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In this paper quadratic triangular interpolated finite elements are introduced. They
improve the global convergence of the approximate solution as well as of the approximate gra-
dient when an elliptic boundary value problem of second order is solved by the finite element
method. It is a variant of a postprocessing procedure and global superconvergence error es-
timates are derived. We apply also the method interpolated triangular finite elements for an
elliptic eigenvalue problem. Finally, a numerical example confirming the theoretical results is
presented.
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1. Introduction and Preliminaries

In recent years, the methods for accelerating the convergence of finite
element solutions have been an active research area in numerical analysis. The
main goal in the superconvergence study is to improve the existing approxi-
mation accuracy by applying certain postprocessing techniques which are easy
to implement (see [1, 2, 3, 4]). This paper derives a general superconvergence
result for finite element approximations of the second order elliptic problem by
using the so-called interpolated finite elements. The method is proposed and
analysed by Q. Lin et al. [5, 6, 7] only for rectangular meshes.

Our aim is to develop further the method of interpolated elements presen-
ted in [5]. Namely, we shall prove the applicability of this method on the trian-
gular mesh. This is a highly accurate recovery process with superconver-

1This work was partially supported by the Technical University of Gabrovo under Contract
NoIII-2/2004.
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gent properties. We gain one order higher convergence using a little additio-
nal work subject to the exact solution is smooth enough. Thus the interpola-
ted finite elements are appropriate for the local application on the subdomain.
Then good finite element approximations may be obtained on the coarse mesh.
The patch recovery techniques on triangular meshes are consider by Zien-
kiewicz and Zhu [3], Lin and Zhang [9] and others. But here we present a sub-
stantially different approach. Namely, this paper uses the ideas of interpolated
rectangular elements and shows the applicability to the triangu-
lar elements. Although the superconvergence analysis is more difficult, the pro-
posed postprocessing algorithm is relatively simple to implementation.
For simplicity, let us consider the model problem

—Au=f in Q,
(1)

u=0 on T,

where 2 is a rectangular domain in R? with boundary T' = 9Q. Let (-, -) be
the inner product in Ly(2). By W™P(Q), m = 0,1,2,... we denote the usual
Sobolev space of order m with norm || - [|lm .0, see [8]. We will mainly deal with
p = 2 and then we will use the denotations H™(Q) and || - ||, for W™2(£2)
and || - |lm,2,0, respectively. The weak solution of problem (1) is a function
belonging to H} (),

H;(Q) = {ve H'(Q): vlr =0}

and satisfying

(2) a(u,v) = (f,v) Vve H(),

where
a(u,v) = / Vu - Vudz.
Q

We denote by Py the set of polynomials of degree at most k.

Consider families of regular partitions 7, = U;T; of Q consisting of
triangu-
lar finite elements T;. Let the partition 7, fulfils standard assumptions (see 8],
Chapter 3). If h; is a diameter of T}, then h = max; h; is the finite element
parameter corresponding to any partition 7y,.

Let P, : V — Vj, be the elliptic projection operator defined by

a(u — Pyu,v) =0 Yu € V,Yv € V.
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Figure 1:

It is well-known (see [8]) that if the solution u(z,y) of (2) belongs to
H3(Q) NV, then

(3) llu — Pyul1.a < Ch?|ull30-

Our aim is to improve the optimal estimate (3). We need two main
ingredients to prove the superconvergence property:

e An interpolation approximating the finite element solution of higher order.
Often such interpolation does exist if the inderlying mesh has a special con-
struction (cf. [10]). This special operator is called to satisfy a superclose
property [4].

e A higher order interpolation of the original finite element solution to
achieve higher order accuracy. The interpolated finite element solution
resulting from the postprocessing is called to satisfy a superconvergence
property [4].

2. Construction of Superclose Operator ij

Consider the regular pattern 7, = UT. This partition consists of isosceles
right-angled triangles. The length of legs is 2h and the middle of hypotenuse is
(zT,yr) for any T € 7, (see Figure 1).

