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An Inverse Problem of Spectral Analysis
for Differential Systems on the Half-Line

Viacheslav A. Yurko

An inverse spectral problem is studied for non-selfadjoint systems of ordinary differen-
tial equations on the half-line. We give a formulation of the inverse problem, study properties
of spectral characteristics, and prove the uniqueness theorem for the solution of the inverse
problem.

1. Introduction

Consider the following system of differential equations on the half-line
(1.1) Y (z) := QoY'(z) + Q(2)Y (z) = pY (z), =z > 0.

Here Y = [yk];f:l,—n is a column-vector (7" is the sign for the transposition),

p is the spectral parameter, Qo = diag[gr];_75, Q(z) = [qk;j(2)]; j_15, Where
gk # 0, k = 1,n are complex numbers, gx(z) = 0, qi;(z), k # j are complex-
valued functions, and gx;(z) € L(0, 00). The matrix Q(z) is called the potential.

In this paper we study the inverse problem of spectral analysis for non-
selfadjoint system (1.1) on the half-line in the general case, i.e. with arbitrary
characteristic numbers and with arbitrary behavior of the spectrum. As the
main spectral characteristics for (1.1) we introduce and study the so-called Weyl
matrix which is an analog of the Weyl function for the Sturm-Liouville operator.
We obtain analytical, asymptotical and structural properties of the Weyl matrix,
and prove the uniqueness theorem for the solution of the inverse problem from
the Weyl matrix. Note that some aspects of the inverse problem theory for
differential operators are reflected in the monographs [1]-[4] and other works,
but the inverse problem theory for system (1.1) on the half-line and on a finite
interval in the general case has not been constructed yet.

Denote By = 1/qi. Let for definiteness, 8, # G, for k # j. It is known
(see [5]) that the p- plane can be partitioned into sectors S; = {p : argp €
(05,041)}, 5 =0,2r —1,0 < 6y < 6 < ... < 01 < 27 in which there exist
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permutations i = i;(S;) of the numbers 1,...,n, such that for the numbers
Ry, = Ry(S;) of the form Ry = f3;, one has
(1.2) Re(pR1) < ... <Re(pR,), pe€S;.

Let a matrix h = [hey]e 75, deth # 0, where hg, are complex numbers, be
given. We introduce linear forms U(Y') = [Ug(Y )] 5 by the formula U(Y) =

hY (0), ie. Ue(Y) = [hgl,.. , hen]Y (0). Denote ka(jl,...,jm) = det[h¢ ;]
E=T,m - Lk v="1m, Q0 0G1,....5m) =2, (1,-..,5m), 1 <m < k < n,
Q) :=1. Let

(1.3) QO (i1,... im) #0, m=T,n—1, j=0,2r —1,

where i, = i;(S;) is the above-mentioned perturbation for the sector S;. Con-
dition (1.3) is called the regularity condition for the pair L = (£,U). Systems,
which do not satisfy the regularity condition, possess qualitatively different prop-
erties for investigating inverse problems, and are not considered in this paper.
Without loss of generality we assume that the following normalizing conditions
are fulfilled: det h = 1, and for a fixed sector (for definiteness, for the sector Sp)
one has Q0 (i1,...,im,) = 1, m = 1,n — 1. Everywhere below we shall assume
that the regularity conditions and the normalizing conditions are fulfilled.

Weyl matriz.  Let vector-functions ®,,(z,p) = [@km(:p,p)];{:m, m =

1,n be solutions of (1.1) satisfying the conditions Ug(®y,) = ¢, € =1, m, and
also @, (z, p) = O(exp(pRmx)), x — 00, p € S; in each sector S; with property
(1.2). Here and in the sequel, d¢p, is the Kronecker symbol. It will be shown
in Section 2 that these conditions uniquely determine the solutions ®,,(z, p).
Denote Mg (p) = Ug(®rn), & > m, M(p) = [Me ()] 13- Ming(p) = O for
£ <m, ®(z,p) = [P1(z,p),. .., Pn(z,p)] = [®hm (2, )|} =17 The functions
D, (z,p) and Mpe(p) are called the Weyl solutions and the Weyl functions
respectively. The matrix M(p) is called the Weyl matrix or the spectrum of
L=(U).

Formulation of the inverse problem. Fix Qq, i.e. the numbers Gy = 1/qx,
k = 1,n, are known and fixed. The inverse problem is formulated as follows:
given the Weyl matrix M(p), construct the pair L = (¢,U).

