Mathematica
Balkanica

New Series Vol. 19, 2005, Fasc. 3-4

On The Zeros of a Certain Class of Polynomials
and Related Analytic Functions

W. M. Shah, A. Liman

Presented by Bl. Sendov

The classical Enstrom-Kakeya theorem states that if a polynomial P(z) = ) a; 2’
j=0

satisfy a, > an—1 > ... > a1 > ap > 0, then all the zeros of P(z) lie in |z| < 1. In this
paper we prove results concerning the location of the zeros of a more general class of poly-
nomials. From these results, we obtain better bounds and generalizations of Enstrom-Kakeya
type polynomials with less restrictive conditions on their coefficients. We also consider asso-

ciated analytic functions and obtain zero-free discs for them under various conditions on the
coefficients.

1. Introduction and statement of results
The following result due to Enstrém and Kakeya [8] is well-known in the

theory of distribution of the zeros of polynomials.

Theorem A. If P(z) = i a;z’ is a polynomial of degree n such that
=0

ap > Ap—1 > ... 2> a1 > ap >0,

then all the zeros of P(z) lie in |z| < 1.

From this thoerem one can easily deduce

n .
Theorem B. If P(z) = Y a2’ is a polynomial of degree n with real
=0
and positive coefficients, then all the zeros of P(z) lie in |z| < t where t =

Max(ﬂlﬂ... M)

a1’ as’ ' Tan
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It is clear that Theorem B gives better information regarding the zeros of
P(z2), if the coefficients are strictly decreasing, that is, if a,, > ap—1 > ... > a3 >
ap > 0 because then ¢ < 1. In the literature [1-9], there exist some extensions
of Enstrom-Kakeya theorem. As a generalization of Enstrom-Kakeya theorem,
Aziz, and Mohammand [1] proved the following.
Theorem C. Let P(z) = i ajzj be a polynomial of degree n with real
=0

‘77
positive coefficients. If t1 > to > 0 can be found such that
a,t1to + ar_l(tl — tg) — Qp_9 > 0, r= 1, 2, o+ 1 (CL_1 =Qp+1 = O),

then all the zeros of P(z) lie in |z| < tj.

In this paper as a refinement of Theorem C we first prove the following

n .
Theorem 1. Let P(z) = Y a2’ be a polynomial of degree n with real
j=0
and positive coefficients. If t1 > ta > 0 can be found such that

(1) a,ti1to + ar_l(tl — tg) —ar—22>0 r=1,2,....,n+1 (al = Qpt+1 = 0),
then all the zeros of P(z) lie in

2) 2 L (1) —ty)| <ty 4 T

an, Gnp,

Remark 1. Theorem 1 gives significantly better result than Theorem
C. To illustrate this, we consider the polynomial

P(2) =627 4+ 325 4325 4 24 + 222 4 2 42

of degree n = 7. Here P(z) satisfies the hypothesis of Theorem 1 (and also that
of Theorem C) for t; = 2, t3 = 1. By using Theorem C we see all the zeros of
P(2) lie in |z] < 2, whereas by Theorem 1 it follows that all the zeros of P(z)

lie in ’z— %‘ < %
The following corollary follows from Theorem 1, if we take to = 0.

Corollary 1. Let P(2) = anz" + apn_12""' 4+ ... + a1z + ag be a
polynomial of degree n such that

(3) ant™ > ap 1"V > > ait >ap >0
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then all the zeros of P(z) lie in

an-—1
Gn

an—1
Gn

’z—F —t’ﬁ

The next corollary also follows from Theorem 1, if we take t; = t5 = t.

Corollary 2. If P(2) = apz"+an_12"" 1+ -+aiz+ag is a polynomial
of degree n such that for some t > 0, either ant™ > an_ot" 2 > ... > agtd >
ait > 0 and an_1t" 1 > ap_st"3 > ... > ast? > ag > 0 if n is odd or
Ant™ > ap_ot™ 2> . Lagt? > ag >0 and ap_1t"t > an_st" 3 > .. > a1t >0,
<t et

if n is even, then all the zeros of P(z) lie in the circle ‘z + =t

For t = 1, Corollary 2 reduces to Theorem 3 of Aziz and Zargar [3].
Instead of proving Theorem 1, we prove the following more general result.

n .
Theorem 2.  Let P(z) = Y a;2’ be a polynomial of degree n with
j=0
real coefficients. If t1 > to > 0 can be found such that for certain monnegative
integer k.

