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Robust multilevel preconditioners for second order
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Preconditioners based on various multilevel extensions of two-level finite element meth-
ods lead to iterative methods which have an optimal order computational complexity with
respect to the size (or discretization parameter) of the system. The methods can be on block
matrix factorized form, recursively extended via certain matrix polynomial approximations of
the arising Schur complement matrices or on additive, i.e. block diagonal form using stabi-
lizations of the condition number at certain levels. The resulting spectral equivalence holds
uniformly with respect to jumps in the coefficients of the differential operator and for arbitrary
triangulations. Such methods were first presented by Axelsson and Vassilevski in the late 80s.

An important part of the algorithm is the treatment of the systems with the diagonal
block matrix, which arises on each finer level in a recursive refinement method and corresponds
to the added degrees of freedom on that level. This block is well-conditioned for model type
problems but becomes increasingly ill-conditioned when the coefficient matrix becomes more
anisotropic or, equivalently, when the mesh aspect ratio increases.

In the paper some methods are presented to approximate this matrix also leading to a
preconditioner with spectral equivalence bounds which hold uniformly with respect to both the
problem and discretization parameters. The same holds therefore also for the preconditioner
to the global matrix. Such uniform bounds have not been achieved by other methods.

Key Words: multilevel preconditioners, partial differential equations and systems,
hierarchical basis, optimal order preconditioners, uniform bounds.

1. Introduction

In many problems in mathematical modeling in natural sciences,
engineering and in other areas as well where second order boundary value prob-
lems must be solved numerically, large scale linear systems arise which further-
more, frequently must be solved a number of times for each modeling case.
Often, the arising systems are severely ill-conditioned due to some problem pa-
rameters taking near certain limit values. Examples of such parameters are
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ratio of coefficient jumps, anisotropy, aspect ratio of the mesh and domain ge-
ometry, Poisson ratio for nearly incompressible materials etc. Furthermore, the
condition number may increase rapidly when the discretization mesh is refined
(due to both a smaller mesh parameter and possible irregularity of the mesh
elements). As has been pointed out by many authors, see e.g. [10], the classi-
cal V —cycle multigrid method is inefficient in handling such problems where the
usual regularity and approximations assumptions does not hold. In some special
problems, a line smoother can be used to overcome this, but there is no multigrid
theory available to handle more general problems. Therefore, instead, in finding
a good solution method one should preferably search for efficient preconditioners
for the, parameter free, conjugate gradient iterative solution method.

The method to be presented is a block matrix approximate factorization pre-
conditioning of the algebraic multilevel iteration, AMLI type. It is based on two
or multilevel finite element meshes and can handle arbitrary coefficient jumps
on the coarsest mesh used and also ratio of anisotropy, using newly developed
finite element based preconditioners for the block corresponding to the added
nodes. The condition number is bounded for any ratio of coefficient jumps and
anisotropy. The discontinuity of coefficients is assumed to occur across element
edges of the coarsest mesh. It turns out that this can be chosen as a quite fine
mesh itself, which permits modelling of problems with many different materials.

Algebraic multilevel preconditioners were first presented in [7, 8] and are mul-
tilevel extensions of the two-level methods in [9] and [4], see also [3]. Here
block matrix approximate factorizations were considered and it was shown that
by recursively extending the two level method using certain matrix polynomial
approximations of the arising Schur complement matrices, one can derive a pre-
conditioning with a condition number which is bounded independently on the
number of levels and on jumps in the coefficients, assuming the coarsest mesh
used had no jumps inside any element. As, in practice, one can use a coars-
est mesh which is still quite fine, a significant number of jumps in coefficients,
i.e. different materials in the physical model can be allowed. Similarly, precon-
ditioners in additive form, i.e., using block diagonal preconditioners, but with
stabilization at certain levels (see [2]) were developed with the same properties.

In the above methods the block matrix corresponding to the on each level added
degrees of freedom gets increasingly ill-conditioned with increasing degree of
anisotropy. Until recently, no efficient generally applicable method to handle
this problem has been given. In [12], a preconditioner to this matrix in multi-
plicative form and in [6] an element by element preconditioner in additive form
were suggested. The first method considered either z- or y-dominated anisotropy
while the latter considered the general case with arbitrary coefficients in the dif-
ferential operator. It was shown that the preconditioner is spectrally equivalent
to the given matrix with bounds which hold uniformly in the number of levels
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and in the coefficients of the operator. A preliminary idea of the present work
has been considered in [5], in particular for a scalar case.

In the present paper we consider possible improvements of these methods. In
particular it is shown that for the considered new element by element precondi-
tioners, in multiplicative form or in block diagonal form, improvements in the
condition number can be achieved. Furthermore, the results are here extended
to elliptic systems of differential equations. The analysis of the computational
complexity related to the constructed preconditioners is also considered for dif-
ferent model problems.