Denote the vertices of any element T' € 7, by p; and the edges by lj, j =
1,2,3, respectively. The operator i, : C° — V} can be defined using the
following ” vertices-edges” conditions as degrees of freedom:
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Yv e C(Q), YT € 1, ipv(p;) = v(pj);

(4)
/im}dl:/vdl, 7=12,3.
i L
It is evident that
v € Vg, Yve C(Q),
W =v, Yv€&EV,
and also

6
. N T —IT —Yyr
ZhUIT = E V.5 (—h ,—y hy ),
=1

where {;}_; are the base functions corresponding to the degrees of freedom
(4). Note that

1
8 = v(ps), i = 1,2,3 and f)i=E/ vdl, i=j+3, j=1,2,3.

L

So, it is easy to obtain for any point (Z,§) belonging to the element of
reference T, i.e. when -1 <% <1; —1<yg<—%, that

1 .
¢1(&,9) = 7 (42 + 4 + 627 + 322 + 39%);
. 1 . .2
¢2(2,9) = 7(=1+ 22 + 327);
L. 1 . 9
¢3(2,9) = 7 (=1 +29 +37°);
2 & 1 . . . .9
pa(2,9) = Z(—3w — 39 — 32y — 3%%);
- 1 . s ..
ws5(2,9) = 1(3 + 32 + 39y + 329);

A 1 . h o R
¢6(&,9) = 7(=32 — 3§ — 3&7 — 37°).

Remark 1. Such a basis could be used directly to the finite element
implementation and not only to the patch recovery superconvergence method.
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Figure 2:

3. Superclose Property of the Interpolant i,

Now we shall prove an essential result concerning the superclose property
caused by the operator 7y,

For any T € 7, introduce the error functions:

B(z) = 1 [(@—21)* - ],
Fly) =3 [ —r)* - #7].

Obviously E(p2) = 0 and E(z)|;; = 0. By analogy, F(p3) = 0 and
F(y)|i, =0 (see Figure 2).
The following error functions are also needed:

Gi(@y) = 3(z —or + )z — o +y — vr),
) 1
Ga(e,y) = 5y —yr + h)(@ — o7 +y —yr).

Note that
Gi(z, )i, = G1(z,y)li; =0
and
Ga(z,y)l, = Ga(z,y)|i, = 0.

The main result concerning the superclose property of i, contains in the
following theorem:
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Theorem 1. Let u(z,y) € H*(Q). Then for any v € V}, the following
inequality holds:

(6) a(inu = u,v) < CR*||ullsgllv]l1,e-

Proof. Let us denote U = i, — u. Having in mind that v € V},, then for
(z,y) € T it follows

2 (09) = 2 orur) + S @)~ 1) + @)y — ),
2 9) = Dolomun) + 35w~ ) + ().~ )
Consequently
aUw) = [ S @ryndudy+ [ G S wryr) dedy

™ [ @-en S T dway+ [ (- un) 3o Tt dedy

U &%v

U 9%
+/ Y~ yr) 8303 ay dy+/ x_”)ayazayd z dy.

We estimate each term in the right-hand side of (7). For both the first
and the second terms the following equalities hold respectively:

oU ov
(8) - Bz Oz +—(z7,y7) dedy = (/12 /la) —(z7,yr)dy = 0;

oU ov 31}
) [ 5o @ yr) dody = (/, /l) 5o (@ryr) dy = 0.

Integrating by parts and using (5) it follows for the third term of (7):

U 9%y _, [ 961 AU 9%v
f =gy g ey =2 [ e g dedy

ou B'u 0*U 0%*v
_2(/12 /1)6‘1(:&3/)(9 a2 —2/TG'1(x,yaaa2dmdy
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According to the definition of G, (z,y) we have

AU d?v
———=dzr =0.
/12 Gi(@,y) oz 0x2

On the other hand, the sum of integrals

oU 8%*v
RN

over all T' € 7, disappears. This is due to the fact that G1(z,y)|, = E(z) and
the integrand is a continuous function on any edge parallel to the z—axis. For
integrals over any parts of I' one can integrate by parts twice and use that the
function v vanishes on I'. Thus we get:

/E( )‘ng: /8:v2[ z)___]vdx‘—o

Therefore, the following relation could be written:

a 9% oU 8%v
(10) /( 7)o 2dzdy——2/G1(x Y) 5 ooz 4o -

Using that
8G1 2 62 2 ,
2G) (z,y) =2 [W(%y)] t o2 [Gl(x,y)] ,

92
and the identity 0Ci
Oz

oU 8%v 8G11? 82U v
- or)——— = — — ]
/T(m 1) Bg 5az WY 2/p[3m] dzdy 02 *° WY

92 o1 02U 0%v oG, 93U 8%v
B = d
T 02 (%] 52y 920y Oz a7 4y = 2/ Cr(=:9) 5, aa2ay 922 W

= 1, after integrating by parts we obtain:

9*U 0*v 0'U 0%
+2/G1($ Ol By 922 dy—/TGf(m,y)Mb—Edmdy.

This equality in combination with (10) gives

/ oU &%v 802 O3U d%w
(x — zp)—=—

Oz Ox 922 ¢ T Ox 0x20y Ox? iy
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0%U o%*v o o'U 8%
_/T(’” )3532 /G (@.9) 3o50y 922 4 W-
Consequently
U 0%
— = — - —= ar ay.
)y [ e-m oy | G g 5o d

By analogy for the fourth ingredient in the right-hand side of (7) the
following equality holds:

U 0%v 2 o'U 0%
(12) /T(y_yT)c’)_ya—g/? drdy = —ch(x,y)wa—?ﬂ dz dy.

Now, let us consider the sum of the fifth and sixth terms in (7):

aUa2
/(y yT)aaa dy+/("" aaadd

(= [)o-mo g (- Yoy

v Ular — hyy) 22 d
——/y " (y —yr)U(zr — ,y)m Y

T—

zr+h U h 9%v
[ @y - b

yr+h 920
+/ [(y yr + = — z7)U (=, y)] |z— —zr+y— '.‘/T—Oa Ay
yr—h

Obviously, the last integral vanishes. The remaining ones in the right-
hand side will be transformed by using that

T — o7 = % [Ez(m)] e
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y—yr= % [Fz(y)}m-

Then, integration by parts by parts reveals that

vt U hy) 20
—/yT_h (y —yr)U(zr — h,y w0y
(13)

2

y7~+h o0°v
6/ ( rr—hy) g d

yr—h

Y,

we we took into consideration that the functions U(zr — h,y), [F 2('!!)]/ and
F(%(y) vanish when y = yp + h.
By analogy

Tr+h " 821) P
—/zT_h (z —z7)U(z,yr — )m z

(14)
1 o7+ E? 0%v
(w) (a: yr — h) 920y dzx.

6 xr—h

Now, let us take also account of

yr+ 2
/T h (y) (IL‘T h, y) axa

yr+h U 0%v
— 2 — —_

BU 9% 9U 8%
. _ 2 == _ 2 d
(/11 /,)F ) 5% zoy W / (J)Bw3y3 dzoy T

and correspondingly

zT+h o3U 8%v
2 Sl 8 _ i
/Z E*(@) 55 (o, = W) g do

r—h
zp+h 63U 82,0
— 2 e— — —
/z . E*(x) 923 (z,z7 + yr — ) 920y dz

T—

BU 92v U %
- _ 2 bl S
= (/,3 /,) EX=) 5m Dy / Bz )0x38 oy
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394
The last two relations on combination with (13) and (14) give:
/ ( ) aU v
e a a a ™) %y ady
1 U 0% 1 U v
=—= rdy — = xd
6 Jr ‘W )6w3y3 Oz0y Y~ % TE & ) 0x30y Oz dy Y
(15)
1 pvr 2 21)
w3 [T PSS et -y
i farehs 0%
+6 zThE() (x$T+yT_x)a 8yd$

Consider both the line integrals on I in the right-hand side of (15). For
any point (z,y) € ly equality E(z) = F(y) holds. Then
24

