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Runge-Kutta Methods
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We estimate the error in an often used in practice Runge-Kutta method of 3™ order
of convergence

Jiv1 = §i + k1 + 2ks,
ko= hf(wi,§i), k2 = hf(eiy1, Gi+ $ki), ks = hf (22,00 + 3ha),
Yo =1%o, t =0,1,....,n—1,

for solving the Cauchy problem

{ y =f(z,y), 0<z <A,
y(0) = yo ,

when the function f satisfies only Lipschitz condition
|f(z,v) = f(z,2)] < K|v — 2]

The so-called averaged moduli of smoothness are used. By the properties of these moduli all
rates of convergence follow under the additional assumptions for smoothness (as a rule weaker
than well known ones) of the function f, respectively y.
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1. Averaged moduli of smoothness

Let M,y be the set of all bounded by the constant M > 0 measurable
functions on [a,b]. Then, for every function f € M,y and a real number p > 1
the averaged modulus of smoothness is defined by [8]
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1
1 b P
7%(f;0)L, = lwk(f,50)llL, = (m/ (wi(f,2;0))P dfﬂ) ,
a
where k£ > 1 is an integer number,
ko ko
wi(f,7;0) = sup{|ALF(B)] .t + kh € [5— 2 + ] 0 [a, B]},

and )
ML) = 3 (1) <:l>f(t+mh)~
The 74(f;0)r,-modulus has the following properties [3],[4],[8]:
L o7(f;50") 0, < 7(f;0")L,,0 <6 <o,
2. (f+9;0)L, < (f;0)L, +7r(9;0)L,;
3. Ths1(f10), < 27(f; BH0)L,;
4. 1 (f30)n, < Crdwi(f's EHL6) 1,
5. m(f3n0)r, < CrpnftYPry(f30) 1, m(find), < nri(f;0)L,;
6. 7 (f30)r, < kM| F®IL,;
7. 7(f;0)r < 32V f, where \/% f is the variation of f on [a, b];
8. i(f;0)L, < Crun(Tm(f;0)L, +wi(f;0)L,),m > k;
9. w(f;0), < m(f30)r, < wi(f;9).
Here wr(f:0) = sup{|ALf(@)] « Bl < 6,2, + kh € [a, 0]}

is the k-th modulus of smoothness and

1

b—kh P
wn(f30)1,, = sup { (b% / IA;’if(:v)l”d:v>

is the integral k-modulus of smoothness in L.
We use the following (simple consequence of Whitney’s theorem [10]):

:Oghgd}
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Lemma 1. [8] Let F' be a bounded linear functional, defined on M, y,
such that F(p) = 0 for every algebraic polynomial p of degree < k — 1.Then, for
every f € My,

F) < el (£.25
It is proved in [7], (see also [8]) that c(k) < 6.

2. Runge-Kutta methods

Our goal is to estimate the error in Runge-Kutta methods for solving the
Cauchy problem

yl = f(x,y),OSxSA,
® {y®)= Yo,

when the function f satisfies only a Lipschitz condition
(2) |f(z,v) = f(z,2)] < Klv -2

for all v and z, without any additional restrictions on y and f. The idea of
Runge-Kutta methods [6] is to construct formulas of the type

Jiv1 =i+ Y pik;(h)
(3) j=1

?70 = Yo, Z.:071727"'777/ - 17

h= 2, zi=ih, Tiva = 8 + ah, Yira = Y(ira), G = f(2i5),
7—1
k] = kj(h) = hf(wl + O[jh, v + Zﬂj,sks)7 J=12,...m

s=1

and the coefficients «;, 8; s, p; are chosen to minimize the error |y; — ;|-
Let us denote

ei =Y — Ui, e={maxl|e;]|:0<1i<n}.
The simplest method in (3), » = 1, is Euler’s method:

4 gi—l—l = gz + hf(5517gz)7 i = 07 17 sy TV — ]-7
(4) o
Yo = Yo-
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Theorem 1. ([11,[8],p-179) The numerical solution of (1),(2) with
method (4) satisfies the estimation

e < 24ef 47 (y's h) L.
For r = 2 the general Runge-Kutta method is

(5) Yir1 = Ui + phf (zi, 5i) + qhf(Tiva, Ui + BIf (24, 5i)),
gO = Yo, 1= 071,~-~,n - 1.

where the constants p, ¢, o and ( satisfy the system

ptq=1,
aqg=Pq=3.

