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Uniform Ends

Nikita Shekutkovski, Tatjana Atanasova - Pachemska

We study the notion of uniform end for non — compact metric space and the related
notion of ends. We show the main properties of set and space of uniform ends.
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The notion of end plays a significant role in the study of non-compact
spaces. For the first time this notion appeared in the papers of Freudenthal at
the end of the first half of twentieth century. Here we will investigate the prop-
erties of the set and space of uniform ends, giving two different but equivalent
definitions of this notion.

If Xis connected, the set and the space of uniform ends can be defined
by the use of inverse limits. This approach has advantages based on the wide
application of inverse limits in topology.

We will consider only metric spaces.

Let A and B be non-empty subsets of a metric space X.

Definition 1. A and B are uniformly separated in X if there exists
a uniformly continuous function f : X — [0, 1] such that f(A) = 0 and

f(B)=1.
Definition 2. LetX be a metric space and Y C X. Y is weakly
connected, if Y is not a union of two uniformly separated subsets.

Immediately, from the definitions we have the it following properties:

1. If A and B are uniformly separated subsets in X then A and B are
separated in X.

2. If X is connected, then X is weakly connected.

3. Let A and B be uniformly separated nonempty subsets of X, X =
AU B, and let C' be weakly connected in X. Then C C A or C C B.



436 N. Shekutkovski, T. Atanasova-Pachemska

4. Under the same condition, if C is connected in X, then C' C A or
CCB.

The following propositions and the definition are analog with the theo-
rems for usual connectedness.

Proposition 1. If X is weakly connected and f : X — Y is a uniformly
continuous function, then f (X)is weakly connected.

Definition 3. A component of weak connectedness Cy(x) of a point z
is the biggest weakly connected set containing .
The proof of propositions 2 and 3 is given in [6].

Proposition 2. Fach component of connectedness of Xis contained in
a component of weak connectedness. A component of weak connectedness is an
union of components of connectedness.

Corollary 1. If X is locally connected, then the components of weak
connectedness are open sets.

Definition 4. [8] The metric space X is uniformly locally connected , if
for every € > 0, there exists § > 0 such that for any two points z,y satisfying
d(x,y) < § are contained in a connected set with a diameter less than e.

Proposition 3. If X is uniformly locally connected, then X is locally
connected.

Corollary 2. If X is a uniformly locally connected metric space, then
he components of weak connectedness are open sets.

Now, we will start with definitions of notions of end and uniform end for
metric spaces. Let X be a connected, locally connected, locally compact metric
space. To define the notion of end, we will need the some facts. The following
theorem is known. The proof can be found in [5].

Theorem 1. Let K be a compact subset of X and V is a neighbourhood
of K. Then all but finally many components of X\K are in V.

Definition 5. A C X is essential inX if A is not contained in any
compact of X.

Theorem 2. Let C be a compact of X. There exists the compact D such
that C C D and X\D has:

1. only a final number of components;
2. all components are essential.
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JFrom the proposition 2, it follows that there exists the compact D such
that C C D and X\D has:

1. only a final number of components of weak connectedness;

2. all components of weak connectedness are essential.

Let C be a compact of X. Let S (X\C) denote the set of components of
connectedness of X\C.
The set of ends is

B(X) =lim 8 (X\C),

C

where the inverse limit is taken by all compact subsets of X.There is a cofinal
sequence of compacta in X, C; C Cy C ... C C, C ...i.e. for any compact set
C,C C X, there exists a compact set C,, such that C' C C,,. It is a known fact
from the theory of inverse limits that in this case:

lim $ (X\C) = lim § (X\Cy).

C n

So, the set of ends of X consists of all sequences of components of con-
nectedness

(Kl, Ko, ..., K,, ) S ﬁS (X\Cn)

such that K1 2 K92 ...D K, D ...

The sequence C; C Cy C ... € C, C ... can be chosen in a such way
that the sets S (X\Cy,) to be finite and to contain only essential components of
connectedness. Now, by analogy, we will introduce the notion of uniform end.
Let Sy, (X\C') denote the set of components of weak connectedness of X\C. We
define the set of uniform ends with:

C n

where the inverse limit is taken by all compact subsets of X.
So, the set of uniform ends of X consists of all sequences of components
of weak connectedness

(Ql,QQ,...,Qn, ) c ﬁ Sw (X\Cn)

n=1

such that Q1D Q2D ...2 @, D ....
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By proposition 2, the set Sy, (X\C},) is finite and contains only essential
components of weak connectedness.

We put discrete topology on each Sy, (X\Cp) . Then the set UE (X)
becomes a compact topological space as an inverse limit of compact spaces.

The sets (and spaces) UE (X) and E (X) are related in the following way:
Having in mind the fact that each component of weak connectedness is a union
of components of connectedness and taking a cofinal sequence of compacta in
X,Cy CCy C...CC, C .., there exist surjections w,,7? € N, such that the
next diagrams commute:

Sw (X\C1) o S (X\C1)

T T
S (X\C2) = S (X\C2)

T’
Su (X\C) < 5(X\Cy)

cn

— -

The surjections we,,i € N, induce a map w: E(X) - UE (X) and w is
surjection[3] .