1 fyr+h P2
G / (J) (-"7T +yr —v, y) dy
yr—h
1 [fzr+h 9 83U v
(16) +6 /er—h E(z)=—= 93 (z,zr +yr — x)a By dz.
1 /yT+h [a U 63U] 0%v
== 22 + — dy
1 [yr+h U 83U 0%v v %
ZE/ ) |58 + o 900y 0z o2 | W
yr—h y? T z—zrty—yr=0 roY y

o o
ox?2  0Oy? Y

1 [yr+h B3U  9U
+E/3,T_hF()[6y . :133] [
z—zr+y—yr=>0

The first term in the right-hand side of (16) is cancelled. This fact follows
from the definition of U(z,y) and
o3U 23U Bu  Ou
By? + 23 (c")y :c3> ’

This function is continuous and the same is true for the function
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on the edge l;. Consequently, this integral vanishes after summation over all
T € 7. If I3 coincides with any part of I, the function v vanishes.

As far as the second integral on Il in presentation (16) the following
equality holds:

Lot ) [03U ?*U *v 0%
12).n WY 3t 3} [_2 + —5} dy
yr—1 o) L | 0z2 Oy
1 [yr+h BU  BU] 9|
=173 / F(y) + o 5 dy

12 Jyp—n By® oz3 | Oy s—zp—h

y=zr+yr—c

1 perth o [83U U] 0%
+ELPhE@4—?+EEEF de
- y=yr—h
1 /w+h (93U 93U | 0%
— FPy) |55+ 53| 23 dy
12 yr—h ( ) _8y3 61:3] 3y2 z=z7—h
1 zr+h 63U 63U 52
+— E? dz.

The last two term are integrals on the edges I3 and [, respectively. They
are cancelled after summation over the legs of all elements T € 73,. If any leg is
a part of I', the v = 0 and its tangential derivatives vanish, too.

Hence, from the presentation above, using (15) and (16) it follows:

oU 0% oU 0%*v
/T(y yT)a—mémﬁaydwdy+/T($—wT)5§mdwdy

dx dy

4 2 4 2
8U6vdd 1/ o'U 0%v

92093 0z9y Y T 6 Jr (x)6x38 920y

‘U 90U | 0%
F2
12/ < )[6 oy’ x4}8_y?dmdy

U U ] 0%
2
12/E( )[ 5250 ] a2 W

- -3 [ Fw)
a7)
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9ty 9itiy

—— =~ fori+j >
9210y 9210y ori+j > 3 and
using the inverse inequality, from (7), (8), (9), (11), (12) and (17) we obtain

Finally, taking into account that

[.vU - Vvdsdy < CRlullarlvlh,r
T
and consequently

a(inu — u,v) < CR°|lullsgllvll10-

=
As a consequence of Theorem it is easy to prove the main result of this
section:

Theorem 2. Under the assumptions of Theorem the following super-
close estimation holds:

(18) llinu — Prull1,o < Ch3|lullaq.

Proof. It follows that (a = const > 0):
alliny — Pyull} g < a(inu — Pau,ipu — Pyu)  (Vj, — ellipticity)
= a(thu — u,ipu — Phu) (P — elliptic projector)

< Ch¥|lulls,allinu — Phullre.  (from (6))

4. High Interpolation Operator I, — Construction and
Estimations

In this section we present a patch-recovery construction for regular pat-
tern. This construction is related to the interpolated finite element approach.

Consider an element patch on 7, containing four congruent right-angled
isosceles triangles (see Figure 3).

So, the patch recovery finite element strategy is fulfilled by coupling every
time four triangles as it is designed in Figure 3. This finite element partition is
denoted by 7,;,. Consequently, the mesh 7, of size 2h is obtained as a result of
arainging in groups of adjacent elements Ts € 7,, s = 1,...,4. Thus, the fifteen
degrees of freedom are: (i) the values of the function v on the vertices of the
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ben |

<
|
o |

Figure 3:

four subtriangles Ts € 7, s =1,...,4 such that U§=1 T, € Ton; (#) the integral
values of v on the edges ljof Ty,em, s=1,...,4.