Theorem 2. ([1],[8],p.185) The numerical solution of (1), (2) with
method (5) satisfies the estimation

e < c(A, K){n(y;h)L + h7(y';h)L}.

Combining theorems 2 and 3 with the properties 1-9 of 74 (f;0)z, a series
of estimations can be obtained under the additional assumption for smoothness
of the solution of (1), (2) .

In the case r = 3 two methods are widely used in practice. Until now we
manage to handle just one of them:

Jir1 = Ui + ki + 3k,
(6) ki = hf(xlvgl)v ko = hf(xH_%?gZ + %kl)v ks = h’f(xH_%?gZ + %kQ)v
gO = Yo, 1= 0717"'77]' - 17
Another one
i1 = Ui+ g (k1 + 4o + k3),
(7) k1= hf(zi,gi), ke = hf(z 1,9 + 5k1), ks = hf(zip1, §i — k1 + 2ks),
go = Y0, 1= O,l,...,n —1.
causes some difficulties and it is unclear for us whether the error for method (7)
can be estimated by averaged modulus.
Theorem 3. The numerical solution of (1),(2) with method (6) satisfies

the estimation

e < c(A, K){13(y's h) 1 + hra(y/'s h) 1, + K27 (y's h) 1 )
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Proof. From (1) and (6) we get

€i4+1

and, since (2),

lei1] < i — Gl + By — Gl + Ly + 2 f (i + By
+ Lf(miy) — Ui — 2f (i + g+ B f (2 5)| + | P
(8) < (@ + By — gil + 2L (|y; - 5]
+ Ry — Gl + B f (i, i) — fza80)]) + | P
< (14 Kh+ K0 4 KR g 4 |P),
where
h 3h 2h h
P=yit1—vyi— Zf(xivyi) - Zf(ivlur%,yi + gf(l’pr%,yi + gf(afz',yi)))~
Let us estimate P:
3h 2h h
|P| = [P+ Zf($i+%7yi + ?f(%ur%,yi + g))|
h 3h 2h
<y =i = g f@ny) = o f @z v+ 5 f(@ 1, 9i00))
3h 2h h
+ Z ! ?K|f(xi+%ayi + §f($uyl)) - f(xi+%7yi+%)|
K2h? h
< QI+ —5—lvi + 39 = vir i,
where h 3h o
Q=Yir1 —Yi — Zy; - Zf(xi_l,-%ayi + ?y;%)-
From
h h|3 [+ h
i + 3 —visal = 3 ‘h /x T () - ydt) < gwlys x5 h),

N N 1 3
= Yit1 —Yitl = Yi+1 — Yi — Zkl - Zk?,
- h h -
= Yy — Uity E Zf(xiayz') - Zf(xiayi)
3h . 2h 5 h -
- Zf(%ur%,yi + ?f($i+%7yz' + gf(xivyz’)))

3h 2h h
+ Zf(%ur%,yi + ?f($i+%7yz' + gf(xivyz’)))

297
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it follows 213
K
(9) |P| <1Q] + Wy, 13 h).
On the other hand
h 3h 3h 2h
Q=yir1 —vi— 7V (@2 0542) = @0+ 50001)
and N
1Ql < lyiy1 —yi — 2y — %y'H |
(10)

+ Py —yi = B = LGN+ 2ERING)

The linear functional
h 3h Tit1 1
/ / / ! /
L{y) =yir1 =4 = J¥i— ¥z = /x (y'(8) = Jui = qYir2)dt
satisfies L(q) = 0, if ¢ is a quadratic algebraic polynomial and
|L(y")] < 2hmax{|y'(z)] : 2; <z < @341}

Therefore ||| a ; < 2h. Similarly, the linear functional

TirTi41
2h Tiy2
N() =Yip2 —vi— §y§+% = / TY'(®) —ypya)di
T4

vanishes for all linear functions and ||V ||[z"z‘+1] < 2h. By Lemma 1
11 L(y")| < 12hws(y' I ING)| < 12hwn(y’ h
( ) | (y)l = w3(y7xi+%a§)7 | (y)| = wQ(y7$i+%7§)'
The inequalities (8), (9), (10), (11) give

. K?p?
leiv1] = |yit1 — Giv1] < Py — Gl + —— (y’,le,h)

