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Following the main concept of the definition of the Walsh functions over finite abelian
groups, the authors introduce a new class of orthonormal functions, the so-called Haar functions
over finite abelian groups. The concrete form of the well-known inequality of Erdés-Turan-
Koksma for an arbitrary s—dimensional net is obtained in the terms of sums of the Walsh
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1. Introduction

Let s > 1 be a fixed integer and [0, 1)® be the s—dimensional unit cube.
Let A5 denote the Lebesgue measure on [0,1)%. Let 7 and J* denote the classes
of all subintervals of [0,1)® of the form J = [[;_;[ui,v;) and J = [[_1[0,v;)
respectively, where for 1 <¢<s0<wu; <v; <1.

For a gived net &y = {xg,...,xny—1} of N > 1 points in [0,1)® and an
arbitrary subinterval J € J or J € J* we signify A(&y;J) = {j : 0 < j <
N —1,x; € J}. The extreme discrepancy, or called only discrepancy, D({x) and
the star-discrepancy D*({y) of the net £y are defined respectively as

D(&n) = sup [NTLA(En: J) = As())
Jeg

and

D*({n) = sup
JeJ*

NTUA(EN; D) = M)
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Let 7 = {ex(x) = exp(2miY; i kiz;) : k = (k1,...,ks) € Z°,x =
(x1, ...,x5) € [0,1)%} denote the trigonometric functional system. The well-
known inequality of Erdés-Turan-Koksma is the main result of the quantitative
theory of uniformly distributed sequences. This inequality gives an estimation
of discrepancy of an arbitrary s—dimensional net in the terms of the sum of this
net with respect to the functions of the trigonometric system.

In Kuipers and Niederreiter [13, theorem 2.5] it is shown that for an
arbitrary net {éy = {zo,...,zn—_1} of N > 1 points in [0, 1) the inequality

W Diew) < = ﬁmZ_l(l—i)iNf (2mika;)
N_m—i-l T k. m szoexp TARL;

holds for each integer m > 1.
Erdés and Turan [2] proved the inequality (1) without concrete values of
the constants. Judin [11] gives another proof of the inequality (1).
Multidimensional version of the inequality (1) was given by Koksma [12]
and Sziisz [25]: For an arbitrary net {5 = {xq,...,xy-1} of N > 1 points in
[0,1)° and each positive integer m the inequality

1 1|1 =
(2) D(EN) < Cs | — + i xp(2mi < Kk, x; >)
! (m 0<|%|:§mr(k) sz;)e a ! )

holds, with a constant Cs, depending on the dimension s, for a vector k =
(k... k) € Z°, [k = max [kil, (k) = [Ty max((kil, 1) and < k,x, > is
18

the inner product of the vectors k and x,,.

A generalization of the inequality (2) was given by Niederreiter and
Philipp [20] and [21]. Nowadays the inequality (2) is called an inequality of
Erdos-Turan-Koksma.

Niederreiter [19] considers a class of s—dimensional nets, which are de-
fined as follows: For arbitrary integers M > 2 and N > 1 the set Py is defined
as

Py ={x = {3}y ez 02 i< v -1},
where {z} denotes the fractional part of the real 2. A general upper bound of
discrepancy D(Py) of the concrete set Py in terms of the sum of the functions
of the trigonometric system is established.

Furthermore, Hellekalek [7] shows the form of the inequality of Erdos-
Turan-Koksma for the discrepancy of the net Py, in the terms of the Walsh
functions of base b > 2 (for the definition of the Walsh functions see Remark
1), which is an analogue of the one, given by Niederreiter [19]. Hellekalek [8]
shows the form of the inequality of Erdos-Turan-Koksma for the discrepancy of
the net Py in the terms of the classical Haar functions of base b = 2. The form
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of the inequality of Erdos-Turan-Koksma for an arbitrary s—dimensional net in
the terms of the classical Haar functions of base b > 2 (for the definition of the
Haar functions see Remark 2) was shown by Hellekalek [9].

Let f = {¢w(z) : k € Z,k > 0,2 € [0,1)} be an arbitrary complete
orthonormal functional system on [0,1) and let us define the system

F = {wk(x) = HQ/)ki(a?i);k: (k1,... ks), 1 <i<sk;€Z,k; >0,
i=1

x = (z1,...,x5) € [0,1)%},

which is the set of the multidimensional functions, generated by the functions
of the system f.

