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1. Introduction

For any metric spaces X and Y we denote by C(X,Y) the class of all
continuous functions from X to Y. We will use vectorial inequalities with the
understanding that the same inequalities hold between their corresponding com-
ponents.

Let a > 0, do € Ry = [0,+00), b = (b1,...,b,) € R} and d =
(di,...,dn) € R} be given. For each x = (z1,...,2,) € R" we write x = (2/, 2")
where ' = (z1,...,24), 2" = (Tx41,...,%n), where 0 < k < nis fixed. f Kk =n
we have 2’ = z, if kK = 0 then 2”7 = 2. We define the sets

E= [0,&] X [_b/7b,) X (_b/,vb”]? D = [_d070] X [O,d/] X [_d//70]'
Let ¢ = (¢1,...,¢,) =b+d and

Eog = [—do, 0] x [V, ] x [-",b"],
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OE = ((0,a] x [V, ] x [-",b")\ E, E* =EgUEUOE.

We consider a functional differential equation on the set E, initial boundary
conditions are given on Fg U JyE. The set D appears in the definition of the
functional variable.

Suppose that z : E* — R and (t,z) € [0,a] x [—b, ] are fixed. We define
the function z(; ) : D — R as follows

z(t,x)(37y) = Z(t +s,x +y)7 (87y) €D.

The function z(; ) is the restriction of z to the set [t —do, t] x [/, 2’ +d'] x [2" —
d",x"] and this restriction is shifted to the set D. For a function w € C(D, R)
we write

| w ||p= max {|w(t,z)| : (t,z) € D}.

Put Q = ExXRxC(D, R)x R" and suppose that f : @ — Rand ¢ : EgUOE — R
are given functions. We consider the differential functional equation

(1.1) Oz(t,w) = f(t, @, 2(t, ), 24,0, O2(t, 7))

with the initial boundary condition

(1.2) z(t,z) = @(t,z) on EyUOyE.

A function v : E* — R is called a classical solution of problem (1.1), (1.2) if
(i) v € C(E*,R) and v is of class C' on E,
(ii) v satisfies equation (1.1) on E and condition (1.2) holds.

Differential equations with deviated variables and differential integral problems
can be derived from (1.1) by specializing the operator f. Existence results for
the mixed problem (1.1), (1.2) can be found in [3], Chapter 5.

The classical theory of differential inequalities generated by partial dif-
ferential equations or systems was developed in monographs [5], [11], [13]. As it
is well-known they found applications in several differential topics, in particular
about estimates of solutions of differential problems, estimates of the domain of
solutions, estimates of difference between two solutions, criterions of uniqueness
and continuous dependence. The monograph [3] contains an exposition of recent
developments hyperbolic functional differential inequalities and applications.

In the recent years a number of papers concerned with difference and
functional difference inequalities were published [1], [4], [6]-[10], [12]. These
inequalities usually are explored for to establish error estimates and convergence
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results for difference methods generated by differential or functional differential
problems.

In the paper we start the investigation of implicit difference functional
inequalities generated by mixed problems for nonlinear equations. We prove
that under natural assumptions on given functions and on the mesh there is a
class of implicit difference schemes for a mixed problem which is convergent.

The paper is organized as follows. In Section 2 we construct a general
class of implicit difference schemes for (1.1), (1.2). Section 3 deals with a com-
parison result for difference functional inequalities. A convergence theorem and
an error estimate for implicit difference methods are presented in Section 4. A
numerical examples is given in the last part of the paper.