For instance, it is possible to present the following basic functions defined
on a reference element, i.e. for the element determined by 0 < # < 2 and
0<yg<2—-3:

1(2,9) = . (4 — 243 — 244 + 7827 + 3942 + 3997 — 7282 — 7249°
—242° — 2479° + 20237 + 20293 + 30&29° + 53* + 57) ;

o1
Ya(d,9) = 5 (—4@ + 1532 — 1623 + 5554);

1

¥a(@,9) = 7 (—49 + 155 — 165° + 55°);

Va(#,9) = 67 — 9579 — 959° + 28%9 + 287° + 92%%;

Ys5(Z,9) = —89 + 629 + 249> + 3827 — 21242 — 204° — 223§ + 1029°
+32%9% + 554
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Ye(Z,9) = —87: + 629 + 242? — 21229 + 339 — 2023 + 10235 — 2293
+3&%92 + 5

Ve(&,9) = (461: — 99&7 — 9982 + 138229 + 66492 + 6823 — 46335
—14493 — 4oa: 92 — 158 ) ;

v (&,9) = (14:1,' — 5132 + 5233 — 152 — 329 + 182%) — 14235
—629% + 38292 + 229°) ;

1
Vo (#,9) = 3 (3@@ — 182%§ + 142%§ + 627)° — 33292 — 2:3373);

1
vi0(@,9) = 3 ( + 622 — 2839 — 18292 — 33292 + 142 *3)

1 2n2 | a2a2 .3
1(2,9) = 1 (14y 329 — 6229 + 2439 — 519% + 18292 + 32292 + 52y
—1429° — 1594) ;

Y12(2,9) = (46y 9929 + 6632 — 14335 — 9992 + 138292 — 452292
+6873 — 46zy —159%) ;

Y13(2,9) = 6 (629 — 7829 + 2839 — 7292 + 42%9% + 229°) ;
V14(, ) = —6 (229 — 5829 + 243 — &9° + 28%?) ;
Y15(2,9) = —6 (229 — 229 — 589% + 2229° + 227°) .
The interpolation operator I verifies vertex-edge conditions determined
by the degree of freedom and the basic functions.
Let Vop C V be finite element spaces associated with 75,. Then Vy,

consists of piecewise polynomials from Pj.
Iy, is constructed in such a way that the following properties are valid:

(19) Iy, oip = Iy,

(20) I 2pv|lre < Clvllra YveV, r=0,1,

because the interpolation operator Iy, : Vj, — Vgh is bounded.
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Finally, taking into account that the interpolation polynomial Iopv is of
degree 4, it follows
4
(21) [ Ianv — v]l1,0 < Ch%||v]lsq-
The main estimation is contained in the next theorem: Theorem 3. Let

u € H5(Q) N HF(Q). Then the following estimate holds:

(22) |1 L1, © Pou — ull1,0 < Ch*||ulls.q-

Proof. Applying (19), we decompose

Ly o Pyu — u = Iy o (Pyu — ipu) + (Iopu — u) .

Inequality (20) leads to

112n © Pou — 1,0 < |[Tan|| |Paw — ullie + [Honu — ulli-

The estimates (18) and (21) complete the proof.
L]

The main estimation (22) is of type superconvergence. It is obtained
using small additional computation.

5. Superconvergence Eigenvalue Problem

Here we present a direct application of the result obtained in the previous
section. Consider the following model eigenvalue problem: find A € R and
u(z,y) € V, u # 0 such that

(23) a(u,v) = AMu,v), YveV.

Let us introduce the finite element approximate eigenvalue problem cor-
responding to (23): find A\, € R, uy(z,y) € Vi, up # 0 such that
(24) a(up,v) = Ay (up,v), Vv € Vj.

Our assumption here is that FE space V}, uses polynomials of degree two
and the partition 7, consists of triangular finite elements. Such being the case,
it is well known (see [11, 12]) that the rate of convergence of FE approximation
to the eigenvalues and eigenfunctions is given by the following estimations:

(25) A= Anl < C)R|ullf o,
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(26) lu = up| < CAR?|lull3q.
The solutions of (23) and (24) are related to the Rayleigh quotient

_alwu) o alunw)

(u,u) (un,up)

First, we estimate the difference up, — Pyu in H!—norm of higher order of
accuracy as compared to (3) and (26). This special feature of both the functions
is called to satisfy a superclose property (cf. [4]). The following lemma is an
important connection between the FE eigenvalue approximation and the patch
recovery technique:

Lemma 1. Let the eigenfunction u(z,y) belongs to H*(Q) NV and let
up, be the corresponding FE approzimation obtained by (24) and using quadratic
triangular elements. Then

(27) lun — Prullie < ChY||ull3,0-

Proof. From the ellipticity on the FE space it follows (p = const):
pllup — PhuH%,Q < a(up — Pyu,up — Pyu).