The authors consider that in general the inequality of Erdds-Turan-
Koksma, which corresponds to the system JF, has the next form: For an ar-
bitrary net {x = {Xq,...,Xxny—1} of N > 1 points in [0,1)® the discrepancy
D(&n) satisfies the inequality

(3) D(Sn) < € <5f(M) + > prk) \S(éwswk)!> ,
keA* (M)

where the parameter M > 0 is an arbitrary integer that defines the finite domain
A*(M) for the vectors k with non-negative integer coordinates and 0 ¢ A% (M),
the constant C? depends on the dimension s, the function (M) depends on
the system F and M, the coefficient pr(k) depends on the system F and the
vector k € AX(M) and S(én; k) = + Z;V;Ol Yk(x;) is the sum of the net &y
with respect to the function ¢y € F.

Following [14] and [15] we remind the definition for the concept of Walsh
functions over finite abelian groups. For an arbitrary fixed integer m > 1 let
{b1,...,bpm 1 <1 < m,by > 2} be a set of given integers. Let for 1 <
I < m (Zy,®y,), where Zp, = {0,1,...,b; — 1} and @, be the operation an
addition mod b;, be the discrete cyclic groups. Let G = Zy, X ... X Zyp, , B =
(Bbys- -+, PBp,,) and (G; D) be the finite abelian group of order b = by ... b, and
¢ :4{0,1,...,b—1} — G be a bijection with ¢(0) = 0. For h = (hy,...,hp) € G
and y = (Y1,...,Ym) € G let xn(y) be defined as xn(y) = [T}%; exp (27Tih—élﬂ> )

We note the fact that in the paper for an arbitrary real x € [0,1) we will
use the unique b—adic representation in the form z = Z;?io :z:jb_j ~1 where for
j>0x;€{0,1,...,b— 1} and for infinitely many values of j x; # b — 1.

Definition 1. For a non-negative integer k and a real x € [0,1) with
the b—adic representations k = Z?:o kb’ and v = Z?io z;b7971 where for
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J>0kj,z; €{0,1,...,b—1} and ky # 0, the function g waly : [0,1) — C is
defined in the following way ¢ ,walk(x) = [19_, Xo(k;) (0(25)) -

The set Wa,, = {gowal; : k =0,1,...} is called the Walsh functional
system over the finite group G with respect to the bijection ¢, or in brief Walsh
functional system over (G, ). This set is a complete orthonormal functional
system on Lo([0,1); A).

Remark 1. In the case when G = Zy, b > 2 and ¢ = id is the identity
between {0,1,...,b — 1} and Zy, the obtained functional system Wz, iq from
Definition 1 is the functional system of Chrestenson [1] and the system Wz, iq
is the classical Walsh-Paley [26] functional system.

For a vector k = (ki,...,ks) with non-negative integer coordinates we
define the k—th Walsh function over (G, ¢) as g ,walk(x) = [Ti—; ¢,pwaly, (z;),
x = (z1,...,x5) € [0,1)*.

The purposes of the presented paper will be as follows:

1. To define the Haar functions over finite group G with respect to the
bijection ¢ (see Definition 2).

2. To show the concrete form of the inequality of Erdos-Turan-Koksma,
announced in (3) in the terms of Walsh and Haar functions over (G, ¢) for an
arbitrary s—dimensional net (see Theorems 1 and 2).

The solutions to these problems are given in the statement of the results.

2. Statements of the results

To give the main results of the paper we will need some preliminary nota-
tions: For an integer £ > 0 and a real x € [0, 1) with the b—adic representations
k=370 kb’ and x = >0 z;b7971 where for j > 0 k;,z; € {0,1,...,b—1},
let £(0) = 0 and z(0) = 0, and for an arbitrary integer g > 1 we put k(g) =

—14 i -1 g
Zgzo kb and z(g) = Zgzo z;bI L

We note that each integer k, b9 < k < b9*!, with an integer g > 0 has

the unique b—adic representation of the form

(4) k= kot +k(g), with kge{l,...,b—1} and 0<k(g) <b’.
Let the abelian group G and the bijection ¢ : {0,1,...,b—1} — G be as

in the Introduction. In the next definition we will introduce the concept of the
Haar functions over finite abelian groups:

Definition 2. For an arbitrary integer k > 0 the function g hy :
[0,1) — C is defined in the following way: If k = 0, then g hi(x) =1, Vo €
[0,1). For an arbitrary integer k > 1 with the b—adic representation (4), we
define
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b%Xgo(kg) (QD(CL)), for k’(g) + bg+1 <z < k’(g) + agfrlla
Gohik(z) = a—Ol b—1
0, otherwise.

o

We will call the set Hg, = {g,oht : k = 0,1,...} the Haar functional
system over finite group G with respect to the bijection ¢, or in brief the Haar
functional system over (G, ¢).