2. Discretization

Let us denote by F(X,Y) the class of all functions defined on X and
taking values in Y, where X and Y are arbitrary sets. Let N and Z be the sets
of natural numbers and integers, respectively. For z,y € R", © = (z1,...,2y),
y=(y1,...,Yn) We put

n

|z ||= Z]wz] and zoy = (7191,...,TnYn) € R".
i=1

We define a mesh on the set E* and D in the following way. Let (ho,h'), i’ =
(h1,...,hy), stand for steps of the mesh. For h = (hg, k') and (r,m) € Z'*",
where m = (my,...,m,), we define nodal points as follows

t") =rxhy, 2™ =moh, 2™ = (mgml), o alme)),

Let us denote by H the set of all h = (hg,h’) such that there are Ky € Z
and N = (Ny,...,N,) € N" with the properties Kohg = dyp and N o b/ = d.
We assume that H # (. Let K € N be defined by the relations Khg < a <
(K 4 1)hg. Write
Ry = {(t™,2™) : (r,m) € 2"}
and
Ey=ENR™ Eno=ENR'™, Dy,=DNR"™,
OBy =ENR,™, Ej=FEnoUE,UdE).

We consider a functional difference equation on the set Ej, initial boundary

conditions are given on Fy; U0gEp. The set Dy, appears in the definition of the
functional variable. Moreover we put

Epy = Ef 0 (J—do, t)] x R™)
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where 0 < r < K and
I ={t":0<r<K}, I,=1,\{t%}.
For functions 2z : £} — R and w : I}, — R we write
20 = (1) 2y (M) = 4 (¢(1)).

For the above z and for a point (¢("), x(m)) € Ej, we define the function z,. ) :
Dy — R by the formula

2y (5,9) = 2(t7) + 5,20 + ), (s,y) € Dy
The function 2., is the restriction of 2 to the set
([t = do] x [, ™) 4 @] x [z — @”, (™)) 0 REF™
and this restriction is shifted to the set Dj,. For a function w : D;, — R we write
| w || p,= max {Jw"™| : (0, 2™ € Dy}

Let e; = (0,...,0,1,0,...,0) € R", 1 < j < n, where 1 is the j-th coordinate.

We consider difference operators dp and § = (41, ..., d,) defined in the following
way
1
(r,m) _ (r+1,m) _ _(r,m)
0oz o (z z )
and
1
(rm) _ ~ ( (rm+te) _ (r,m) .

(2.1) 0iz =7 (z z >, 1<i<k,

1

rm) = ((rm) _ _(r;m—e;) .

(2.2) 0;2 > (z z ), k+1<i<n.

Set 621 = (6,27 .. §,2("™)). Note that 6z("™) is given by (2.2) if & = 0
and 0z("™) is defined by (2.1) for k = n.
Put Q), = E} X R x F(Dp, R) x R™ where
By ={(t0,a™) € By : (1), o) € By}
and suppose that

fn:Qy — R, goh:Eh.()UathHR
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are given functions. We will approximate classical solutions of (1.1), (1.2) with

solutions of the functional difference equation

(2.3) Sz = fh(t(r), (M rm) Zlrm] 5,2(”1””))

with the initial boundary condition

(2.4) Zrm) = apg’m) on EjoUO0E}.

Let us denote by Fj, the Niemycki operator corresponding to (2.3) i. e.
2™ = £, £ ) 2] 5zrlm)y,

Problem (2.3), (2.4) has the following property: the unknown function is a
functional variable and the difference operators appear in a classical sense.

3. Difference functional inequalities

We begin with a maximum principle for implicit difference functional
inequalities generated by (2.3), (2.4). Suppose that the function

)\n = ()\h.b ey )\hn) : E}IL X F(Dh,R) — R
is given. Consider the implicit functional difference equation
n
20 — g Y A (80, @), 2 ) 832
i=1
The maximum principle asserts that solutions of difference functional inequal-
ities generated by the above equation cannot have a positive maximum (or a

negative minimum) on the set Ej,.
Write

B — [—b/,b/) % (—b//,b//], B* — [—b/7c/] % [—C//,b//]