Now, we will give another definition of topological space of uniform ends
by use of weakly admissible sequences. Next facts will be needed:

Definition 6. Y uniformly separates X if and only if X\Y is not weakly
connected.

Definition 7. A sequence (a,) in X is weakly admissible if:

(1)no subsequences of (a,) converge to a point of X;

(2)no compact subset of X separates uniformly (in X) two subsequences
of (ay).

Let Ayx be the set of all weakly admissible sequences in X. We will
define a relation of equivalence “ ~” in Ay x in this way:

(an) ~ (by)if and only if no compact subset of X, uniformly separates an
infinite subsequence of (a,) from an infinite subsequence of (by,).

114

Proposition 4. The relation “~7” is an equivalence relation on Ayx.

Proof. Reflexivity and symmetry are obvious. We proof transitivity.
Let (an) ~ (bn), (bn) ~ (cn) and suppose that (a,,) is not in a relation with (¢,).
It means that there exists a compact set C' in X such that X\C = AUB and A
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and B are uniformly separated, i.e. d(A, B) > 0 and there exists a subsequence
(a),) of (ay) in A and a subsequence (¢},) of (¢,) in B. Because of (a,,) ~ (by), it
follows that at most a finite number of members of (b)) are in B, which is not
true because of the condition(by,) ~ (¢,). So, (ay) ~ (¢p). [

For each sequence (a,) € Aux, [(a,)] will denote the equivalence class
containing (a,). We define the set of uniform ends with:

UVE(X) = {l(an)]|[(an)] € Aux }

We will give another definition of the topology of the space of uniform
ends.

Definition 8. A sequence (a,) of points of X is eventually in A C X if
only a finite number of members of the sequence are outside of A i.e. if there
exists mg € N,such that for all m > myg, a,, € A.

Let B ={G|G C X be open in X and 0G is compact }.

For each G € B, let G* = {[(am)] € UE (X) |(am) be eventually in G}
and B* = {G*|G € B}.

If G1,G2 € B, then:

(G1NGe)* ={[(am)] € UE (X)|(am) eventually in G1 NGa} =
{[(am)] € gg ) }(am) eventually G } N

{[(am)] € X) |(am) eventually Go} = G NGs.

Hence, B* is a basis for a topology of the set UE (X).

Theorem 3. UE(X) is Ta-space.

Proof. Let [(a])] , [(an”)] € UE(X) and [(a},)] # [(ay”)].It means that
(a),) ~ (a,”) i.e. there exists compact set C' such that X\C = AU B, where
A and B are uniformly separated in X\C i.e. d(A, B) > 0 and there exists a
subsequence (b)) of (a},) in A and a subsequence (b,,”) of (a,”) in B.

Since X = IntX U0X U ExtX, and the union is disjoint, and A,B are
disjoint open sets, it follows that dA C C. So, 0A is compact

By analogy , OB is compact, so A, B € B and (a,) € A*, (a,”) € B*.

Now, we will prove that A* N B* = ().

Suppose that there exists [(an)] € A* N B*. Then (ay,) is eventually in A
and in B which is not possible because AN B = (.

Hence, UE (X) is T - space. [

Theorem 4. Let Xbe a connected, locally connected, locally compact
metric space. There exists a homeomorphism between the topological space
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lim Sy, (X\Cy) and UE (X)) i.e. the above two definitions of the space of uniform

n
ends are equivalent.

Proof. We define a map f : lim Sy, (X\Cp) — {[(an)] an € Aux } in
this way: '

f(S1, So,...) = [(an)] if (ay) is eventually in S;, for every i €.

We will show that f is homeomorphism. Because the space lim Sy, (X\Ch)

n

is compact and {[(an)] |an € Aux } is Tr-space , it is sufficient to show that f
is continuous bijection.

1)The map fis well defined;

Let f(S1, So,...) = [(an)] and let f (S, Sa,...) = [(bn)]-

Then, from the definition of f, (ay) is eventually in S;, V; € N and (b,,)
is eventually in S;, V; € N i.e. (a,) and (b,) are eventually in S;, V; € N.

Suppose that (a,) ~ (by). It means that there exists a compact subset
C of X , that separates uniformly a subsequence of (a,) from a subsequence
of (by). There exists a cofinal sequence of compacta {Cy,|n € N} in X and
dnog € N, such that C' C C,,. Hence, C,, separates uniformly a subsequence
of (a,) from a subsequence of (by,) which is a contradiction with the condition:
(ay) and (b,) are eventually in the component S, of X\Ch,,..

It follows that (a,) ~ (bn) ie. [(an)] = [(bn)].