Remark 2. In the case when G = Zy, b > 2 and ¢ = id is the identity
between {0,1,...,b — 1} and Zy, the obtained functional system Hz, iq from
Definition 2 is the Haar system of order b, see Schipp, Wade, Simon, Pal [22]
and the system Hz, ;q is the classical Haar [6] functional system.

We define the fundamental domain Dy, of the k—th Haar function g ,hy
over (G, ) as follows: If k = 0, then Dy = [0,1). If k > 1, b9 < k < b9t with
g > 0, then Dy = [M k(g)H)

b9 v b9

For a vector k = (ki,...,ks) with non-negative integer coordinates we
define the k—th Haar function over (G, ¢) as g ohk(x) = [ioi aphe, (xi), x =
(x1,...,xs) € [0,1)® and the fundamental domain Dy of this function as Dy =
[1i=1 Dk,

We will note some properties of the Haar functions over (G, ).

1. The Haar system Hg,, is a complete orthonormal functional system
on Ly(]0,1); A).

2. The functions g hy are concentrated on Dy. They vanish outside of
Dy,.

3. For each integer ¢ > 0 there are exactly b — 1 Haar functions over
(G, ) ¢phx with b9 < k < b9F1 that have the same fundamental domain.

4. If 0 < k < b, then g hi(x) = g pwaly(z), Vo € [0,1).

For a vector k = (ky,...,ks) with non-negative integer coordinates we

define

wqu,walsh(k) = ngywwalsh(kz)
with

(k) 1 if k=020,
w =
Gptwalsh z(bfff) if b <k <blg> 0,9 €

wG wwaZSh ng 'walsh

with

. 1) — 1 if =0,
WGWwalsh( )_ g]_& if b9 §k<b9+1,920,9€Za
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where C' = max
1<p<b-1 1<V<b 1 ‘Z Xe(n) (0

Let n > 1 be an arbitrary fixed integer. We introduce the sets
Ay(n) = {k = (k1,- o k) €Z° 10 < ki < b1 < < 5}, Al(n) = Ay(n)\ {O}.

Theorem 1. (The inequality of Erdés-Turan-Koksma in the
terms of the Walsh functions over finite groups) Let n > 1 be an arbitrary
fized integer. For an arbitrary net {n = {Xo,...,Xny-1} of N > 1 points in
[0,1)° we have the following:

(i) The extreme discrepancy D(&n) of the net En satisfies the inequality

D<5N>s1—(1—b%) 20wy watsn (K)[S(En: ¢ pwal);

keA¥(n)
(ii) The star-discrepancy D*(€n) of the net En satisfies the inequality

" 1
D*(én) <1-— <1 - b_n> +2 Z w:gywwalsh(kﬂs(gN; G,@wa’lk”v
keAzx(n)

where for each group G and a bijection ¢, and for each vector k with non-
negative integer coordinates S({n; g pwalk) = Z] ! cpowaly(x;) denotes the
sum of the net {n with respect to the function g ,waly.
We note that the results, exposed in Theorem 1 were announced in [5].
Let for 1 <i < s0 < g/ < B <1 berational numbers with denominators

b" and let us signify J; = [B},5)) and J = [];_; Ji;. For an arbitrary vector
k = (k1,...,ks) with non-negative integer coordinates we define
wG vHaar ng (pHaar

where for 1 <7 < s the quantities wé Haar (ki) are defined as

1, if k=0,
i ey ) O i Kilgr) & {09 Bi(g0), b7 51 (90)
“orpttonr(B) =\ CEL it Ji(gi) € {19:5l(g1), b5 (91) ),

b9 < kz < bgi+l7gi > 0791 cZ.

We define the set I' = % mod 1. For each vector p € T' of the form p =

(p1,...,ps) we define Ip = [];_ {pz,pz + 7 ) For an arbitrary subinterval J of
[0,1)° we define the sets

(5) l:UIp and J = U Iy

IpCJ TpNJ#0D
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and put H(J) = J or H(J) = J.

