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The Theory of Positive Operators is very important for understanding of all self-adjoint
operators. In this paper some questions of the Theory of Self-adjoint Operators that could be
replaced in some visible place of this theory will be discussed. One of the central problems of
this article is finding the so-called ”natural” minimum or maximum of two linear, self-adjoint
operators. The existence of ”largest” linear, self-adjoint operator T, so that A > T and
B > T will be established, where A and B are linear, bounded, self-adjoint operators.
When A and B are positive definite, bounded operators, the existence of positive definite
operator T' such that A >T and B > T also will be established. As an elegance application
of these results, particularly, is shown that for any commuting, bounded pair of self-adjoint
operators A and B there exists the self-adjoint, bounded operators T, A; and B; such that
A=T+ A; and B =T + B;, where operators T, A; and B; commute with A and B
and furthermore, A1B; = B1A; = 0.

Key words: Hilbert space, positivity, operator, self-adjoint, closure, extension, completion,
resolution of identity.

1. Existence of the ”minimum” of two positive operators

A linear operator A : H D D(A) — H is said to be
(i) positive definite, denoted by A > 0, if (Az,z) > 0 for all 0 # x € D(A),
(ii) strongly positive definite, denoted by A >> 0, if 3¢ > 0 such that
(Az,z) > c(z,x) for all x € D(A),
(iii) positive (or non-negative), denoted by A > 0, if (Az,z) > 0, for all
x € D(A).

It is easily seen that if A and B are strongly positive definite operators
on Hilbert Space (A > ¢1I and B > ¢yl for some positive ¢; and ¢3), then there
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exists a strongly positive operator such that A > F and B > F. For example,
we can take F' = cI, where I is the identity operator and ¢ = min{cy,c2}. In
general, F'is not maximal operator.

When A commutes with B and both A and B are positive (A > 0,
B > 0), then the operator F' = ||A||~!||B||~' AB satisfies the condition A > F
and B > F, but it is not maximal operator with this property.

Some results in this paper are not trivial even if A and B are strongly
positive definite operators.

Theorem 1. Let A, B are bounded operators on Hilbert Space H and
A>B>0, A>0

and let H 4 is a completion of H by inner product (xz,x)a = (x, Az). Then
a) A7'B is bounded, and self-adjoint on Hp, where A and B are
closures of A and B, respectively (on Hy ).
b) If B s positive definite, sois A™'B: B>0= A"'B > 0.
Proof. a) For simplicity let A < 1, otherwise we can replace A and
B by ||A||7'A and ||A||7!B, respectively. First note that A, B are bounded
operators in H4 and A is self-adjoint. Indeed, for x € H we have

(Az,z)4 = (Az, Az) < (Az,z) (and (Az,z)4 >0)

and
(Bx,Bx)s = (Bx,ABx) < (Bx, Bx) < (Bx,z) < (Az,x) = (z,2)A.

Then these inequalities are true for all x € H4. It is obvious that A is
positive on H 4, if Az = 0 for some 2 € Hy, then (Az,y)4 =0 forall y € Ha.
Hence (Az,y)a =0 for all y € H and so,

0= (Ax’y)A = (vay)A = (vay)A'

Since AH is dense in H, it follows that AH is (,)4 -dense (or simply
A-dense) in Hj4 and therefore z = 0.

It is also easily seen that D(A~') ¢ H: Suppose y € AHy, that is
y = Ax for some x € Hy. Since H is A-dense in H 4, there exists a sequence
{z,} C H such that ||z, —z||a4 — 0asn — oo . Let y, = Az, € H. Then
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yn — ym||2 = |[|A(zn — xm)||2 = (A(wn — o), (T — ) A

IA

Al a(llen = zmlla)? < &

for any € > 0 and for n,m sufficiently large. Thus {y,} is Cauchy sequence in
H and since H is complete, ¥y, — y € H asn — oo . Then

yn — yllA = (yn — v, Alyn — 9)) < [|A]-llyn — yl|?

and so yn, A y. However, y, = Az, A Ar= y, soy € H and this shows that
DA™Y C H.