The remainder of the paper is organized as follows: In section 2 we survey shortly
the main results for multiplicative and additive preconditioners in algebraic
multilevel form. Section 3 deals with the construction of an additive (element
by element) preconditioner for the block diagonal matrix corresponding to the
added degrees of freedom on each level, while section 4 presents a preconditioner
on multiplicative form for general systems of partial differential equations and a
discussion on solutions of the algebraic systems arising when using those kind of
preconditioners. Finally, in section 5 we present an extension of multiplicative
preconditioners to three dimensional problems.

The following notation is used throughout the paper: A > B means that A — B
is positive semidefinite.

2. General estimates of condition numbers for two-level methods

Consider the elliptic problem
d
0 ou .
> g (a”%) =f in 9

where 2 is a polyhedral domain, with proper boundary conditions on 9f2. For
systems of PDEs of dimension d, u is a d-dimensional vector and a;; are d x d
matrices. Its variational formulation is : seek u € H, ;(Q) such that

a(u,v) = / fo for allv € Hy (%),
)

where
ou Ov

(1) a(u,v) = /Q%:“"ja_xiaxj’

and where the function spaces H, ,}(Q) and H{ () incorporate the Dirichlet por-
tion of the boundary conditions. Further, the matrix [a;;] is assumed to be
symmetric and positive definite. The domain of definition is partitioned in fi-
nite elements, such as triangles (d=2), tetrahedrons or prisms (d=3) and on
each element we use piecewise linear finite element basis functions.
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Remark 2.1 For the analysis of certain uniform bounds for the finite element
method such as bounds for the constant v (see below), one can consider (1)
for the reference triangle and arbitrary coefficients [a;j], or alternatively, the
operator —A and an arbitrary triangle e. For details, see e.g. [2].

Condition numbers for two-level finite element matrices

Each finite element is partitioned in 2¢ elements of equal volume and the node
set is partitioned in two sets, the old (coarse mesh) and the new (added) ones.
The finite element matrix is partitioned correspondingly in 2 x 2 blocks

All A12
A21 A22

(added node points)

A= { (coarse mesh node points),

which is the two level matrix, where A;; and Ay have orders n; x n;, ¢ = 1, 2.
If we use basis functions for the arising small elements in both the old and new
node points, A takes the nodal basis function form while if we keep the basis
functions for the old node set corresponding to the whole (unrefined) elements,
it takes the form of a hierarchical basis function matrix
i- [ A A ] .
A9 Az

We have the following relation

A=JTAJ,
where

L Jie

T=1% IQ}

and Jjo corresponds to the interpolation matrix. An elementary computation
using this, shows the next relations between the corresponding matrix blocks,

A=Ay, A=A+ Andn, Ay = Ay + JLAL,

Agy = Agy + JL A + Agy 1o + Jh Av Jia.

Further, Agy = Ay, i.e., the nodal basis function matrix for the coarse (unre-
ﬁned) mesh and S = S, where S = AQQ —AglAilAlg and S = AQQ —AglAilAlQ.
Moreover, the following spectral relations hold (see [4, 7, 8]):

An 0 ]<l411 %12 An 0 ]

1 : <(1+ :
( 7)l 0 Ay Ag1 Ay s+ 0 Ay

(1—72) Ay < S < Ay,
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where v = { p (11521/ QAglAilAlgﬁ;;/ 2) }1/2 and all inequalities are sharp. Fur-
ther, it is known that the above block diagonal matrix is an optimal precondi-
tioner, i.e. minimizes the spectral condition number, among all block-diagonal
preconditioners.

Here v, 0 < 7 < 1isidentical to the constant in the strengthened CBS-inequality

ul Av < y{u” Auwv” Av}t/?,

which holds for all orthogonal vectors wu, v, w = [0,0,0,a1,as,a3], v =
(81, B2, 05,0,0,0]. We let -1, 72 denote the constants for the h-version (i.e.
for p=1) and the p-version (i.e. for p=2), of hierarchical basis functions, respec-
tively. The following relation between ; and -2 holds.

Theorem 2.1 [11],[2] For any finite element triangular mesh, where each ele-
ment has been refined into congruent elements, it holds

4

9 2 _ 2.2
() Y2 3717

where 71, 2 are the CBS constants for the piecewise linear and piecewise
quadratic finite elements, respectively.

Corollary 1

We recall now two preconditioners used to extend the two-level method to an ar-
bitrary number of levels. For the hierarchical basis function matrix it is efficient
to use a block diagonal preconditioner

. BH 0
D_[ ! g].

The matrices By and A are spectrally equivalent approximations to matrices
Aq1 and Agy. The next result has been proven in [4].

Theorem 2.2 Assume that
blv’]TBll’Ul S /U,1TA11’U1 S bO/U,]T_Bll’Ul7 f()r all U1 c Rnl*ng

and
TF T7 T7 na
a1v5 Avg < vy Aggvs < aguy Avg, for all vy € R",
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then

Bl 0 Ay A 1+7/ 2 \2ap+bl /1 1
d o Apr Ar < ( ) 1 < _) ‘
con { [ 0 A1 ] [ Aogr Ao T 1l-9\1+7y 2 2 \aq + b/’

where

~ = sup fIfTA\lﬂ/
- ~ ~ 1/2°
Y {HUTAMHUZ/TAmZ/} /

Furthermore if ag > by and a1 < by then it holds

This method can be extended recursively whereby each coarser matrix is ap-
proximated as above, except on certain levels, where one uses inner iterations
to solve the arising coarse matrix system. Without such a stabilization the con-

l
dition number would grow at least as (l—i-_’y) , with the level number distance

[. For details, see [2]. !