Theorem 2. (The inequality of Erdos-Turan-Koksma in the
terms of the Haar functions over finite groups) Let n > 1 be an arbitrary
fized integer. For an arbitrary net {n = {xXo,...,Xny-1} of N > 1 points in
[0,1)° the inequality

2\ 5
D(gN) <1l- <1 - _n> +2 sSup Z LUG Jflaar( )|S(£Na G,th)|
b JE€T kenz(n)

holds, where for each group G and a bzyectzon w and for each vector k with non-
negative integer coordinates S(n; . ohk) = + ZJ ol G ohi(x;) denotes the sum
of the net &y with respect to the function g, hi.

3. The proof of Theorem 1

For arbitrary integers g > 0 and a, 0 < a < b9 an interval of the form
I(a,g) = {b%, “b—*;,l) we will call an elementary interval with length b—9.

We will note some properties of the Walsh functions over finite groups:

1. For an arbitrary integer k£ > 1 with the b—adic representation (4) the
equality g walg(z) = g pwalyg)(7)aewalg,ps () holds for Vo € [0,1).

2. Let for integers g > 0 and 0 < a < b9 I(a, g) be an arbitrary elemen-
tary interval with length b79. Then, for each integer k, 0 < k < b9 the function
G,poWaly, is a constant on the interval I(a, g).

3. For each integers k and a such that b9 < k < b9t and 0 < a < b9
with g > 0 the equality [, ) ¢.powalk(x)dz = 0 holds.

For a function f € L1(]0,1)°) and each vector k with non-negative inte-
ger coordinates the Fourier-Walsh coefficient over (G, ¢) wg f(k) is defined as
Wg,vf(k) = f[0,1)s f (%) pwali(x)dx.

Lemma 1. For an arbitrary 5, 0 < 8 < 1 with the b—adic representa-
tion B = 3720 Bjb~ I=1 where for j >0 B; € {0,1,...,b— 1} we put I =0, ).
We define the function fr(z) = 17(x) — AX(I), x € [0,1), where 1;(z) denotes the
characteristic function on I, and X\ is the Lebesque measure of I.

Let k > 1 be an arbitrary integer with the b—adic representation (4).
Then, the following hold:

(i) The k—th coefficient of Walsh over (G, ) of the function f satisfies
the equalities

_ 6wl (B(9)) [ TaZo' Xty (2(0)) +
oo F1() = +(8 = Blg + 1)) xgien) (#(B)))] it #0
(B—-8(g+1)c ,go’LUalk(g)(ﬁ( ) if By =0.
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g : . = C+1
(ii) The inequality |y , f1(k)| < 1 holds.

Proof. For an arbitrary integer £ > 1, 9 < k < b9 with the integer
g > 0 the following equalities

B(9) &
Wa,o f1(k) = /0 G owaly(x)dr + //3(9) apwaly(x)dx

hold. From property 3 of the functions ¢ ,waly, we have that f[’)@(g) apwaly(x)dx
= (0 and we obtain the equality

= B
(6) We., [ 1(k) = /ﬁ(g) apwaly(x)dz.

In the case, when 3, # 0 from properties 1 and 2 of the functions ¢ ,wal) and
(6), we obtain

(7)
WGW?I( k) = apwalig) (B !Z / 8(g)+—ar

b9+1 B(g+1)

B
/ } G pWalg, pe (x)d.

For each integer a, 0 < a < 8, — 1 and for Vz € [ﬁ( ) + o7, Blg) + ;,t{) , We

have ¢ ywalg,bs () = Xop(r,)(p(a)), and for Vo € [B(g + 1), 8), ¢,pwalg,pe(z) =
Xo(ky) (#(Bg)). Then from (7) we obtain

Wc,w?l(k) =

Bg—1
= G pwalyy)(5(0) [b% 3 Xt (0(0)) + (8 = Bg + 1)ty (255
a=0

In the case, when 3, = 0 we have that 5(g) = (g + 1), from properties 1 and 2
of the functions ¢ ,wal;, and (6), we obtain WG‘(pf]( ) = Gpwalyg) (B(9))(B —

Blg+1)).

The inequality in (i¢) is a direct consequence of the equalities in (7). =

Lemma 2. Let n > 1 be an arbitrary fized integer. For arbitrary
integers a,c and d, such that 0 < a < b, 0 < c < d < b" we introduce the
significations 1o, = [0, ) and Iog, = [b’“ Zi ). Let Iy = Iy or Iy = I gp.
We define the function f1,(x) =17, (z) — X(I,), = € [0,1). Then, we have:

(i) For each integer k > b"™ the equality WGW)?]n(k) =0 holds.