Let’s define bilinear form ¢(z,y) in H4 by the next formula:

q(z,y) = (Bz,y) ifr,y € H and
q(x,y) = lim(Bxy,yy) for x,y € Hy and for z, A Z, Yn 4 Y.
Since
|(Bn,yn) —  (Bom,ym)| = |(Bon — Bom,, Yn) + (BTm, Yn — Ym)|

1 1 1 1
|(B§($n - xm)aBiyn” + I(BixmaBg(yn - ym)l

IN

1 1 1 1
< ||1B2(zn — 2p)||[|B2ynl| + [|B22m]|-|[BZ (yn — ym)||
and

(2n — xm),A%(xn — Ty)) — 0,

D=

(B2 (2 — ), B2 (2 — 7)) < ((A

o=
ol

(B2 (yn — ym)s B (yn — ym)) < (A2 (Y — ym), A% (Y — ym)) — 0

we conclude the existence of the lim(Bxy, yn). So q(z,y) is correctly defined for
all z,y € Hy. On the other hand, for z,y € H we obtain

lg(z, )| = |(Bz,y)| < /(Bx,2)(By,y) < V/(Az,2)(Ay,y) = ||z]| 4.yl a-

Then ¢(z,y) is bounded for all z,y € H4:

lq(z,y)| = [lim(Ban, yn)| < lim||znlla-llynlla = [lz]|a-[[ylla,



258 A. Aslanov

where {z,}, {yn} C H, , — x, y» — y. Then there exists a bounded self-
adjoint operator T such that

(Tz,y)a = q(x,y) = («',y)a

for all y € Hy and Tz = 2/ [1, page 71, Theorem 2.24]. Let’s prove that
Ax' = Bz for all x € H. Indeed, let {z,} C H be a sequence such that

Tn A 2. Then Az, A A (A is A-bounded) and so, for y € H we have

(Bx,y) = (Tz,y)a = (2/,y)a = lim (2n,y)a = lim (Azn,y).

This shows that Az, — Bz weakly in H . Then Az, wiit Bz weakly in
Hy. Indeed, for y € H

(Al‘n,’y)A = (A:L‘n,Ay> - (vaAy> = (vay)A’

but H dense in Hy, so Axy, w.d Bz. At the same time we have Az, A A
strongly. Thus, Bx = Ax’ .

Now for an arbitrary x € H, there is 2/ so that Bz = Az’ . Then
2/ = A~'Bz and this means that the operator T = A™'B is defined in all H.
It is easily seen that A~!'B is bounded in H4 and its closure is self-adjoint:

(A~'Bz,x)4 = (Bx,z) < (Az,z) and (A7'Bz,2)4 >0

for 2 € H. Then A~!'B can be defined for all z € H4 and the closure will be
self-adjoint operator on H 4.

b) Now let B > 0. Since KerB = {0}, the set {Bz} is dense in H and

so (A + B)-dense in Hy . Thus {A~!Bx}-is (A + B)-dense in Hy, g and this

means that A='B > 0. This completes the proof of Theorem 1. [ ]

Theorem 2. Let A, B are positive, bounded operators on Hilbert Space
H:A>0,B>0. Then there exists an operator F' > 0 such that A > F and
B> F.

Proof. For simplicity let A+ B < I. Let H 4 p is a completion of H by
the inner product

(xa y)A+B = (SC, (A + B)y)

From Theorem 3 (A +B) 'A and (A + B) 'B are bounded and self-
adjoint operators on H4p, where A+ B, A and B are closures in H44p.
On the other hand

(A+B)'A +(A+B) 'B=1T
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and so, (A +B)"'A commutes with (A +B) " 'B :
G=(A+B)'A(A+B)"'B=(A+B) 'B(A+B) 'A.
Then
(A+B)'A-G>0 and (A+B) 'B—G >0 (on Hyyp).

Let’s consider the operator F = A(A + B)_lB on H ! First note that
F really can be considered as an operator on H, that is we must show that for
an arbitrary x € Hayp, Az € H. Denote by y = Az, x € Hayp. Since
H-is (A + B)-dense in Hy4yp, there exists a sequence {x,} C H such that,
||zn —z|] = 0 as n — oo. Let y = Ax,, € H. Then

lyn —ymll? = [A@n — 20)IIP = (Al — 2m), Alzn — 2m))
< (xn —IL‘m,A(:L‘n _xm)) < (xn —:L‘m,(A'i‘B)(:L‘n _xm))
= len —amllass <e

for m, n sufficiently large. So {y,} is Cauchy sequence in H and H is complete,
Yn — y € H. Thus F' is an operator on H. For all x € H,

(Fz,z) = (Gz,x)a+p >0 and (Fz,z) = (Gz,zx)arp < (,2)a+B < (z,2).

So F-is bounded and > 0. Let’s show that F' > 0. If Fxr =0= Gz =
0= Ker(A+B) 'A% {0} or Ker(A+B) 'B# {0}. By Theorem 1 this is
impossible. Thus, ' > 0 and it is clear that A—F >0 and B—F >0 (for
example, (A — F)z,z) = (A+B)'A - @)z, 2)asp > 0 for all z € H).