Alternatively, one can use a multiplicative (=factorized) preconditioner. We use
here the notations Ay, and Ay for the stiffness matrices corresponding to two
consecutive levels. This preconditioner takes the form ([8])

o Bll 0 Il Bl_llAle
Mh_lAm SBHO L |

where _
(3) Az = A+ (A1 — Bni)Jie,
Ay = Ao +JL(A — By).

The reason for perturbing the off-diagonal block matrices as done in (3) is that
in this way

(4) My, = J'M,J,
and Z/\/[\h takes the form
7 By A
M,=|" A
" [ Ay Sp+ Ay Bt Ap

which follows from an elementary computation. Here ﬁlg = A9+ A1 J12 is the
off-diagonal block in the hierarchical basis function matrix

n All 212
Ay, =1 = .
" [ Ay Ay, 1
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Hence Mh can be considered as a precondltloner to Ah and the extreme eigen-
values of M, 1Ah equal those of M Ah, since

UTAhU QA)TAh@ inf UTAhU inf QA)TAh@
sup =Ssup ———, in = inf ———.
v vl Mpv = o' Mo v ol My v oI Mo

Since the off- dlagonal blocks in M 1, equal those in Ah the estimate of the extreme
eigenvalues of M, Ah can be readily done. The following result has been proven
in [8].

Theorem 2.3 Assume that

U?All’l)l < U?Bll'l)l < (1 + b)’UlTAH’Ul, for all vy € RMT™M
and
v Agpva < vd Spue < (14 d)vd Aspvs, for all vy € R™
then L tbad
(5) cond (Mh_lAh) 1+_7+

It follows from Corollary 1 that for piecewise linear functions on a triangular
mesh it holds 2 < 3/4. For tetrahedrons it holds v < 9/10, see [1].

Remark 2.2 The multiplicative method can be extended recursively replacing
Sp with a matriz polynomial approrimation

Sp' = — P)(M,;! Ap)] A5

where P,(0) =1 and P, is small on the interval of the eigenvalues of M,;lAh,
where Mosy, is the preconditioner to Asp. The best approximation is by a shifted
and scaled Chebyshev polynomial, see [8]. In this way, the condition number can
be stabilized, i.e. bounded by a number which does not depend on the number
of levels. The construction is readily extended to multilevels. The polynomial
degree doesn’t have to be the same on each level.

As can be seen from the condition number estimates in Theorems 2.2 and 2.3,
it is important to control the conditioning of A;;. The major task of this paper
deals with some recent results in construction of preconditioners Bi; to Aqq,
with condition number bounds which hold uniformly in both problem and mesh
parameters.

3. A survey of previous results for scalar diffusion equations

On each level of the recursive multilevel extension of the additive or mul-
tiplicative method we must approximate the block matrix Aq;. In this and next
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\ )

=/

Figure 1: Four levels of uniform refinement of T' € Ty and macroelement E € Ts.

sections we describe two algorithms for construction of optimal order precondi-
tioners Bj; to the matrices Ay which are required within the AMLI methods
under consideration. For each of the algorithms the condition numbers are
bounded for all levels, i.e. independent on the level number, where the constant
in the estimate is independent of the initial triangulation and the coefficients
a;j(z) of the differential operator. The construction and the analysis of the
preconditioners Bj; are based on a macroelement-by-macroelement assembling
procedure. The results in this section appeared earlier in a preliminary form in
[5] but are included here for completeness.

3.1 Some basic relations

Let us consider two consecutive levels of uniform refinement (/1) and (/2). They
correspond to the triangulations 75 and T;, where each element of T3y, is divided
into four congruent triangles of 7. We call the union of these four triangles
macroelement E € Ty, (see figure 1).

Following the standard FEM assembling procedure we can write A1 in the form

(6) Ay =Y Lg"An.plLg,
EcTy,

where L stands for the restriction mapping of the global vector of unknowns to
the local one corresponding to the macroelement E. Accounting for the general
form of the element stiffness matrix corresponding to T' € Ty we get the following
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simple representation of Aj1.p, see e.g. [3],

ar+br+cr —cr b
(7) A1 =2 rr —CcT ar+br+cer —a T ,
—bT —a T aT+bT+CT

where rp depends on the shape of T' € Ty and on the related coefficients of the
differential operator and a 7, b 7, ¢ 7 equal the cotan of the angels in T

In what follows we will simplify the notations omitting the subscript 7. This
will not lead to any confusion as all constructions we will introduce are local,
that is, they are within one and the same element of the initial triangulation
T € To. Now without loss of generality we can assume that |a| < b < ¢. This
concludes from the following relations.