6
h 3Kh
i+%; g) + Tl?hwg(

h h
< e + o(K)(hws (' i 15 3) + DPwa(ys w15 5) + Ww(y i 15 b)),

h
+ 12hw3(y/7x ) z+%7§)

where ¢(K) = max(12 K2

, &> 9K). Using recursively this inequality we find

h

leiv1] < (K ZeKh ) (hws (v, Ty 1 ’§)

h
+ h2w2(ylv LIZ,H_%; 5) + hgw(yl7xk+%; h))
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Since efh(i=k) < ¢Khn — KA f4r 0 < |k < i < n, nh = A, setting ¢ = ¢(K)ef4,
we get finally

e = max{|e;]:0<i<n}
< ¢ Z(hw3(yl7wk+%; g) + h2w2(yl7$k+%; 5) + h3(.U(yl,:l?k+%; h))
k=0
. . 2 .
< C[;)/zk (U.J3(yl,£l?k+%, g) + hw?(ylvxlﬂ_%a 5) +h w(ylaxlﬂ_%’h))dx
n—1 Tpot 2
< ¢ Z / (w3(y', x; §h) + hwo(y', 3 h) + h2w(y, x; 2h))da

k=0"%k

A 2
= o [ @l 3 5h) + henly 33 ) + Wl a3 20)da
0
2
= Ac(m(y; 3P+ hro(y's h)r + h27(y';2h)1)

< (k)L + hr(ysh) L + BP7(y' k)LL), e = 2Ac.

Remark . Since
lyi — 9il < Kly; — §i| for 0 <i <,

it follows that Theorem 3 provides also error estimation for the derivative of the
solution.

3. Numerical experiments and conclusions

Let us consider three Cauchy problems:
Problem 1. Let

1
(12) y'=l(w—§)y|, y0)=A4, 0<z<3.

For the function in the right side of the above equation Lipschitz condition is
fulfilled, e.g. using the inequality

[al = ol | < la —b]

we get ) ) .
@ = Sl =l = 2l < @ =Dy =2 < S ly—=].

Simple calculations show that for A > 0 the solution y of (12) satisfies:
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0<z< % % <z <3
| (== 3)? 1, (@=$)?
y(z) Aes™ 2 Aest 2
2 142
1 (E—%) 1 (1—7)
y'(z) A(f —z)es™ 2 Az — L)est

From

it follows that y” is a discontinues function with bounded variation. Theorem
3 and the properties of the moduli show that method (6) provides second order
of convergence (not third order) for the problem (12). At the same time using
the convergence theorems like Theorem 7.2.2.3 in [9],page 416, we can prove
only linear rate of convergence.

In the next we compare numerical results for the problem (12) with initial
condition A = 500 and step h = 0.1 using the exact solution y, Euler’s method
(4)-RK1, method (5)-RK2 (with p = ¢ = %, a = 8 = 1) and method (6)-RK3.
Theorems 2 and 3 state that both methods RK2 and RK3 are comparable (they
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have second order of convergence) and must provide better results than RK1.

e y RK1 RK2 RK3

0.00 500.00000  500.00000 500.00000 500.00000
0.10 523.01393  525.00000 523.00000 523.01398
0.20 541.64353  546.00000 541.61880 541.64335
0.30 555.35531  562.38000 555.32176 555.35463
0.40 563.74843  573.62760 563.70711 563.74707
0.50 566.57423  579.36388 566.52565 566.57209
0.60 569.41419  579.36388 569.35828 569.41124
0.70 578.01979  585.15751 977.95559 578.01589
0.80 592.65243  596.86067 592.57786 592.64732
0.90 613.76253  614.76649 613.67364 613.75577
1.00 642.01271  639.35714 641.90262 642.00363
1.50 934.12298  896.33988 933.56705 934.07568
2.00 1745.17148 1579.02752  1741.36277  1744.88466
2.50  4186.44874 3460.67136  4160.46875  4184.54805
3.00 12895.16996 9350.04289 12710.96899 12881.19189

Problem 2 : Problem 3 :
(13) o' =(z+ %)sin (x — %)y + 1] y = (z+ %)sin|(m - %)y—i— 1
y(0)=1, 0<z<1 y(0) =5,  0<z<1

For the equations (13) f(z,y) = (z + 3)sin|(z — 3)y + 1| and by simple
calculations it is clear that this function satisfies Lipschitz condition, e.g.