It is easily seen that A — F >0 and B — F > 0. For example,

B-F=B-AA+B) 'B=B-(A+B-B)(A+B) 'B=B(A+B) 'B.

This means that the equality (B — F)x = 0 results Bz = 0 and so
x = 0. This completes the proof of Theorem 2. ]

Theorem 3. Let A,B are bounded operators in the Hilbert Space H :
A>0,B>0, A+ B > 0. Then there exists an operator F > 0 such that
A>F and B> F. The next statement is true for the kernel of F':

(1) KerF ={KerA+ KerB }NH
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{KerA + KerB } ={z: z =21+ 22, where 21 € KerA, zs € KerB},

A and B are closures of A and B, respectively, in Harp with the inner
product (z,y)ayp = (z,(A + B)y).

Proof. Let A4+ B > 0. It is obvious that the operator F =
A(A +B)"'B again satisfies the inequalities A > F, B > F. To show that
(1) is true from Fx = 0 we have

(A+B) 'B(A+B) '4z = (A+B) 'A(A+B) 'Bz =0.

Denote by S = (A+B)"'B and T = (A+B) 'A, where S and
T are positive (non-negative) operators on Hilbert Space H4yp with inner
product (z,y)a+p = (x,(A + B)y). Thus, S+ T = I. Then the equality
Fx = 0 follows that STx = S(I — S)x =0 and so (I — S)x € KerS or
x— Sz = x1, where x1 € KerS. At the same time we have Sx € Ker(I —95),
and so
r=Sr+x1 =121 + 22, where x1 € KerS, xo € KerT.

Since KerB = KerS and KerA = KerT we conclude that
KerF C {KerA + KerB }NH.

The inverse relationship KerF D {KerA+ KerB }NH is obvious since

re{KerA+KerB}YNH= (A+B) 'A(A+B) 'Bz=0

= Fz=A(A+B) 'Bz=0.

This completes the proof of Theorem 3. ]

Note that theorem also holds if Ker(A+ B) # {0}. In this case we need
to define A and B in the Hilbert Space R(A+ B)® Ker(A+ B), with the inner
product (z,y)a+p = (z,(A+B)y) for z,y € R(A+B) and (z,y)atp = (2,9)
if xe€ Ker(A+ B),y € Ker(A+ B).

Thus, for the two positive operators A and B we can find some
operator F such that A > F and B > F (and furthermore, this operator
has an elegance representation: F = A(A +B) 'B = B(A +B) '4). Now
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we are trying to find some maximal operator with this property. In other words
we’ll find some ”natural minimum” of two operators.

Theorem 4. Let A,B are bounded operators in the Hilbert Space H :
A >0, B>0. Then there exists an operator M >0 such that A> M, B> M
and M is the maximal, that isif A> N, B> N and M > N, then M =N

Proof. First we consider the case A+ B = I. It is easily seen that the
minimum of two functions f(A) =X and g¢g(A) =1— X\ is the function

1—|1—2) A if A<1/2
m(\) = — 5 =
1—A if A>1/2
and so the operator
I—|I—-2A |
M = %" = /m(A)dE,\
Zq

is a minimum of A and B, where FE) is the resolution of the identity of A.
Indeed, since f(A\) > m(\) and g(\) > m(\) we have A > M, B> M. If
A>N,B>N and N > M then

A-M=A-N+N-M>N—-M and B—-M=B-N+N-M>N-M.

This shows that Ker(N — M) D Ker(A— M) and Ker(N — M) D
Ker(B — M). If we take into account that

Ker(A— M)+ Ker(B— M) D Ker(E[0,1/2]) + Ker(E(1/2,1]) = H,
where E[0,1/2] = Ey/ — Ep and E(1/2,1] = Ey — Ey/5, we conclude that
Ker(N—M)=H or N=M.

Now let A and B are arbitrary positive, bounded operators. Furthermore,

let first A+ B > 0. Instead of A and B let’s consider the operators
(A+B) !4 and (A+B)"!B. Since

(A+B)'A + (A+B)!'B=1
on Ha,p there exists M’ >0 such that M’ is maximal and

(A+B)'A >M and (A+B)'B>M.
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Then (A + B)M’ is maximal positive operator on H so that
(A+ B)M' < A and (A+ B)M' < B.
Indeed for all z € H, we have
(A+B)M'z,2) = (M'z,2) 418 < (A+B) YA 2,2)4, 5 = (Az, z),

and similarly ((A+ B)M'z,z) < (Bz,z). Assume now that A > N, B > N,
and N > M, then

(A+B) 'Az,2)a18 > (A+B) 'Nu,2)ayp > (A +B) "Mz, 2)ay5,
similarly
(A+B)'Bz,2) a1 > (A+B) !Nz, 2) 415 > (A+B)'Mz,2)a, 5.
Since M’ is maximal we have that
(A+B)"'N=M =(A+B)"'M.