2. Properties of the Weyl matrix
By definition we have
(2.1) U(®) = hd(0) = N(p), where N(p) = M7 (p).

Let C(z,p) = [Ckm(z, p)lj m—17 be a matrix-solution of system (1.1) under the
initial condition U(C) = h (O,p) E (E is the identity matrix). In other
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words, the column-vectors Cy,(z, p) = [Ckm(z, p)]" T M= 1,n, are solutions
of (1.1) under the initial conditions U¢(Ch,) = d¢m, &, m = 1,n. Clearly,

(2.2) ®(z,p) = C(z, p)N(p) or ®py(z, p) = Cn(z, p) + Z Myi,(p)Ci (2, p).-
k=m+1

It follows from (2.2) and the Gauss-Ostrogradskii theorem that
(2.3) det C(z, p) = det ®(x, p) = exp(p(B1 + - - - + fn)7).

Denote I'; = {p : argp = 0}, j = 0,2r — 1, I'y, := I's. We cut the p- plane

along the rays I'; and denote by Fji = {p: argp =0;£0} the sides of the cuts.
2r 1

i+1, and denote by X = U S; the p- plane without
=0

WeputS =S UF ur;:

2r—1
the cuts along the rays I';, and denote by X = U S the closure of ¥ (we differ
]_
the sides of the cuts). Fix j = 0,2r — 1. For p € '}, strict inequalities from (1.2)
in some places become equalities. Let m; = m;(j), p; = p;i(j), i = 1,5, be such
that for p € I';,

Re(pRmi—l) < R’e(pRmi) == Re(pRmH-Pi) < R’e(pRmi+Pi+1)7 i=1s
Denote N; := {m : m = mi,mi+p1 —1,...,mg,ms+ps — 1}, Jpy := {j :
m € N,}, 7m = U Ty, X = C\yp is the p- plane without the cuts along the

71€Im

rays from 7y,,, 3, is the closure of 3, (we differ the sides of the cuts). Clearly,
the domain X,, = |J S, consists of sectors S,,,, each of which is a union of
14

several sectors S; with the same collection {R¢},_ 1.

Theorem 2.1. (i) The Weyl functions My, (p), k > m are analytic in
Y with the exception of an at most countable bounded set A!, of poles and
are continuous in X, (i.e. they are continuous in each sector S.,,) with the
exception of a bounded set Ay,. More precisely, for j € Jpy, p € T'j \ Ay, there
exist finite limits MX, (p) = lim My, (2), 2 — p, 2 € X, £(argz — 6;) > 0. On
Ym the functions My, (p) have the cuts.

(ii) For |p| — oo, p € S, k> m,

(2.4) Mo (p) = pnie(S;) + o(1),
(2.5)  p0k(S5) = Q0 ki, -y im) Q0 (i1s i) i =0 (S)).

P roof Fix a > 0.1t is known (see [5]) that for z > 0, p € X, p > pa
(Pa = O(r%ax 19k ()| L(a,00))) there exists a fundamental system of solutions
J
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(FSS) Do = {Yi(z,p)}s_15 of (1.1) with the following properties:

(1) for each j = 0,2r — 1, the functions Yj(z, p), are continuous for z > 0, p €
S,, lp| > pa; (2) for eachj =0,2r — 1, z > 0, the functions Yy (z, p), are analytic
in p €5, |p| > pa; (3) for |p| = o0, p € I, uniformly in z > «,

(2.6) Ye(w, p) = (9o +0(1)) exp(pf), o = [Buh))_i -
Fix j =0,2r — 1. Let p € S;, @ = 0. Denote

(2.7) Afuk(p) = det[Ug(Y;,)]

=1,m—1,k;v=1,m "
With the help of the FSS D, one has the representation

n

(I)m(wap) = Z dmk(p)Yk(wap)a m = 1,n.
k=1

Using the boundary conditions on ®,,(z, p), we obtain

m

(2.8) dmir, (P)Yiy, (7, p),
k=1

(29)  duiy(p) = (~1)" A, (0) " det[Ue (Vi ), -

In particular, it follows from (2.6), (2.8) and (2.9) that for |p| — oo, p € Sj,
uniformly in z > 0,

(2.10) Oz, p) = > exp(pRi) ([0m.i, dy i, J1_1 + 0(1)),
k=1
where d°, ; i, = (= DR Q0 (iyy . i) detlhe,i, e T, ,=Tom\k - In partic-
ular, this yields
(2.11) iy = Q1 (i1 i1 ) (i (i, -+ i) ™H # 0

It follows from (2.8) and (2.9) that Mx(p) = A2, (p)/AY,.(p). From this,
taking into account (2.6) and (2.7), we arrive at (2.4).