and
h = {2 . m e 2"}

where h € H. We consider the sets
B,=BNR}, B;=B"NR}
and 0y By, = B} \ By,. Define 0 = (64,...,0,) where
0;i=1for 1<i<gk and 6;,=—-1 for k+1<i<n.
Theorem 3.1. Suppose that 0 < r < K — 1 is fired and the function
A= An1,--y A )t Epy X F(Dp, R) — R™ is such that
M(t,z,w)o0 >0 on Ep, x F(Dp, R).
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(I) If w: Ep 41 — R satisfies the implicit difference inequality
w(r+1,m) < ho Z i (t(r)7 :L,(m)7 w[nm])diw(%l—l,m)
i=1
for ™ € By, and p € Z", j= (pua, ..., ptn), is such that
w(r+1’“) — M
where
(3.1) M = max {w™ ;2™ € B*Y and M >0
then (W) € 9y By,.
(1) If w: Ep 11 — R satisfies the implicit difference inequality
W™ > by S N (10, 20, w) a0l
i=1
for 2™ € By, and p € Z™ is such that

WL _ f

where

M = min {w ™) : 20" ¢ By and M <0
then W) € 9yBy,.

Proof. Consider the case (I). Suppose that z(*) € B,. Then

"1
w( LK) < ho Z E)\h.i(t(r)a ;U(M),w[r’“]) [w(r—&-l,u—&-ei) _ w(H—LM)}
i=1""
"1
the S E)\h_i(t(r)’ 20w ) [w(r+1,u) _ w(r+1,u—ei)}.
i=r+1 "
This gives

wrTLe)

noq .
1+ ho Z h_|)\hz(t( )7 x(u)vw[r,u]>|:|

i=1 """

1
< ho Z E)\h.i(t(r)a AN w[r?’u])w(r—l-l,u—i-ei)
i=1'"
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~ho Z %)\h-i (t(r)a x(u); Wiy, ) )w(T’Hvﬂ—@i)

i=k+1 "

"1
< hoMZ Ep\h.i(t(r)aiﬁ(u)aw[r,u]”-

i=1""

We thus get w14 < 0 which contradicts (3.1). Then zM e 9By, which is
our claim. In a similar way we prove that z(*) € 9yBy, in the case (II). This
completes the proof. ]

Assumption H|fp]. Suppose that the function f; : ©; — R of the variables
(t,x,p,w,q) is such that

1) f is nondecreasing with respect to the functional variable and for each
P = (t,x,p,w,q) € Qy, there exist the partial derivatives

Opfn(P), 0qfn(P) = (O fu(P), -, Og, Jn(P))
and
Opfu(t,z,w,-) € C(R™", R), Ogfult,x, w,") € C(R™, R"),
2) for each P € €2, we have
Ogfn(P)o80 >0

and
L+ hoOp fu(P) > 0.

Now we formulate a theorem on implicit functional difference inequalities.

Theorem 3.2.  Suppose that Assumption H|[fy] is satisfied and the
unctions u,v : Ef — R are such that the implicit difference inequality
h

(3.2) Sou™™ — Fh[u](r,m) < Jou(™m) — Fh[v](nm), (t(r),m(m)) € B},
and the initial boundary estimate
(3.3) uw™™ < ™) on By o USE),

are satisfied.
Then

(3.4) um™ < ) op E;.
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Proof. We prove (3.4) by induction on r. It follows from (3.3) that
assertion (3.4) is satisfied for » < 0 and (¢t("), (™) € Ej,. Suppose now that
w™ < otm) for (40 20m) e F, . where 0 < r < K. It follows easily that

(u o ,U)(rJrl,m) < ('LL - v)(r,m)
+h0 [fh (t(r)a x(m), u(r,m)’ u[r,m} ; 5u(7‘+1,m)) - f(t(r)a x(m), U(nm)a U[’r,m]a 5U(T+17m))}

< (u—0)"™[1+ hod, f(Q)]

+h0 [fh(t(r)7 x(m), U(nm)7 u[r,m} ) 5u(r+l,m)> - fh (t(r)a x(m)’ ,U(r,m), U[r,m] ) 6u(r+1,m))}