This means that (A +B)"'(N—-M)=0 or M = N.
In case Ker(A+ B) # {0}, we just need to take into account the note
at the end of the proof of Theorem 3.

2. Existence of the ”"minimum” and ”maximum?” of two self-
adjoint operators

Theorem 5. Let A and B are bounded, self-adjoint operators in
the Hilbert Space H. Then there exists a self-adjoint operator T such that
A-T>0, B—-T>0 andT is the mazximal. That is if A—S >0 and
B—S2>0 for some operator S and S>T then T =65.

Proof. We just need to note that the operators A+ ¢l and B+ cl
satisfy the conditions of Theorem 4, where

c= inf {(Azx,x),(Bx,z)}.
llz||=1

Indeed, from Theorem 4 there exists S > 0 such that A + ¢l > S and
B+ ¢l > S. Then operator S — cl satisfies the conditions of Theorem 5.
Therefore Theorem 5 is proved. [
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Note that by applying the same method we can define the ”maximum
of two operators”. Instead of A and B we consider the operators —A and
—B. Then we define

Max(A, B) = —Min(—A,—B).

Now consider the differences A —T >0 and B—T > 0 . They are
orthogonal by some inner product, namely (A+B)~'(A — T)(A+B)~}(B - T)
0, where A;B, T are closures on Hilbert Space Hayp, with inner product
(,y)a+B = ((A+ B)x,y) (otherwise, we can find an operator T; > 0 and
# 0, such that A—T—-T; >0 and B—T —T; >0, which contradicts the
maximality of T').

Now using this note we can prove the next elegance theorem.

Theorem 6. Let A and B are bounded, self-adjoint operators in the
Hilbert Space H and let A commutes with B. Then there exists a self-adjoint
operator T such that A—T >0 and B—T >0 andT is the mazimal,
furthermore, A and B can be represented in the form

(2) A:T+A1,B:T+Bl

where A1B1 = B1A1 =0 and A and B commute with T, A1 and Bj.

Proof. Forsimplicity, let A > 0, B > 0. (Otherwise, we take A+cI and
B+cl instead of A and B). Furthermore, let A+B > 0: If Ker(A+B) # {0},
we consider the space Re(A + B)-the completion of the range of the operator
A+ B instead of H.

Let A—T >0 and B—T >0 and T is the maximal in terms of
inner product  (x,y)at+ = ((A+ B)z,y). That is let

(3) (A+B)" ' (A-T)A+B)"}(B-T)=0.

Let’s show that T commutes with A and B. Since A commutes with

B, we have that A and B are (A + B)-self-adjoint operators in the Hilbert

Space Ha4p. Let Ej\' is the resolution of the identity for (A +B)"'A: that
1

is (A+B)"'A= [AE}. Then
—1

(A+B) T = /m()\)dEj\“ =(A+B)! /m()\)dEA,

1 1
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oy 2 Ll A it A< 1/2
2 1\ if A>1/2

where

Let’s show that (A + B) 'A is the (A + B)-closure of (A + B) !'A. Since
A commutes with B, operator (A + B)"!A is densely defined on H: (A +
B)~'A > A(A+ B)™! [2, page 171, (5.22)], which means that for Vo € D(A +
B)™', Az € D(A+ B)~!, and similarly, Bz € D(A+ B)~!. This gives

(A4+B)'Az,2) = ((A+B) YA+ B - B)z,x)
= (z,2)— ((A4+ B)"'Ba,z) < (z,2)

for Vo € D(A+ B)™! and so, (A+ B)~!'A is bounded, positive operator on
H. Then

(A+B)'Az = (A+B) 1Az for all € D(A+ B)™1,

and therefore, (A+B) A = A(A+B)! = (4+ B)~1A. We conclude
that A commutes with (A + B)'A = [AdE), which means that A
commutes with EY and with (A + B)™!'T = [m(\)dE; [1, page 270,
Theorem 6.80]. Since A and (A+B)™!'T are bounded and (A4 B)-bounded
operators, we have

(A+B) ATz =A (A+B) 'Te=A (A+ B) Tz
=(A+B) 'TAz = (A+ B)"'TAx.

This shows that ATx = T Ax. Similarly, we can show that BTx = TBx. It
follows from Eq. (3) that

(A+B) Y A-T)A+B) " B-T)=(A+B)2(A-T)B-T) =0,

and (A—T)(B—1T) =0, which means that the representation (2) is true,
where A1 = A—T and B; = B —T and the result is proved. ]
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