Fix @« > 0, m = 1,n — 1. By a well-known method (see, for example,
[4]) one can prove that there exists a FSS Dy, = {Ykom(x,p)}kzl’n, z>0,p€

3, |p| > pa of system (1.1) with the following properties:
(1) Y2 (x,p) =Y;, (z,p), k=m+ L,n, ix =ix(S;); (2) for k = T, m, the func-
tions Y0 (=, p) are analytic for p € 5,,, |p| > pa and continuous for z2>0,p¢€
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s [0l = pa; (3) Y, (z,p) = O(exp(pRmz)), |p| = 00, p € Ty, uniformly in
z > a. Thus, the solutions Y2 (z,p), k = 1,m are analytic in sectors Sy, which
are wider than S;. Repeating the preceding arguments for the FSS D, we get

A (p)
(2.12) Mk (p) = ﬁa A}nk(p) = det[Uﬁ(YVOm)]
The functions Al (p) are analytic for p € Zp,, [p| > pa and continuous for
p € X, |p| > po. From this, using (2.12), (2.4) and the arbitrariness of a, we
obtain the assertion (i) of Theorem 2.1. O

It follows from (2.4) and (2.10) that

E&=1,m—1,k;v=1,m "

(213)  [Muk(p)| < C, |z, p)| < Clexp(pRpz)|,  p € S, pl > po.

We consider the differential system and the linear forms L* = (¢*,U*):

(2.14) 0 Z(z) == —=Z'(2)Qo + Z(z)Q(z) = pZ(z),
U*(Z) = Z(0)h*, where Z = [z];_75 is a row-vector, h* = [hi], . 77 =

7

Qoh™'. Then U*(Z) = [Uj(Z),...,U{(Z)], where Uy .. ,(Z) = Z(0)[h;, ];{:
Clearly,

(2.15) Z(0)QoY (0) = Z e (Z)U(Y).

Denote Ry, := —Rp_m+1. Let vector-functions 7, (z, p) = @}, (2, p)]j—17, m =
1, n be solutions of (2.14) satisfying the conditions Uf (®},) = d¢m, & = 1,m, and
also @, (z,p) = O(exp(pR},x)), © — oo, p € S; in each sector S; with prop-
erty (1‘2)' We pUt @*(m,p) = [(I)n m+1(m P)] 1 = [(I);kz m—+1 k(xvp)]m,k:ﬁv

J\/ﬁ;k(p) = Uk(®r), M*(p) = [Myy_gi1 1P eetir N¥(p) = (M) (p).
Then

(2.16) *(0, p)h™ = U™ (2%) = N (p).

Denote v, = Ynom, Sy = Zn—m, Ay = Ny, A" = Al,_,,. Properties of
the matrix M*(p) are completely analogous to those of the matrix M(p). In
particular, the functions M, (p), k > m are analytic in ¥}, with the exception

of the set A’ * of poles and are continuous in ffn with the exception of the set
Ay,. On ~}, "the functions M . (p) have the cuts.

Lemma 2.1. The following relations hold

(2.17) (2, p) = (Qo®(z,p)) ",
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(2.18) M*(p) = M~ (p), N*(p) =N""(p),

Proof Denote Z = (Qo®) ! Since ZQy® = E, it follows that
Z'Qo® +ZQo® = 0or Qud = —Z712'Qu®. Since ® satisfies (1.1), we get that
p® — QP =—-Z7172'Qy® or —Z7'Z'Qy + Q = pE. Thus,

(2.19) CZ(z,p) = pZ(z,p).

Let Z(z,p) = [Zk(x,p)]f:ﬁ, where Zi(z,p) are rows of the matrix Z(z,p).
Using (2.15) we calculate E' = Z(0,p)Qo®(0, p) = >2¢—1 Uy _¢1(Z)Ue(®) or

(2.20) Z 1 (ZOUe(®) = Gy ey =T,

Taking in (2.20) m = n,n—1,...,1 successively and using the relations U¢(®,,) =
d¢m, € =1, m, we obtain

(2.21) Un—e41(Zk) = 0¢k, £ =k,n.
Moreover, by virtue of (2.13) and (2.3) we have
(2.22) [ Zk(z, p)| < Clexp(pRy, 112

It follows from (2.19), (2.21) and (2.22) that Zy(z,p) = @;_,.(%,p), ie
Z(x,p) = ®*(x, p), and (2.17) is proved.