For arbitrary integers g, 0 < g <n and k, b9 < k < b9 we have the following:

(13*) For each integer a, 0 < a < b" the inequality |WG,¢f.Ia,n(k)| < Igﬂ

holds.
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(ii) For each integers ¢ and d, 0 < ¢ < d < b" the inequality
2 C+1
W 10,0 (k)] < 2t holds.
Proof. For each integers k > 1, a, ¢ and d, defined in the condition of
the Lemma the equalities

(8) Wep F1oan () = W Frun () = we o Jro (F)
and

(9) WG,«p-)?Ia,n (k) = WG,LPTIG,,’H (k)

hold.

(i) Let £ > b™ be an arbitrary integer. We will prove that for each integer
a, 0 < a < b" the equality

(10) WG,Lpi\Ia,n(k) = 0

holds. Let the integer h > n be defined by the condition b" < k < b"*1. Then,
from property 3 of the functions g ,wal, we have

= 1
We o Lan (K) :/0 1[0’%)(x)c,¢walk(a:)dx

abh~m—1  m+41
h

= walg (x)dx = /b walg(x)dx = 0.
/OG,go k() Y. |7 aewal(z)

g

m=0 vh

From (8), (9) and (10) for each integer k > b", we obtain WG‘@]?]n (k) =0.
(ii*) For arbitrary integers g, 0 < g < n and k, b9 < k < b9t! according
to Lemma 1 (ii), we obtain that for each integer a, 0 < a < 0", , f}a,n (k)‘ <

c+1
po+1 -

(ii) For arbitrary integers cand d, 0 < c < d < b from (8) and the last
inequality, we obtain ‘WG fI k)‘ < 2(C+1) .

(‘dn( bg+1

Let us introduce the signification Ng = N U {0}.
Lemma 3. Letn > 1 be an arbitrary fized integer. Let for 1 <i < s
a;, ¢; and d; be arbitrary integers, such that 0 < a; <" and 0 < ¢; < d; < b™.
Let a = (a1,...,as), ¢ = (c1,...,¢5) and d = (dy,...,ds). We define the sets
n — Hf:l [071%)7 cdn — Hz 1 {%,#) and pUt I, = an or I, = cdn- We
define the function fi, (x) =17, (x) — As(In), x € [0,1)%. Then:
(i) For each vector k € A%(n) we have ‘chwfjc’dyn (k)‘ < wg walsh(K);

(1*) For each vector k € A%(n) we have ‘WG,go-]?Ia,n (k)’ < wG walsh (K);
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(ii) For each vector k € N§ \ A¥(n) we have WGWf[n(k) =0.

Proof. We note that WG,ap]?In (0) =0.
For each vector k # 0 the following equality

S
(11) Weo I 1 (K) = we 11, (k) = [ we., 1 (ki)
=1

b pn
(i) Let k € A%(n). For each i, 1 < i < s we have the next conditions:
If k; # 0, then we choose the integer g;, by the conditions 0 < ¢g; < n and
b9 < ki < b9+ Then, from Lemma 2 (ii) we have the inequality

holds, where for 1 <i <s I,(f) = [0, %) or I,(f) = [ﬁ d') )

~ 2(C+1
(12) W lo (k) < 20C+1)

cidim - bgi

If k; = 0 we have that

~

(13) Wl (ki)

cidim

A(1,) <1

From (12) and (13) we obtain that for each i, 1 < i < s chwil(z') (k)| <

c;rdim

wcvaalsh(ki). From the last inequality and (11) we obtain the equality

’WGW fIc,d,n (k) ‘ < Wgygpwalsh (k)

Using Lemma 2 (i:*) by analogy, we prove (i*).
(ii) Let k € N§ \ Aj(n). Then, there is an index ¢, 1 <t < s such that
ki > b". According to Lemma 2 (i) we have w, , f, (k) = 0 and from (11) we

obtain WG,ap-]?In (k) =0. ]

Proof of Theorem 1. Following Niederreiter [19], we will realize the
proof in three steps:

Step 1-A discretization of the problem;

Step 2-An estimation of the discretization error;

Step 3-An estimation of the discrete discrepancy.

Step 1. Let n > 1 be an arbitrary fixed integer. For an arbitrary
subinterval J = [[;_;[ui,v;) or J = []5_1[0,v;), where for 1 < i < s0 < u; <
v; < 1let J and J be the intervals, defined by (5).