Lemma 3.1 Let 01,0,,05 be the angles in an arbitrary triangle. Then with
a = cot By, b = cot b3, ¢ = cot O3 it holds

i) a=(1-b0)/(b+0)
(i1) If 01 > 02 > 03 then |a| <b<c

(iii) a+b > 0.

Proof.see [5]. [ ]
Then
a+f+1 -1 e
(8) Al =2rc -1 a+pf+1 —Q ,
-0 —« a+pB+1

where @ = a/e, f = b/c. Taking into account that a = cot 0(}2, b = cot 0(?,

and ¢ = cot 0(§r) where 0(1T) + 0(? + 0(§r) = 7 are the angles of some auxiliary
triangle depending on T' € 7 and on the corresponding coefficients a;;(T) of
the differential operator (see e.g. [3]), we get that («a,3) € D where o >
—-1/(1 +¢/b) > —1/2 and

(9) D:{(a,ﬂ)ERQ:—%<a§1, 0<p<1, a+p>0, and |a| < B}.

The next pure algebraic inequality will also be used in the following
considerations.

Lemma 3.2 For all (o, ) € D holds the inequality

af+a+pG+1 >i
(a+B+D)(a+p+2) 15

(10)
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Proof.see [5]. [ ]
The approach used to construct the preconditioner discussed in the next section
can be summarized as preserving the links between the mesh nodes along the
dominating anisotropy.

3.2 An additive optimal order preconditioner of A

The additive preconditioner is defined as follows

(11) Bu= Y Lg"Biuplg.
E€Ts

The local matrix Bii.p is obtained by preserving only the strongest off-diagonal
entries, i.e., we have

a+pB+1 -1 0
(12) BH;E:2T‘C -1 (X—f‘ﬂ‘f—l 0
0 0 a+pB+1

To estimate the condition number of the preconditioner (11) to Ay, we consider
the local generalized eigenvalue problem

(13) An:gvE = AEB11:EVE.

The characteristic equation for A\g, det(A11.x — AgB11.g) = 0 can be written in
the form

(a+B+1)ug —HE -p
(14) —HE (a+B+1ue -« =0,
—p -« (a+ B+ Dug

where up = 1 — Ag. For the solutions of (14) we get

) _ @23)\2 _ (a+B+1)(a® +5°) + 208
/I'E —07 and (/I'E ) _(a+ﬁ+1)[(a+ﬁ+1)2—1]’

or, after simplification,

a+pf+1)(a+p+2) (a+B+1)(a+p+2)

(2:3)) 2 o+ +a+p a+B+1+ap
(“E ) ~ =

2
Hence, applying the inequality (10), it follows that (ug’3) ) < 7/15, and the
local eigenvalue estimate

(15) 1—4/7/15 < Agp < 1+4+4/7/15
holds.
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Theorem 3.1 The additive preconditioner (A) of A1 has an optimal order
convergence rate with a relative condition number uniformly bounded by

1
(16) k(B An) < 7 (114 V105) ~ 5.31.

This condition number holds independent on shape and size of each element and
on the coefficients in the differential operator.

Proof.see [5]. [ ]
Next we will consider a multiplicative preconditioner which is applicable
to more general systems of partial differential equations.

4. Multiplicative preconditioner

4.1 A multiplicative preconditioner of A;;, analysed for systems
of partial differential equations

We consider now the construction of a multiplicative preconditioner. We parti-
tion then the nodes corresponding to the block Ay into two groups where the
first one contains the centers of parallelogram superelements @ (see figure 2)
which are weakly connected in a sense to be defined below. It is important to
note that the parallelograms Q C T € Ty, i.e. it is not allowed to be composed
of triangles of neighbour elements from the coarsest triangulation 7. With re-
spect to this partitioning, A;; admits the following two-by-two block-factored
form

Dy Fiy Dy 0 [ I Dy 'Fy ]
17 A = = ,
(17) 1 [ T Ep ] [ Pt Sy 0 I

where S1; stands for the related Schur complement.

For simplicity, we consider here only a plane domain problem (d=2). The
preconditioner to be presented will be applicable to systems of the differential
equations. The order of the system equals the dimension of the space domain.
We consider then the matrix corresponding to the mid-edge points in a 2D trian-
gulation of the given domain where each macroelement contains four congruent
triangles, as previously.

Here each element matrix is a 3 x 3 block matrix where each block has order
2 x 2.
It is readily seen that the element matrix takes the structure

Juu Ji2 Ji3
J = J21 JQQ J23 ,Where J11 = JQQ = J33 and Jij = Jjj;
J31 J3z2 Js3
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Figure 2: Weakest couplings in the union of two adjacent elements.

J is identical to the finite element matrix for the above element where we have
Dirichlet boundary conditions at the vertex nodes and Neumann boundary con-
ditions at the mid-edge node points. In particular J is positive definite.