(4) artits + ar_l(tl — tg) — ap—g > 0, r=1,2,...,k

aytite + ar—1(t1 — t2) — ar—2 <0, r=k+1,k+2,...,n,
(5) (a-1=0a-2=0)
then all the zeros of P(z) lie in

2 anp—1
—(t1 —t2)| £ ———(toag + ax—1) — ——
(61 )] < ) -

an—1
Gn

(6) z+ —t2

For k = n, Theorem 2 reduces to Theorem 1.
The following Corollary immediately follows from Theorem 2, if we take
to = 0.

n .
Corollary 3. Let P(z) = Y ajz’ be a polynomial of degree n with real
§=0
coefficients. If for some real number t

(7) t"an < t" lap_1 < ... <tFap <t" lap_; >t* 2ap_o... > tag > ap >0
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then all the zeros of P(z) lie in

Qp— 2ay,— Qp—
z+nl—t‘< k-1 n—1

an, ~ ap|trk - lan|

(8)

Corollary 2 of Aziz and Zargar [3] is a special case of Corollary 3 when
k=mnandt=1.
Again, if we take t; = t5 in Theorem 2, we get the following

n .
Corollary 4. Let P(z) = Y a;z’ be polynomial of degree n with real
j=0
coefficients. If for some t

ant™ < anot" < <apth > .. > agtd > a1t >0

and
AtV N < stV < <ap  tFT > > ast? > ap >0

when n is odd, or
ant™ < apot" 2 < <apth > > agt? > a9 >0

and
U1t N < ap st" < <ap tFTI > > ast? > ait >0

when n is even, then all the zeros of P(z) lie in

Gp—1
an

< 2(tay, + ax—1) _ (tan + an—1)

z+
|an[t"—F |an|

Remark 2. Theorem 3 of Aziz and Zargar [3] is a special case of
Corollary 4, when n =k and ¢t = 1.

Aziz and Mohammand [2] considered a class of analytic functions and
proved the following.

Theorem D. Let f(z) = 3 a;27 # 0 be analytic in |z| < t. If
§=0

(9) ap > tay > t2ay > ...

then f(z) does not vanish in |z| < t.

Recently Jain [6] considered a more general class of polynomials and
obtained the following
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S .
Theorem E. Let F(z) = Y a;2) be analytic in |z| <t.
=0

J
If a; = ajeid’ —i—,Bjew,j =0,1,2,..., 0 < |¢p — | < m and for some finite
non-negative integer k
0<ag<tay <...<thap>tFlag >...

then f(z) does not vanish in

1 1/2
|z| < 3, {—|a0 —ait| + (|a0 —art|* + 4Mk|a0|) } ,

where

o0

My = 2apth —agt+ Bt +2> |81, k>1
j=2

My = M.

In this connection Aziz and Shah [4] proved a more general result and de-
duced that the result of Jain (Theorem E) also holds true without the restriction
¢ — ] <.

Very recently Jain [7] considered a new class of analytic functions and
obtained zero-free regions for members of this class. Among other things he
proved

o0 .
Theorem F. Let f(z) = Y ajz/(# 0) be analytic in |z| < t1. If a; =
=0

ajei¢+5jei¢,j20,1,2,...,0<\¢—¢| < m and forty > t1 > 0,

(10) b, = ar—2+ar—1(ta —t1) —artite, 7=0,1,2,...,(a—1 = a_2 = 0)
(11)CT = ar2+ arfl(tQ - tl) — aplity, T = Oa 17 27 SRR (O‘fl =02 = 0)
(12)d, = Pr_a+ Br=1(ta —t1) — Brtita, 7=10,1,2,...,(B-1 = -2 =0)

with the characteristics that for certain non-negative integer k,
(13) C, <0 r=0,1,2,...,k

(14) c, > 0 r=k+1,...

then f(z) does not vanish in |z| < 4, where

1 th s ;
(15) M = —(—a0+2aktlf+2ak_1é +1Bol +2) " 181t)

|aol =
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It is again interesting to ask that whether the conclusion of Theorem F
remains valid without the restriction |¢ — 1| < 7. Here we answer this question
in affirmative. In fact we prove the following more general result which not only
includes Theroem F without the restriction |¢ — ¢| < 7 as a special case but
also leads to a standard development of interesting generalizations of some other
well-known results.

(e.0)
Theorem 3. Suppose f(z) = 3. a,z™ # 0 is analytic in |z|] < R and
§=0

for some ta > t1 >0

1 n
ZszT < M* forl|z| <R.
r=1

(16) lim
n—oo aOtl t2

where

by = ayp_o9 + a7~71<t2 — tl) —aytits, r=0,1,2,....n (a,l =a_9 = 0)

then f(z) does not vanish in |z| < .

We first show that Theorem 1 of Jain [7] (Theorem F) follows from Theo-
rem 3 with a suitable choice of R and the coefficients a;. For this we take R = 1

. . o
and aj = aje’® + Bje 7 =0,1,..., and use the fact that since f(z) = 3 a,2z"
3=0

o0 . o0 .
is analytic in |z| < t;. Therefore }° |a;|t! and >° |B;|t/ are convergent.
5=0 j=0

Now, we have, for |z| <t

n
1
li b < Ii C, ¢ d, i tn

”Lrgo agt1t2 7“21 TZ - nLH;o ’ao\htz Z| e’ +are |
< C " A1
>~ n—>00\a0|t1t2{ | r‘ 1+7;1| r| 1}
- nﬂoo ‘a0|t1t2 { ‘OKT72 + aT*l(tQ - tl) - art1t2’ t?