Let &y = {x0,...,Xny—1} be an arbitrary net of N > 1 points in [0, 1)%.
For an arbitrary subinterval J € J we signify R(én;J) = N7LA(En; J) — As(J).
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From the inequalities \s(J) < As(J) < As(J) and A(én;J) < A(En;J) <
A(&n; J) we consecutively have

R(&v; J) = NﬁlA(gN; J) - /\s(J) - NﬁlA(&N;i) (l)) + R(§N> )a

R(&n;J) = NTPA(EN: ) = As(J) — (NTFA(Ew; T) — As(J)) + R(En; T);

|R(¢n; J)| < NTHA(EN; T) — A(En: ) J)) +|R(En; );

|R(En; )| < N7HA@EN; T) — A(Ens ) J)) + |R(En; )l
)

< N7TYA@EN;T) = NTYAEN; L) + (A (T) = M) + | R(En; )| + | R(En; T);

(14) [R(Ens D) < As(T) = As() + [ R(Ens D) + [R(Ews T,

which is an expression of the discretization of the problem and gives in an
explicit form the error, which is obtained when we replace the interval J with
the intervals J and J.

Step 2. According to Niederreiter [19, Lemma 3.9] the following estima-
tions hold:

If J =T15_;[ui,vi), then

(15) As(T) = As() < 1— <1—b%)5.

If J = T34 [0, ), then A (7) = As(2) <1 - (1- bi)

Step 3. The estimation in step 3 will be made only for extreme discrep-
ancy D(£y). The s—dimensional intervals J and J are in the form []5_, [b%, binL) ,
where for 1 <i <50 <¢ <d; <b" We put H(J) =.J or H(J) = J. For an

arbitrary net £ we have the equality

1 N—
(16) R(én; H(J)) = N g frn (%)

According to Lemma 3 the function fg()(x), x € [0,1)% is a Walsh function
over (G, ) polynomial. We use the representation

(17) fanx) = > WGWfH (k)G pwalk(x), ¥x€[0,1)%
keA*(n)

From (16) and (17) we have that
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N—
R(én; H Z We. fr(7) (k)G pwali(x;)
J=0 keAx(n)

N—
Z Weo FH()( Z pwalk (%),

keA#(n)
and we obtain the inequality

RENHID S Y wo Fuen )| 1S(Ens g pwalo)l,
keA¥(n)

with the introduced signification S({n; g, walk) = Z] o Gewalk(x;). Using
the estimation exposed in Lemma 3 (i), we obtain that

(18) |R(En; H(T))| < Z W q,'walsh k)[S(En; e pralk)|
keAx(n)

From (14), (15) and (18) we obtain that
D(En) = sup [R(En; )| <
Jeg

2
<1- (1 - b_“) +2 > wo walsh (K)|S(EN; apwali)|.
keA¥(n)

The estimation for D*(£xy) can be obtained by analogous way. The proof
of Theorem 1 is completely realized.

4. The proof of Theorem 2

For a function f € L1(]0,1)*) and each vector k with non-negative inte-
ger coordinates the Fourier-Haar coefficient over (G, ¢) ., f(k) is defined as
Heo S (K) = Jio,1)s f(X)aphi(x)dx.

We note the next property of the Haar functions over (G, ) : For each
integer k and each integer a such that b9 < k < b9t and 0 < a < b9 with g > 0
the equality [;, ) c.ohk(z)dz = 0 holds. In the special case for each integer
k > 1 we have the equality [p ¢ hi(z)dz = 0.

Lemma 4. For an arbitrary subinterval I of [0, 1) we define the function
fr(z) = 11(x) — A(I), z € [0,1). Then, we have the following:

1. 1e.,f1(0) = 0.

2. Let n > 1 be a fizxed integer and I be an elementary b—adic interval
with length b=™. Then, for each integer k > b" HGN,J?I(R‘) =0.
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3. For (m arbitrary real 5, 0 < 8 < 1 with the b—adic representation
B=37 0 Bib777L, where for j >0 B; € {0,1,...,b—1} we put I = [0, ). For
an arbztmry integer k > 1, having the b—adic representation (4) the following
hold:

(3i) If k(g) # bB(g), then w, fi(k) =0
(3ii) If k(g) = b9B(g), then

) b [ TaZo' Xethy) (9(0) +
Howo 10R) =\ Hxpee,) (9(80)) (8= Blg +1)], it B, #0
b3 (8 — B(g+1)), if B, =0.

Proof. 1. For an arbitrary subinterval I of [0, 1) we have that HG‘@]?[(O)

= Jo (Lr(2) = M(I))da = 0.