Consider the factorization (17) where the partitioning of the nodes corresponds
to superelements () consisting of two adjacent triangles chosen such that the
coupling along the edges parallel to the interface edge is the weakest coupling,
see figure 2. The union of such superelements is denoted by 7;,Q The precondi-
tioner By is defined by block approximation of the related Schur complement,
ie.,

Dy 0 I DllilFu :|
1 B = ~
(18) H [ TR ] { 0 I ’
where R R
(19) S =S+ Y. S Si=5Sur+ Y. S
QETh QET
and

S = | S11 B2 So=| o1 O
11:Q Sy1 So | 11:Q 0 Sy |-
Here, the blocks Sjj, 4,7 = 1,2 are 4 x 4 matrices where the partitioning follows

the local numbering of the nodes from figure 2. The first additive term in (19)
can be written in the form

(20) Sir= Y, Az, 2= U @,
Ee{Th—T,2} QETh
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i.e., S11.7 is the part of A1 corresponding to the node on the interface between
the triangles from 7y, and therefore is unchanged by a static condensation.

For the local analysis we need the superelement matrices A;;.¢ and Si1.g. The
corresponding matrix, ordered as in figure 2 takes the following structure:

Ky 0 0 Kiu Kis

0 Ky Ks 0 Ko

Ailg=1] 0 Kz K3z3 0 Kss
Ky 0 0 K Kys

K51 Kso Ks3 Ksi Kss

where Kij = K};, K23 = K14 = A, K25 = K15 = B, K45 = K35 = C,
K11 = KQQ = K33 = K44 =D and K55 =2D.
Here the matrix A1.q and, in particular, D is symmetric and positive definite.

Hence the assembled matrix has the structure:

D 0 0 A B
0O D A 0 B
Aig=| 0 AT D 0 C

AT 0o 0 D C
BT BT T ¢T 2D

Following the above scheme here we will eliminate by static condensation the
interior node-point to form a 4 x 4 block matrix and use its block diagonal part
as preconditioner.

Since the bilinear form of the problem (1) is symmetric it follows that all matrices
A, B, C are symmetric. Further, it holds

(21) ~A-B-C=D.

For systems of differential equations we must give a criteria how to define which
couplings are weakest.

?Weakest” coupling

From Theorem 4.1 it follows that the smallest condition number will be achieved
when we define the weakest couplings in the following way.

Let Ay = D™Y2AD Y2 Ay = D-Y2BD Y2 A3 = D-Y2CD~Y2. Then for
i =1,2,3, compute p; = p(A;AT) and let

1
1, if pi<1
=4 VA "

Further, let 7] be the biggest value of 7 for which
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holds. Then let

(22) 7= max min{7;, 7} },
1= 14y

and let A; correspond to the weakest coupling, being an index ¢ where equality
in (22) is taken.

Since A; + As + A3z = —1, it follows that —(A4; + Ag) > 0.

For each element pair, in this way one selects the weakest coupling. As all
arising systems have small order, the computations required are viable. As it
turns out, the method and results we shall present are equally applicable for the
case of a pair of triangles having jumps in the coefficients but otherwise with
the same matrices, i.e., where the relations

(23) K% =g

ij ij ’

1,7 =1,2,3, where 0<v <1,
hold. For this case the corresponding stiffness matrix takes the form

D, 0 0 A By
0 D2 A2 0 BQ
A = 0 AL Dy 0 Cy ,

AT 0 0 D Ch

B{ By C; Cl Di+Dy
where D2 = I/Dl, A2 = I/Al, B2 = I/Bl, 02 = I/Cl. Let D1 = D, A1 = A,
B, =B,C, =C.
Next we eliminate by static condensation the couplings to the interior node
point to form a 4 x 4 block matrix:

D —aF —GFE —BF A—aF

0y Swo—| —PE vD=BE) wA—pr) —pr
11:Q —BFT  y(A-pBF)T vw(D-pG) -pG |’
(A —aF)T —BFT -BG D —aG
where E = BD'BT, F = BD-1CT, G = CD'CT and a = ——, f= /.
1+v 1+v

Note that o + 8 = 1. We precondition S11.¢ with §11;Q.
Again, we recall that ( apart from a scalar factor) this is the optimal pre-

conditioner among all block diagonal preconditioners and to find the condition
number & (SfﬁQSU:Q> we can compute 72 = ||§;11§12§;21§21 || and use the fact
~ 147y
1 —
that & (SH:QSH;Q> =1
Alternatively we can compute the eigenvalues of the generalized eigenvalue prob-
lem (where it is known that y = z or y = —z),

(25) S11: < i ) = AS11.0 <

< |8
~——
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Analysis:
For the analysis it is convenient to first symmetrically scale the matrices with
D~1/2 to get the matrix (keeping for simplicity the same notations for S11:@ and

S11.Q)
~ S 0
Sll:Q = [ 011 522 :| )

where now
I—aFE —BE —ﬂﬁ’ A—aF
-BE  w(I-BE) v(A-pF) —BF
-BFT u(A-BR)T w(I-pG)  -pG |’
(A—aF)'  —gFT -G I-aG

S =

where E = BBT, F = BCT, G = CC".