+Z‘Br 2+ 1(t2—t1)—ﬁrt1t2|t?}

k

<

n%oo |(10|t1t2 =

(aptity — ap_q(ta — t1) — ar_2) t}
1
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n

+ > (or—at onp_1(ta — t1) — ontaty) ]
r=k+1

+ Z (18r—2| + |Br=1| (t2 — t1) + |Br| t1t2) t?}
r=1

6o lag |tz {—aot1t2 + akt’f+1t2 + ak_ltllcﬂ T Oéktlfﬂtg

n—1

— —an_ 1t + |Boltata + 2tite + 2t1ts Z |ﬁj|t{
j=1

(17) HBaltr 1 = Bt}

e} . ] .
Using the fact that }° |a;[t! and Y |5;|t! are convergent, we get from (16) by
=0 =0

using (15)

sz

”HOO ‘G,o’tltg

1 n—1 )
—|a0|t1t2 {—aot1t2 + 2akt]f+1t2 + 204k_1t’f+1 + | Boltite + 2t1ts Z |/6j|t{}
j=1
1 n—1
RERPA R 20t} + 204 1— iy Bol +2 > 1Bl ¢ = M
7j=1

Therefore for R = t; and M = M™ gives precisely the conclusion of Theorem F.

Similarly, it can be easily shown that Theorem 2 of Jain [7] can be de-
duced from Theorem 3 without the restriction |¢ — 9| < 7.

Finally, if we take t; = to in Theorem 3, we get the following Corollary,
wherein we relax the hypothesis of Theorem D by assuming that the alternate

coefficients of f(2) = 3 a;27 satisfy (9).
5=0

o0 .
Corollary 5.  Suppose f(z) = Y a;2/(# 0) is analytic in |z| < t. If
§=0

ap > agt? > ast* > ... and ait > ast® > ast® > ... then f(z) does not vanish in
|z| < t.
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2. Proofs of the theorems

Proof. of Theorem 2. Consider the polynomial
f(z) = (t2a+2)(t1 — 2)P(z) =
(t1to + (t1 — t2)z — 22)(anz” tan12" "+ . taz+ ap) =

n
—anz”+2 + (an<t1 — tg) — an,l)z”H + Z {Gmtth + G,T(tl — tg) — aT,Q} z"
r=0

Let |z| > t1, then we have by using (4) and (5) |F(z)| <

n
> Hartits + ar1(t1—ta) — ar o} 2"
r=0

|F(2)| < |anz" T = (an(ts — t2) — an—1)2"" |-

n
1
2 |Z|’ﬂ+1 {|an2 — an(tl — tg) + an,1| — Z |(J,Tt1t2 + ar,l(tl — tQ) — (J/r72| W}

r=0
k
1
> |Z|n+1 {|an2’ — an(tl - tz) + a"+1| - Z(CLTtth + ar_l(tl - tz) — aT_g)tn_—H_l
r=0 1

n
1
- Z (ar—2 —ar—1(t; —t2) — artltz)m}
1

r=k+1
2ats 2051

n—~k n—~k
tl tl

= |Z|n+1 {|anz - an(tl — tg) + an,1| - + antg + anl} > 0,

an

if ‘z + 2=t — (¢ — tg)‘ > W(ath—i—ak,l) - ‘a—ll(antQ—i-an_l). Therefore all
n |ty n
the zeros of F'(z) and hence P(z) lie in ‘z + 2=l — () — tg)’ < W(aktz +
n n 1

ak—1) — |a—1n|(ant2 + ap,—1) This completes proof of Theorem 2. ]

Proof. of Theorem 3. We have for |z| < R
n .
(Z — tl)(z + tz) Z CL]‘Z] = —titeag + b1z + b222 + ...
§=0
+ b2 a1 2" ag (ty — )2+ an 2" T2
As n — oo, we get

(18) F(z) = (2 = t1)(z + 12) f(2) = —titaao + G(2)
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where G(z) = lim,,—, i by2".

r=1
Now G(z) is analytic in |z|] < R, G(0) = 0 and by (16) |G(z)| <
tite|ag|M* for |z| = R. Hence by Schwarz’s Lemma

t1te|ag| M*|z|
< —.
Gz < 2ol

Now from (18), we have for |z| = R

|F'(2)] > tita|ao| — |G(2)]
_ tita]ag| M™|z| -

> tita|ag| 7 0,
if 2] < £
This shows that F(z) and hence f(z) does not vanish in |2| < £ and
Theorem 3 is completely proved. ]
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