2. Let I be an elementary b—adic interval with length 6= and k£ > b"™ be
an arbitrary integer. Let Dy be the fundamental domain of the function g hy.
Then, from Definition 2 we have

—~ 1 - -
(19) e Filh) = [ L@ Tl = /D 11(2) 6Tk () da
Let Dy, C I. Then 17(z) = 1 for Y € Dy, and from (19) and exposed property of
the function g ,hy We obtain fr(k) = Ip, .ol (z)dr = 0. Let DN I = 0.

Then, from Definition 2 and (19) we directly obtain that 3, fr(k) =0.
3. Let k£ > 1 be an arbitrary integer and b9 < k < b9t with g > 0. Then,
from exposed property of the Haar function g ,hj we have the equality

—= B(g) B8 B8
(20) 300 fr(k) = / Gohi(@)de + / G.ohi(@)de = / G.ohi(z)dz.
0 B(g) B(g)

(31) Let k(g) # b95(g). Then ¢ hi(z) = 0 for Vo € [5(g), ) and from
(20) we obtain chfl(k:) = 0.

(3ii) Let k(g) = v96(g). Then, we have that [3(g),3) C Dy. If B3 # 0
from Definition 2 and (20) we obtain

)+bg+1 g B
o il =1 3 / T a8 [ ()i
a=0
] By—1
= b2 |:b9+1 Z Xop(kg +Xgok )( (59))(5_13(g+1))

If fg = 0O then B(g) = B(g + 1) and from Definition 2 and (20) we obtain
Hg,wfl( ) =b3(8— B(g+1)). Lemma 4 is completely proved. [
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Lemma 5. Letn > 1 be an arbitrary fized integer and I, 4, = [b%, bin

with integers 0 < ¢ < d < b". We define the function f]cyd’n( x) = 11”“1( ) —
Medn), x € [0 1). We put ' = 3% and " = bin' Then, the following hold:
(Z) HGaprcdn( ) - 0

For each integer k, b9 < k < b9 with the conditions 0 < g < n we have:
(iia) If k(g) & {b78'(9), 096" (9)}, then 4g, f1.4,, (k) = 0.
(iib) If k(g) € {95/ (9), 098" (9)} then g, J1..0,, (k)] < b727H(C +1).
(111) For each integer k > b"™ the equality 1, Sijcdn( ) =0 holds.
The proof of Lemma 5 is similar to the proof of Lemma 2 and it is based
on Lemma 4.

Lemma 6. Letn > 1 be a fized integer. Let for 1 <i<s0 < gl <
B <1 are rational numbers with denominators b™ and I = [[;_1[B;,B)'). We
define fr(x) =17(x) = As(I), x € [0,1)*. Then, the following hold:

(i) 1g,, f1(0) =0

(ii) For each vector k € A*(n) we have ‘Hcwaj(k)’ <w G Haar (K)-

(i1i) For each vector k € N§ \ A¥(n) we have HG,,,fI( ) =0.

Proof. (i) It is obvious that Hc,wJ?I(O) = 0.

Let k # 0, k = (kq1,...,ks) be an arbitrary vector with non-negative
integer coordinates. The following equality

(21) Mo, J1(K HHGW 1 (

holds, and where for 1 <1i < s we 51gn1fy I =B, BY).
(ii) Let k € A%(n). For each i, 1 <1i < s we have the next inequalities:
If k; =0, then

(22) Hoo 12,(0) = A7) < 1
If k; # 0 then, according to Lemma 5 (iia) and (iib) we obtain
(23) e 10 053)| < W8 prgan (i),

with defined coordinate quantity w Ham(k;) From (21), (22) and (23) we
obtain

6,0 F1(00)| < WLt (K).
(iif) Let k € N§ \ Aj(n). Then, there is an index ¢, 1 <t < s such that
k¢ > b"™. According to Lemma 5 (iii)A we have that 4, 17, (k) = 1e, f1,(kt) = 0
and from (21) we obtain that »,_, fI(k) = 0. ]
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We can prove Theorem 2 in the same way we used for a demonstration of
Theorem 1. The proof is based on the results, obtained in Lemma 6 and follow
the method of the proof of Theorem 1.

Let in the condition of Lemma 5 we replace an interval of the form
Iogn= {b%’ b%) , where 0 < ¢ < d < b" are arbitrary integers with an interval of
the form 1, ,, = [0, b%) , where 0 < a < b" is an arbitrary integer. Let k£ > 1 be an
arbitrary integer such that b9 < k < b9+ with 0 < g < n. Then the estimation
|HG,<pf/}c,d,n (k)| < b~ 871(C'+1), obtained in (iib) of Lemma 5 will give again the
inequality ’HG,gpf}a,n (k)] < b=371(C +1). We will only specify the kind of the
set {b95'(g),b98"(g)}, which in this case will be {0,095"(¢)}. In this sense in
our paper we are not going to expose an estimation of the star-discrepancy in
the terms of the Haar functions over finite groups.