f(2,y) = f(2,2)] = |z + 5][sin|(z = 5)y + 1] = sin|(z - 5)z + 1] |

(2= 1)y+1]+|(@—1)z+1] (2= 3)y+1]—|(@—3)z+1]
2 2

3
< 32

sin

COS

(z—3)y+1]—[(z—5)2+1]
2

IN

3 <3y —z|

At the same time the partial derivative %f/’y) does not exist. Therefore,

it is not sure that the well-known error estimates for Runge-Kutta methods
work properly for the equations (13). Theorem 3 indicates that method (6) is
applicable regardless of the fact that we lose the advantage of the higher order
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of convergence. Numerical experiments for the above two problems, carried out

with step h = 0.1, show that we have respectively:
Problem 2:

x5 Yi yl; (xi— Dyi+1 flzi,y)  flaiyl) Y yl1j

0.0 1.00000 1.00000 0.50000 0.23971  0.23971 0.23518 0.19256
0.1 1.02853 1.02397 0.58859 0.33311  0.33402  0.33538 (.28687
0.2 1.06708 1.05737 0.67988 0.44009  0.44167 0.44236 0.38785
0.3 1.11700 1.10154 0.77660 0.56069  0.56245 0.56295 0.50206
0.4 1.17967 1.15779 0.88203 0.69483  0.69608 0.69694 0.62926
0.5 1.25639 1.22739 1.00000 0.84147  0.84147 0.84302 0.76878
0.6 1.34827 1.31154 1.13483 0.99711  0.99539 0.99731 0.91843
0.7 1.45585 1.41108 1.29117 1.15339  1.15038 1.15092 1.07289
0.8 1.57845 1.52612 1.47354 1.29386  1.29171  1.28683 1.22105
0.9 1.71322 1.65529 1.68529 1.39083  1.39417 1.37737 1.34294
1.0 1.85393 1.79471 1.92696 1.40586  1.42073 1.43688 1.44539

5 =0.03524, s1 = 0.20222

Problem 3:

T Yi yil (= 3yi+1 flziy)  fziyl) Yi yl;
0.0 5.00000 5.00000 —1.50000 0.49875 0.49875 0.49321 0.49250
0.1 5.05179 5.04987 —1.02072 0.51149 0.51125 0.51277 0.50500
0.2 5.09658 5.10100 —0.52897 0.35325 0.35405 0.28040 0.43265
0.3 5.11646 5.13641 —0.02329 0.01863 0.02182 0.13234 0.18794
0.4 5.13717 5.13859 0.48628 0.42061 0.42050 0.43628 0.21116
0.5 5.20106 5.18064 1.00000 0.84147 0.84147 0.85491 0.63098
0.6 5.30017 5.26478 1.53002 1.09909 1.09892 1.10693 0.97020
0.7 5.41057 5.37468 2.08211 1.04652 1.05071 1.03957 1.07481
0.8 5.49661 5.47975 2.64898 0.61480 0.62059 0.59374 0.83565
0.9 5.52389 5.54181 3.20956 —0.09508 —0.10508 —0.07524 0.25775
1.0 5.47614 5.53130 3.73807 —0.84260 —0.87650 —0.90683 —0.46792

s = 0.22041, s1 = 0.69273,

where:
e y; is the solution obtained by the method (6);
e y1; is the solution obtained by Euler’s method (4);

e y! and y1! are the derivatives obtained by making use of the values y; and
y1; and formulas for numerical differentiation of order O(h?);
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e the quantities s and sl defined by

10 10
s = \IZ(f(fvi,yi) —y)?, sl= \IZ(f(l‘z',yli) —yl})?

can be considered as a measure of accuracy.

The practical conclusions from these numerical results are the following:

1. The Problem 2 is in fact

1 1
y/= (.’II+§)SIII((?L‘— §)y+1)7 y(O) =1, 0<z<1
e.g. the partial derivatives of the function f(z,y) do exist. This means
that we are able to make use of the well known estimations that involved
the derivatives of the function f(z,y) , see [5], p.98, [2], p. 367. In our
case we have third order of convergence for the method (6).

2. The problem 3 is more complicated. The values of (z;—3)y;+1 are different

by sign, and %ﬁ’y), % do not exist. Theorems 1 and 3 show that both
methods (4) and (6) provide first order of convergence. In spite of these

theoretical considerations numerical experiments give better results when
the method (6) is used.
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