Sn

f €C(R?) and S, = {0 = (00,...,00): 0;>0; og+---+0, =1}
Proof. We know that

(7) DyM(t|0°,... v Zp,] (00, ..., 07 I,

n n
where y = Z,ujvj and Z“J =0, u; € R. Consequently,
(8) Dyi_yi M(t[0°, ... 0") =

= M@0, .. o ™) = M0, .. o T T o™,

Vi, 7=0,...,n
On the other hand, from [2], we have: [ f= [ f(t)M(t[v°,... v")dt.
[v0,...,u™] 2
We use induction by n and we will prove that the right side of relation (6)
is in fact by [XO, ..., XM g f].
Forn =0,Cy = NO—{ (0, 0)}7X'u {xuo} X0 _{xuo}’nu(X,uo’y,uo) =1,
I} = ®, DY, = I and we obtain the true equality

bl[X(O) f] puo / D, xof+0—f( ) f(!L’())

[xuoyx]

We suppose relation (6) true for any 1 < k& < n and we will prove it for
k =n+ 1. The induction hypothesis gives:

9)  ba[XO, X0 s f] =
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> P (@) X3 [ Da,, DI FOM(EX", )t +
Necn—l

+Z S Y ph (@), (XH, 3 /Dd DI PO M(X, )dt =

J=1 peC;— 1ﬂEI/ R2
= Ti(z) + Tz(z)

Using the directional derivative of simplex spline ( see [4]) and Leibnitz rule,
we obtain:
Dg@2)(Ti(@) = Y. D Dgi Py (@)u(X", 50!
HECH—1 Y1t+Yy2=Y
DITVFRM(tXF, w,...,x )di+ [ DD ()M (EX", x,. .., x)dt)
N ]R2 N’

f D3:D

T=Tpy _q

oa+1 times oo times

Where, for o9 = 0, the last integral is zero.

The property of Newton polynomials and the regularity property of the tree
imply
DYtpy, i (7o) = 0 for any oy < 04 — 1. Thus (D;g(ax)(Tl (:1:)) (za) =

= Y | D5 ) (X 5) [ Doy, DI FOMEXY o) dt

Necn—l IR2
[
+22 D Py (wa) T (X, y7) / Dy, Dy, DI ()M (8 XH, 20, 20)di+
=1 9
R

On
3 D5 i (e TP 3%) [ Dy DI F ()M (X, )l
i=1 e
The second sum vanishes for any i € C,_1. On the other hand

(10) Dye (0z) (T2 (z Z YD > Dyippla) (Xt yH)-

j=luecC,— 1[36(’ Y1tyY2=Ya

—1)72 . gy / D;ngNj_l,BDgglf(t)M(t|Xua T,...,1)
’ o2+1 times
(Dgz (02)(T()) (za) = 0, a € Jy

The equality from (5) can be reformulated, taking v = py,_1 € Ju_1, k =n
and using the linearity property of the directional derivatives:

Ppn 1 () Do Tpp_y Z Pa( (Dgapun 1($a)Da7a—arﬂn_1+
acJy
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Oq
a—1
DTN I SECLI
1=1 6[47’

bo[XO, XD g fl = 3 IL(XMy") Y palz)
HeCp—1 acJy

D§zpuy-1 @0) [ Days,, DI FOM(HX", 2)dt +
]R2
Oa
+3 D%, (xa) / Dy, DU F(H)M (1| X7, z)dt) +
Z:]. RZ
£ Y MUKy i) [ Da, D FOMEHX" )t +
Hecn—l /8617/1 ]R2
n—1 )
£ Y X sy [ Da, DI HOM(HX, )
j=1 ;J,ECj—l ,36[]{ Rz

From the definition of block divided difference results:

(11)bn+1[X(0),... Lz f] = Z T, (X*, y") Zpa(m)
neCp_1 acJy,
Daap/in 1 xa /on‘_xun 1DZN lf( ) (thuvx) - M(t|X“,LL‘Q))dt+
RZ

+3D5 s (wa) [ Dy, DI OMEXP, ) = M(HX*20))dt | +
=1 .
RZ

£35S pILOC) [ D D5 M e

J=lpeCj—1 Bel; R2

Using the equality M (¢|X*,x) — M (¢| X", 24) = —Dy—p, M (t|X*, 24, x) and
the integration by parts we obtain:

(12) byt [XO, XMz f] = Y Xy Y pale)
BECH—1 acdy

P+ (@0) [ Doz, Doy, DI FOMEUX", 0, w)it+
]R2
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+ZDO.0< 1pl¢n 1 xa /Dx anya an lf(t)M(ﬂXﬂ’wo"w)dt +
R2

£ Y Y Xy [ D, DR FOMXS )

J=1peC;_ 1,361' R2

The first sum from the first term in (12) vanishes for z = z,,_,. For a = p,
and zo # Ty, , we have Dy, g, | pn—2p, o = Dy s B Ta =2y, =
Ty, , taking into account the regularity property, for any < = 1,..., 04, there
exists a multiindex 7', with |y’| < |a| such that y.; = ¥, and z,; = z,. The
definition of Newton polynomials, implies, for any |3| = |a| — 1 the following
equality:

o )0 it zg A,
Dy 'ps(wa) ‘{ 1 if ﬁﬂ= v, i€ {l,... 00}

Consequently, the operator D, , from the second sum will become for a =
the operator D,, . Taking into account the definition of I, (XH, yH), we
can observe that in the first sum we have the operator D, | ,.Pu,_, (%, ) and

On

ZD;z_lpun_l(:pun) will supply Dp,_, pnPun_i(Zpu,). Therefore formula (12)

=1

turns into (6). n
Theorem 3.2. Let f € C"M(R?), Q € R? a convex domain containing

the points xo, o € I,. If H,(f) is the projection of f on a minimal block Hermite

interpolation space, of n order, then for any x € Q the following inequality holds:

(13) r(f—Hn<f>><x>r_”f””+”’erpa ()] ca

T agdy =1
- H
+Z Z Hpﬂ bis = (£1,82) €Q
Jj=1 BET;
with cq, bjg € R?, given by
Cq = Z |Hu(X”7yﬂ)| Z |(zun—1,un)ﬁn T (zﬂo,ﬂl)ﬁ1|v
1ECH (@) (B1s-sBn)€{L,2}"
bj,ﬂ: Z |Hu(Xu7yu)| Z |(dﬂj—1aﬂ)’Yj (zﬂj—laﬂj—2)7j—1 (zuo7u1)’71|
Mecj—l (717 77”)6{172}71
d .
and |f 0 = sup max 7 f(o).

Proof. The right term in (6) can be rewritten in the form:
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-y Zpa &) S HM(X“,y“)/DeiDQ”f(t)M(ﬂX",x)dt
a€ld, i=1 PEC, () R2
+Y " pi(e) Z > I(XHyH) /Dd% DL M (EXP, x)dt
BeI, =18l neCi—1
Taking into account that, for any z = (61,52) € R?,
of -
Dl f = Z (Zun-1,un)ﬂn "'(Zuo,m)ﬁl P T and a similar
(Bt Bn)E{ 1,2} Hoy - - Ol
" 1
relation holds for D/, and using the equality / M(t| X", z)dt = o
A (n+1)!
Vu € Cp, we easily obtain relation (13). [
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