We see that there are three matrices, A= D~1Y2AD1/2, B :=DY2Bp-1/2
and C := D-1/2¢cp~1/? involved while the other matrices depend on those.
Further, we recall that —A — B — C = I. The reduced eigenvalue problem for
(25) takes the form:

(1-X)2X =5,,51255 S0 X, or

1-aix - [I—aE —BE ]1[ (ﬂﬁ aﬁizl

-BE  v(I - BE) BF —A)  BF

y [ WI-pG) —pa. 1 - [ BFT  w(F - A)T 1 Y
-BG  I-aG (aF — AT BFT -

(26)

We consider the first inverse matrix

(3 2110 s )eis] =2 [la 2oL 1] o

where Dy = [ (1) \/?/7 ] . A computation shows that
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A further computation shows that

w el

Similarly,

_ L =y v\ _A-1/2
(28) —a{[_\/; \ ]I+[ﬁ 1](1 a2\,
Hence, after a similarity transformation, the matrix in (26) can be written in
the form

where

171 0
o3 2]+
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Using (27) and (28) we obtain
= [ Ve[ U Je-mo
A1 B0 4]4)

o (B L I G [t

which, after simplifications, using the orthogonality of the matrices

o [ [ B amre-a)
Al V][5 W] u-amn)
o H=1r=a| Yo oYV |aar
val o W U-B)yAE- D -6 (F - AT - By,

It is immediately seen that the eigenvectors of H are the two orthogonal block

X VY . :
vectors, < JX ) and ( "y ) , where X is the eigenvector of

(1= By VAF - A -G (F - AT -E)PX = X,

and Y is the eigenvector of
AATY = )Y

To analyze the eigenvalues \; of the first matrix, we see that

F-A=BC+B+C+I=(I+B)I+C)
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and

I-E=I+B)(I-B), I-G=(I+C)I-C).
Hence
H = (I-E)"'V2(F-AHI-G YF-ATI-E)?

= (I-B)"'2I+B)"2(I+B)(I+C)I+C)'\I-C)"'(I+C)
x(I + B)(I +B)~'/*(I — B)~'/?
= (I-B)"Y2(I+B)Y*(I-C)'(I+C)I +B)Y*(I - B)~\/2

This matrix is similarly equivalent to
(I-B)"'I+B)"*1-C)"'I+C)I+ B)"/?

—(I+B)?I-B)""(I+C)I-C)""I+B)"?,

which in its turn is similarly equivalent to
(I-B)'I+C)(I-C)'(I+B).
Since —A — B — C = I, it holds

(I-B)y"'I+C) = (I-B)"Y(—A-DB)

Since by assumptions made,

it follows that

. ~ 1
I(I - B)"{(I+C)|| < 5

Similarly,

(I-C)'I+B)=(-A-C—-B-C)"Y(-A-0)

and

. - 1
I(I-C)"'(I+B)| < T

It follows that the eigenvalues of H; satisfy

1

<A< —.
Oshsagiy

As before (section 3), the proof of the next theorem follows directly from the
derived local estimate.
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Figure 3: Static condensation in a single element.

Theorem 4.1 The multiplicative preconditioner of A11 has an optimal order
convergence rate with a relative condition number uniformly bounded by

_ 1+ po
1
(29) K (Bn An) S 1z o0’

1 o -
where py = moz:v(1 T,pl/Q(ATA)), where A corresponds to the weakest cou-

pling and 7 is defined in (22). Furthermore, the result holds uniformly in prob-
lem parameters and shape of triangles.

Remark 4.1 The bound in Theorem 4.1 does not depend on the jump ratio v.
Hence it holds also for v — 0 showing the same bound for a single triangle,
where the node opposite to the weakest coupling has been eliminated, see figure
3. This property can be of importance for the fictitious domain method, among
others.

Remark 4.2 In the case of elasticity problem on a uniform mesh of isosceles

triangles it can be shown that the parameter T depends on the Poisson ratio U,
(0 < 1/2) as follows

V842 —6r+2)+1-1
V82 — 60 +2) +1+1

In this case the behavior of the condition number with respect to the Poisson
ratio (U) is shown in Figure 4.

T<2

Remark 4.3 Using the same derivations as before, for the scalar partial differ-
ential equations it is readily seen that the multiplicative preconditioner gives a
condition number which is bounded above by 3 where the coefficients —A = a,
—B =b and —C = ¢ are weakly connected in the sense of the relation, |a|] < b <
c.
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Figure 4: The condition number of elasticity on uniform mesh.