5. Conclusion

The obtained estimations of the extreme and the star-discrepancy in
Theorems 1 and 2 show the form of the inequality of Erdos-Turan-Koksma,
respectively in the terms of Walsh and Haar functions over finite groups. For an
arbitrary chosen parameter n > 1 the form of the domain A*(n), the values of
the coefficients pr(k) and §£(M), depending on the functional system F, where
F =Wg,x(b) or F = Hg,,(b), are shown.

The main concept of the inequality of Erdds-Turan-Koksma, obtained
in Theorems 1 and 2, is that the estimation of the discrepancy in practice is
reduced to an non-trivial estimation of the sum of the corresponding net with
respect to Walsh and Haar functions over finite groups.

The estimations of discrepancy are important to solve many practical
and theoretical problems. The inequality of Koksma-Hlawka (see Kuipers and
Niederreiter [13]) shows that the order of the error of the quadrature formula
with an arbitrary s—dimensional net is determined by the order of the discrep-
ancy of this net.

The trigonometric system 7 has been used as a means of solving the
problems of irregularity of the distribution of sequences and nets for a long
time.

The link, which is realized in the process of studying sequences and nets in
[0,1)*%, constructed in b—adic number system (b > 2-integer) and some orthonor-
mal functional systems on [0, 1)®, constructed in b—adic number system, too, is
quite natural. In this sense, some authors have recently used complete orthonor-
mal functional systems, constructed in b—adic number system, for example the
Walsh and Haar systems as a means of solving the problems of irregularity of
the distrbution of sequences and nets. The obtained results, as in many other
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papers, and in our paper too, show that this means is suitable and reflects the
character of the construction of the sequences and nets.

The authors will present possible variants to extend this study.

1. To investigate the possibility to use an arbitrary complete orthonormal
system on [0,1)%, constructed in b—adic number system to obtain the general
form of the inequality of Erdos-Turan-Koksma. Our hypothesis is that this
problem might be solved with minimal additional conditions of the functions of
the system. The obtained results will have general character. We think that the
developed method of investigation of the dicrepancy with some modifigations
can be used to solve this problem.

2. Stegbuchner [23] using the inequality of Erdés-Turan-Koksma, ex-
posed in (2) as a base obtains the multidimensional variant of the inequality
of LeVeque [17]. This inequality gives an relationship between the discrepancy
and diaphony (see Zinterhof [27]) of an arbitrary s—dimensional net.

The so called generalized b—adic diaphony, as a measure of the irreg-
ularity of the distribution of sequences and nets, which is based on the Walsh
functions over finite groups has been introduced in [4]. In this sense the problem
of the multidimensional variant of the inequality of LeVeque, in which the dis-
crepancy and the generalized b—adic diaphony of an arbitrary s—dimensional
nets to be connected is open. The authors consider that the comparatively
simple method, developed by Stegbuchner can be used to solve the exposed
problem.

3. We noticed in Introduction that Niederreiter and Philipp [20] and
[21] give further generalization of the inequality of Erdés-Turan-Koksma. The
authors assume that it is sensible to obtain in this direction an generalization
of the inequality of Erdds-Turan-Koksma in terms of Walsh and Haar functions
over finite groups.

4. Having in mind the fact that non-trivial estimation of S(&n;vx)
of the net £y with respect to the function ) gives the corresponding order
of the discrepancy D({y), then the problem of obtaining the estimations of
S(én; gpowaly) and S(En; gphk) of some special nets, as they are the par-
alepipedal nets (see Hlawka [10]), (t,m,s)-nets (see Niederreiter [18], Faure [3])
and others is still open. Some non-trivial estimations of the sum S({n; ¢ pwalk)
have been obtained (see Larcher and Traunfellner [16], Larcher, Niederreiter and
W. Ch. Schmid [14]). Only some partial results are obtained in the direction
of investigation of the sum S(&n;Gohk). In [24] is given an estimation with
respect to the lattice point set. But the problem of the investigation of the sum
S(én; apohk), when {y is the paralepipedal nets, some classes of (t,m,s)-net,
is open. The solving of these problems will have a link with other problems,
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such as a numerical integration of functions, represented by rapidly convergent
Fourier- Haar series (see [24]).
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