Let us denote up — Pyu = 2, € Vj. Using the orthogonality of P, we
obtain:

pllznllia < An(un, zn) — a(Pru, z)
= (Ar = A)(un, ) + A(un, 2n) — a(u, zn)
= (An — N)(un, 21) + Mun — u, 2n) + A(w, 2) — a(u, z;)
= (An — A)(un, 21) + A(un — u, 21)

< A = Aalllunlloellzelln,e + Allun — ul|—1,0(|21]1,0-

In the last step we used the duality in negative norms. The estimate (27)
follows from (25) and the inequality in negative norm [13]

lun — ull-1,0 < Ch*||ul|3 0.
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(]
In order to apply the patch recovery superconvergence procedure to the
eigenvalue problem we need an another lemma:

Lemma 2. Let (A\,u) be any ezact solution obtained by (23). Then for
every w € V and w # 0, the following inequality holds:

(28) A <C

a(w,w) ‘ lw—ull} g

(w, w) (w, w)

The main result of this section is contained in the next theorem:

Theorem 4. Let (\,u) be an ezact eigenpair and (A, up) be its finite
element approzimation using triangular quadratic elements. Assume that the
conditions of Theorem are fulfilled. Then

(29) [ Lonun — ull1,0 < CR||ulls.0,
(30) a(lonup, Tonun) _ < CHS|lul o
(Lapup, Iopup)

Proof. First we consider the patch recovery superconvergence for the
eigen- functions. From Theorem and Lemma it follows:

I L2nun — ullio < |Hanun — Ton © Paullia + [ T2n © Phu — ull10
< anllllun — Prullie + I 12n © Phu — ully,0-
< Crht|ullz 0 + Coh®|lulls o
Using the inequalities (28) and (29) we easily get

a(lopup, Iopup) 1 Z2nun — U”%,Q

(Ionun, Iapun) | L2nunlf o

< ChOlullf g

6. Numerical Results

The presented theory is illustrated by the example given below. Consider
the problem
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Table 1:
Ne A1 — Anal [A2 — Ap2] |A3 — A 3] A4 — Apal
32 FE 6.6 x 10~2 0.53 1.04 3.21
32 PPR | 5.7 x 1073 8 x 1072 0.23 1.21
128 FE 4.4 x 1073 4 %1072 7.4 x 1072 0.28
128 PPR | 9.4 x107° 1.5x1073 | 33x1073 | 4.7 x 102
512 FE 28 x107% | 26x1073 | 48 x10"3 | 2.8 x 10~2
512 PPR | 1.5x107% | 2.6 x10~° | 9.2 x 10~5 9x 103

—Au=Xdu, €N,

ulp = 0,

where Q = (0,!) x (0,1) and T" = 99Q.
The first exact eigenpairs of this problem are:

A1 = 2_l7r;’
Ay = 577;—2-,
Az = 5l_7;2’
=

1z

2(11?,3/)

u1(z,y) = C'sin

s T

l

in —y;
zsin 7y

2
= C'sin %x sin Twy;

2
uz(z,y) = C'sin Tﬂ-:v sin ?y;

27

2
,  u4(z,y) = Csin Tﬂmsin— .

l
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Table 1 gives the results when [ = 1 for quadratic meshes (i.e. n = 2
above) of N, identical 6-nodes triangular elements (N, = 32;128;512). We
present the finite element (FE) approximation A ; of the eigenvalues

A1 = 19.7392088022, Ay 3 = 49.3480220054, 4 = 78.9568352087,

and their improvements by postprocessing patch recoveries (PPR). The values
of PPR have been obtained by using interpolated finite elements unifying four
elements in the patch. Let us note that it is reasonable to use a postprocessing
patch recovery technique on a coarse mesh.
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