4.2 Solution of linear systems with the preconditioners B

We consider briefly the particular case when the coefficient matrix of the dif-
ferential problem is diagonal, i.e., [a;;(z)] = diag [a1(x),a2(x)], and the initial
triangulation 7y consists of right triangles with legs parallel to the coordinate
axes. The goal of this consideration is better to illustrate the behaviour of the
related condition numbers. This model problem was studied during the years
by various authors, applying different preconditioning techniques, and the re-
sults we present here will allow better to recognize the advantages of the here

reported results. Here cot Hr(rl ) =0 and consequently ar = ap = 0 for the prob-
lem under consideration. The parameter Or € (0,1] is referred to as a ratio of
anisotropy. Then the estimates (16) and (29) of the additive, multiplicative and
multiplicative preconditioner take the following explicit forms,

(30) K@ (BlflAu) < max {1 + Br +\/Br(Br + 2)} <2+V3~3.73

) (g, -1 L+1/3 _

(31) K (311 An) <7C 132
respectively. It is important to stress here that the model problem considered
in this subsection includes the interesting case when the direction of dominating
anisotropy varies in different T' € Ty.

The ability for efficient solution of systems with the previously intro-
duced preconditioning matrices B; is determined by their connectivity pattern,
assuming that rapid solution methods are used at this step of the algorithm.
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AR JAR

/ N4

(a) ®)

Figure 5: Connectivity pattern of Bj; for the model problem of varying ra-
tio of anisotropy in (0,1)?: (a) Additive preconditioner (A); (b) Multiplicative
preconditioner (M).

Let us first consider the model problem in Q = (0,1) x (0, 1) where the mesh is
rectangular and uniform and the bilinear functional is as follows:

( )_/ ﬂﬁ+ Ou Ov.
a = Qala.’L‘] 8351 a28x28m2’

where the coefficients (a1,a92) are piecewise constants in subdomains €;, ¢ €
{1,2,3,4} varying the anisotropy ratio as follows: in Q; = (0,1/2)x(0,1/2) a; >
ag; in Qy = (1/2,1) x (0,1/2) a1 < ag; in Q3 = (1/2,1) x (1/2,1) a1 > ag; and
in Q4 = (0,1/2) x (1/2,1) a1 < ag. Figure 5 illustrates the connectivity pattern
of By1 where the dense circles and bold lines show the remaining links after the
local modification in the additive algorithm, and after the static condensation
in the multiplicative variants. What one can see for this example is that the
solution of systems with the preconditioning matrices Bi; is split in a number
of tridiagonal systems. Our final goal is to generalize these observations.

4.2.1 Additive algorithm (A)

Consider now a more irregular mesh, as shown in figure 6. It is readily seen, that
in this case, the matrix Bj; has a generalized tridiagonal structure (see [6] and
also [13]), that is, the solution of linear systems with Bj; has a computational
cost which is proportional to the related problem size. In some more details, due
to the form of the corresponding element matrices Bii.p, the related connectivity
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Figure 6: An example of the connectivity pattern for the additive preconditioner
(A).

pattern of the preconditioner Bj; is such as shown in figure 6; i.e., each node
is coupled to none, one or at most two neighbors. This means that the coupled
nodes form either a single point, a polyline or a polygon. Therefore, there are
no cross-points. If we order the nodes along the connectivity lines, we get a
block-diagonal form of the matrix Bij, where each block matrix is tridiagonal
and corresponds to such a group of coupled nodes. Clearly, each of the blocks
can be solved by a direct method with an arithmetic cost proportional to its
dimension. Furthermore, an algorithm for ordering the unknowns can also be
implemented with such an optimal order of complexity. Finally, we summarize
the major result of this subsection in the next theorem.

Theorem 4.2 The additive preconditioner of A1 has an optimal computational
complexity with respect to both problem and discretization parameters.

4.2.2 Multiplicative algorithm

The graph of connectivity of the multiplicative preconditioner is not planar. The
design of special separators for this particular class of graph is out of the scope
of this paper. We will note here, that due to the regular structure of the precon-
ditioning matrix, algorithm (M) seems to be the best candidate, if the union of
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Figure 7: First example of the connectivity pattern for the multiplicative pre-
conditioner (M).

the parallelograms used in the construction (see figure 5) is equal to Q. Then,
as for the model problem, the matrix By; is completely decoupled to a number
of tridiagonal blocks. This assumption obviously holds for discretizations on
rectangular meshes of problems with a diagonal coefficient matrix. Note, that
in this case, the estimates of the condition number have to be applied with a
coefficient jumps parameter v = 0, (see (23), when the hypotenuse of a triangle
from 7y is a part of the boundary of €.

Remark 4.4 Let us assume that 77? = Q (see (20)). This is a sufficient condi-
tion for the multiplicative algorithm (M) to have also an optimal computational
complexity.

We present here two examples to illustrate the potential of this remark. The
first example problem is defined on a uniform polygonal domain discretized us-
ing a rectangular mesh, see figure 7, where the coefficients matrix is diagonal
as in the model problem. Here we have also only two uncoupled directions of
connectivity. Using a proper ordering of the nodes along connectivity pattern
we get a block diagonal structure for the matrix Bq;, which means that the
multiplicative preconditioner has an optimal computational complexity for the
considered problem. The second example is obtained from the first one by lo-
cally perturbing the shape of each element. It is readily seen that the algorithm
is fully applicable if the alterations are slightly done.