Furthermore, using (2.15)-(2.17) and (2.1) we get E = ®*(0, p)Qo®(0, p) =
U*(*)U(®) = N*(p)N(p), i.e. (2.18) holds. 0

Let us now establish the so-called structural properties of the Weyl ma-
trix, which play an important role for the solution of the inverse problem. For
& =0,n — 2 we construct functions nglk(p)7 m=1n—-¢-1, k=m+&+1,n
by the following recurrent formulae BO, (p) = M (p), Bfnk(p) = Bfn_kl (p) —
B e (p)BY e k(p)-

Lemmzi 2.2. The functions Bfnk(p) are analytic in Xy, \ Al ¢, are
continuous in Xpie \ Apye, and have cuts on Yy, ye.

P r o o f. By virtue of (2.18), for Kk = m + & + 1 one has Bm maer1(p) =
=M . ¢ n_mi1(p). This implies the assertion of the lemma for &k =m + ¢+ 1.

For k > m + ¢+ 1 we interchange places of the linear forms Uy and Uy, ¢4 and
repeat the preceding arguments. O

Theorem 2.2. The functions B, ""(p) are analytic on T'; \ A}, for
j€JIm 1<v<m<n—-1, m+1<k<n.
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Indeed, since j ¢ Jp,, one has I'; C X, hence the theorem follows from
Lemma 2.2. O

3. Uniqueness of the solution of the inverse problem

We agree that together with L = (£,U) we consider a pair L=(40) of
the same form but with different matrices @, h (we remind that the matrix Qg
is known a priori and fixed). Everywhere below if a symbol « denotes an object

related to L, then & will denote the analogous object related to L.
We define a matrix P(z, p) = [Pek(z, p)|¢ 15 by the formula

(3.1) P(z,p) = (z,p)"" (z, p).

In other words,

7)5]9(113, P) = (det (i)(ili, p))_l det[(i)ll/(m? P)-, B ék—l,ll(x? P)-,

(32) q)fu(:l;a p)a (i)k+1,v(x7 p)v ceey énll(mv p)]u:m .

Lemma 3.1. (i) For |p| > po, uniformly in x > 0,

(3.3) Per(z,p)| < C, &k =T,n.

(i1) For |p| = oo, p € S}, arg p = const, uniformly in > 0,

(34) Pfk(xap) = 0(1)7 £ 7é k, Pkk(xap) = P]Jf + 0(1)7 §&k=1n,

35 'Pj . Qg_l(il,...,’ik_l) Qg(il,...,ik)
( . ) k‘ Ch QO o . : ~0 . . ?
k(zl,...,zk) Qk_l(zl,...,zk_l)

ik = ’Lk(SJ)

Moreover, if h = h, then (3.4) holds for p € Sj, and P,g =1 forallk =1,n,
j=0,2r —1.
The assertions of the lemma follow easily from (3.2) in view of (2.10),

(2.11) and (2.13). Let us now prove the uniqueness theorem for the solution of
the inverse problem of recovering L from the Weyl matrix.

Theorem 3.1. If M(p) = M(p), then L = L. Thus, the specification of
the Weyl matriz M (p) uniquely determines Q(z) and h.

Proof. We transform the matrix P(z,p). For this we use (3.1) and
(2.2). Under the conditions of the theorem,

Pz, p) = 0(x,p)2 (2, p) = C(z, p)N (PN (p)C ! (z, p) = C(z,p)C ' (, p).
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Therefore, it follows from (2.3) that for each fixed > 0, the matrix-function
P(x, p) is entire in p. Using (3.3) and Liouville’s theorem, we get that Pgi(z, p) =
Pei(z), &,k = 1,n, i.e. the functions Pg; do not depend on p. Together with
(3.5) this yields Peg(z, p) = 0 for £ # k, and Pyy(z, p) = Pj. On the other hand,
Pr = 73,{:, where P,z is defined by (3.5). Since h and h satisfy the normalizing
conditions, we get for the sector Sy that QD (i1, ... i) = flg(il, ceyig), k=0,n,
and consequently, P = 1, k = 1,n. Thus, P(z,p) = E, where E is the identity
matrix. Together with (3.1) this yields ®(z, p) = ®(z, p), hence Q(z) = Q(z).
In view of (2.1), h®(0, p) = N(p), and consequently, h = h. O

Remark3.1. Using the method of spectral mappings [4] and the
properties of the Weyl matrix, obtained above in Theorems 1.1 and 1.2, one can
obtain a constructive procedure for the solution of the inverse problem along
with necessary and sufficient conditions for its solvability.
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