2) fis injective:

Let f(Sl, 52, ) = f(Ll,LQ, ) = [(an)]

Then, (ay,) is eventually in S;, V; € N and (ay,) is eventually in L;, V; €
N. Because S; and L; are components of weakly connectedness of X\Cj, Vi €
N, and S; N L; # 0, it follows that S; = L;, Vi € N. Hence, (Si, So,...) =
(L1, Lo, ...) i.e.f is injective.

3) fis surjective:

Let [(an)] € {[(an)] |(a,) € UA(X)} and n € N. Since the compact set
Cy,contains only a most finite members of the sequence (ay,), it follows that (ay,)
is eventually in X\C,,.

We will show that (a,,) is eventually in some component of weak con-
nectedness S/ of X\Cp,. It means that (a,) is eventually in some component of
connectedness.

Suppose that it is not true. Let the components of X\C), be {S1, So, ... Sk }.
Then exists a component S’ of X\C,, which contains a subsequence (a’,) of (a,)

k :

and there is another subsequence (a,”) of (a,) contained in U  S7.
1=1
]
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Because X is locally connected, then X\C), e locally connected and it
follows that each component of weak connectedness of X\C,, is open. Then S’
and LkJ S7 are open.

i=1
i F ]
We obtain that C,, separates uniformly in X two open subsets, S/ and
L]j S7, and the sequence (a,) contain subsequence in S7 and in 6 57,
1=1 i=1
(N i F ]
It follows that (a,)is not weakly admissible, which is a contradiction.

4) fis continuous:

Let f(S1, So,...) = [(an)].

Let G be an open set such that OG is compact and(a,, ) is eventually in G.
Then W = {[(by)] € UE(X) | (by) eventually in G} ia a basic neighbourhood
of [(an)]-

We will show that Ing € N such that S,, C G.

Because (C),) is a cofinal sequence of compacta , Ing € N such that

Chry 2 0G and X\C),, C X\0G = GU Ext G.

Then for the component S,,, of X\Cy, one has

Sne € GUExt, G i.e. (GN,Sy,)U(Ext G N Spy) = Spy-SinceSy, is weakly
connected and G N Sy, # 0, it follows that S,, C G N Sp,.

We obtain S,, C G, which proves the above assertion.

In this way we get that V = {[(¢,)] € UE (X) | (¢n) eventually in Sp,}
cw.

We choose a neighboorhood Uof (S1, Sa,...) , U = [] U, where
neN

U, — S(X\Cn), n > ng
" Sa , n<mng

We claim that f(U) C V C W. Really, if (S1, Sa, ..., S}, Sh.+1) € U and

* Mgy Mno+l
(51,350 Snos1) = [(dn)] , then (dy) is eventually in Sy, and it follows that
(dp) € V. n
At the end, we compare the uniformly locally connected spaces ( [8] ),

with uniformly simple spaces - a notion introduced in [9] .

Definition 9. If w : E(X) — UE (X) is a bijection, then X is uniformly
simple.

Theorem 5. If X is uniformly locally connected space, then X is uni-
formly simple.
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Proof. Suppose X is not uniformly simple.
Then the induced map u : E(X) — UE (X) is not a bijection i.e. there

exist (K1, Ko, K3,...) € E(X) and (K, Ky, K,...) € E(X) such that

U (Kla K, K3, ) = (Qla Qo, Q3,.,.) s

u (Ki, Ky, K;I:,,) = (Q1, Q2, Q3,.,.)

and K1, K| C Q1, K2, Ky C Qs ...
We can suppose that K1 # K i.Then, because the sequences K1 O Ky O
... K, D ..and Ki D Ké .2 K;I D ... are cofinal, we can suppose that
n # K;l, for each natural number n.There exist sequences (x,), , € K,
and (ypn) , Yn € K;l, i.e. these two sequences are in different components of
connectedness of X /C),, and 7115& d(xn, yn) = 0. Such sequences must exist

because, conversely, nlingo d (Kn, K;) > 0 which is a contradiction in the con-

—

dition that K, K;L C @, for each natural umber n and the condition that
(Q1, Q2, ..., @Qn,...) is a uniform end.

Let K be a maximal connected set in X such that z,, y, € K and we
choose € > 0 such that diam K > ¢

Then, for z,, y, € C and C' is a component of connectedness, it follows
that :

diam C' > diam K > &,

i.e. X is not uniformly locally connected, which is a contradiction.
Hence, X is uniformly simple i.e. number of ends and uniform ends of
X is equal. ]

Example 1. Let X be subset of plane defined with

X ={(0,9) |y eR}u{(xé) |x>0}U{(m,n)‘0§x§ %,neN}.

Then X is uniformly simple, but it is not uniformly locally connected.
We choose two sequences:

(Tn), Tn= (0,n+%) and

(Yn) ,yn = ( 2n2+17 2n2+1 )-

Then any connected set K, such that z,, y, € K has diam K > 1.
Hence, X is not uniformly locally connected.
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