We consider now the general case of connectivity pattern illustrated in Fig. 8.
This means that the coarse mesh is composed by quadilaterals where the di-
agonals correspond to the weakest coupling for both adjacent triangles. We
allow in this modification of the multiplicative algorithm to have superelements
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Figure 8: Second example of the connectivity pattern for the multiplicative
preconditioner (M).

(@ consisting of two adjacent triangles which belong to different elements from
the initial mesh. The results of the numerically performed local analysis of the
condition number ﬁ(BﬁlAll) are presented in Table 2. The local analysis is
performed under the assumption that the angles

01 > 6y > 03, 01+ 6+ 03 =m,

61 > 05 > 03, 01+ 02+ 05 =,

of the triangles are varied with a stepsize 7 = w/m. The table has two rows
corresponding to the cases m = 100 and m = 200. Then, the coefficients of the
element stiffness matrices are computed as

(32) a=cotfy, b=cotby, c=cotbs,
and
(33) a=vcoth;, b=wvcotfy, ¢=wvcotbs.

Here v € {1,10,100,1000} represents the influence of the possible coefficient
jumps trough the interface between the elements of the initial coarse grid.
What we observe from the presented numerical data is the stable behaviour of
the condition number. This shows that the multiplicative preconditioner (M) is
applicable to problems in the general setting (32) and (33) of this consideration,
see figure 9.

Finally, it should be noted here that when the assumption of remark 4.4 is
satisfied then the multiplicative preconditioner (M) is the best candidate for
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Figure 9: Multiplicative preconditioner. Connectivity pattern in the union of
two adjacent elements.

m |v=1|v=10 | » =100 | v = 1000
100 | 4.49 4.83 4.37 2.94
200 | 4.78 5.05 4.98 3.73

Table 1: Multiplicative preconditioner. Numerically computed estimates of
-1
K (BH:QAH:Q)

parallel computations. This is due to the decoupled structure of the algorithm,
which does not require any special reordering of the unknowns.
5. Extension to three dimensional problems

The previous analysis can be extended to a three-dimensional case, where
the mesh is constructed as a tensor product of an arbitrary one-dimensional grid
T, and an arbitrary two-dimensional triangulation T,

T =T, ®T,.

The meshes T' consist of prisms aligned along the z-direction. Similarly to the
2D case, we eliminate by static condensation the nodes (a) and (a ) such that
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the couplings (be) and (b'¢’) are the weakest couplings in the corresponding face,
see figure 4.2.2.
The element stiffness matrix corresponding to A;; takes the following structure

Kaa Kaa' Kap Kab' Kae Kac' ]
K/ Ka/a/ Ka/b Kalb/ K/ Kalcl
K = Ky Ky Ky Ky Kpe Ky
Ky, K, Ky, Kyy Ky, Kygo |7
ca K ca' K cb K cb’ K. cc K ec

KI ' K{jl(l,l K{Z’b Kclbl K / . KCIC,

/!
a

where each matrix K;; has 3 x 3 size (order of the PDE’S). Note that K can be
written in the following form

K1 Ko Ki3
K=| Kyg Ky Ky |,
K31 K3 Kz3

where now the blocks K;; has the size 6 x 6. Furthermore K;; = K92 = K33 and
K;j = Kﬁ, 1,5 =1,---,3 and K is symmetric positive definite matrix. The same
analysis as in 2D can be done readily where we consider a polyhedral element
instead of a polygonal element. The corresponding polyhedral element consist of
(a pair of) two adjacent macroelements chosen such that the weakest coupling,
in the same sense as in 2D, occurs along an edge parallel to the interface, see
figure 4.2.2 for an illustration.
(b1%)
(") (@)

() a’

(2]

(b7) .

(bl

© LN @ © L@

(ch)

(b) (b)

Fig.10: A prism macroelement. Fig.11: Union of two prism macroelements.
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Remark 5.1 By the static condensation all the nodes that are connected to the
nodes (a) and (a,l) and which form a straight line parallel to the z-direction will
be eliminated.

6. Concluding remarks

The approximation accuracy for the discretization used may in some cases
be bad for problems with bad aspect ratio or for nearly incompressible materials.
This can be improved by proper mesh refinements or for nearly incompressible
materials by introducing the pressure as an additional variable (see e.g., [6]).
Even if the accuracy is bad it is of interest to solve the arising linear systems. For
instance, based on the numerical solution on two mesh-levels, one can estimate
the discretization error. As a general conclusion we summarize here some of the
benefits from using the aforementioned preconditioning methods. The additive
preconditioner (A) has a block diagonal structure which makes the implemen-
tation of the algorithm more efficient and easy. Furthermore it has an optimal
computational complexity with respect to the size of the considered problem
when dealing with scalar equations. To achieve such a result for more general
PDE’s systems one can use the multiplicative preconditioner (M) which turns
out to be also a good candidate for parallelization computations, in particular
when the assumption in remark (4.4) is fulfilled.
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