+ho > 0, F(Q)3;(u — v) ™)

j=1
where 2™ € By, and Q is an intermediate point. We thus get

n

(=)™ < ho S 9y, £(Q)65(w — w) T HE™),

J=1

where (™ € By. It follows from (3.3) and from Theorem (3.1) that (u —
v)(rtm) < 0 for (™ € 9yBj,. Then we obtain (3.4) by induction and the
theorem follows. u

4. Implicit difference methods for mixed problems

We formulate sufficient conditions for the convergence of the method
(2.3), (2.4). We first prove that there exists exactly one solution uy : Eff — R
of problem (2.3), (2.4). For each z(™ € By, we put

A = fgmte) 1 < j < g}u{zm) : k4+1<j<n}.

Lemma 4.1. If Assumption H[f3] is satisfied and @y, : E gU00Ep — R
then there exists exactly one solution uy, : Ef — R of (2.8), (2.4).

Proof. Is follows from (2.4) that wy is defined on Ejo. Suppose now
that 0 < r < K is fixed and that uy, is defined on E} .. Consider the problem

(1) 2 =y pg (80, 20 Wl () g 520

(4.2) ugﬂ’m) = gogrﬂ’m) for (™ € 8By,
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Suppose now that the numbers uh(t(”l), y) where y € A are known. Write
() = u™ + o fu (10, 20w () g, QUTE(7)),

where

Q(r—l—l,m) (7_) _ (hil <u§1r+1,m+61) _ 7_)’ o hi (ugr-l-l,m—i-en) _ 7_>,

h:+1 <T - u2r+1,m—en+1)> e h_ln (T _ ugr—&-l,m—en)))'

Then v : R — R is of class C! and

n

1 r,m T m
W/(r) = ~ho 3 5100, Fut7, 2™ ™, (), QU (7)) < 0
J

J=1

for 7 € R. Then equation 7 = 9 (7) has exactly one solution and consequently

the number ugﬂ’m) can be calculated.
Since ugﬂ’m) is given for (™) € 9y By, it follows that there exists exactly
one solution ugﬂ’m) of (4.1), (4.2) for 2™ € By,. Then uy, is defined on Ej, .
Then by induction the solution exists and it is unique on Ej}. n
Suppose that the functions vy : Ef — R and «ag,y : H — R, are such
that
(43) [Govs™™ = Fy[oa) ™| < (k) on Ej,
(4.4) o™ — oi"™| < ag(h) on EpoUdE,
and
4.5 li h) =0, li h) = 0.
(4.5) lim 5(h) =0, lim ag(h)

The function vy, satisfying the above relations can be considered as an approxi-
mate solution to problem (2.3), (2.4).

We give a theorem on the estimate of the difference between the exact
and approximate solutions to problem (2.3), (2.4).

Assumption H|fp,o0p]. Suppose that Assumption H|[f3] is satisfied and
1) there is L € Ry such that |0, f,(P)| < L for P = (t,z,p,w,q) € Q,

2) there is o, : I; x Ry — R, such that
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(i) for each ¢ € I; the function oy(¢,-) : Ry — R4 is continuous and it
is nondecreasing,

(ii) on(t,0) =0 for t € I}, and the difference problem,

(4.6) " =" 4 hooy, (K7, 97) + hoLn™, 0<r < K —1,

(4.7) n® =0

is stable in the following sense: if v, g : H — R, are such functions
that

li h) = li h) =

lim~(h) =0, lim ag(h) =0
and 7y, : I, — R4 is a solution of the problem

(4.8) 0T = 9" 4 hoon, (17, )) + ho L™ + hoy(h),

(4.9) 1'% = ag(h),

where 0 < r < K — 1, then there is a : H — R4 such that

(4.10) ) < a(h)

for 0 <r < K and limy,_,ga(h) =0,
(iii) if w,w € F(Dp, R) and w < w, then

fh(t(r),x(m),p,w,q) - fh(t(r)a m(m),p,w, Q) < O-h(t(r)7 “ w—w “Dh)'
Now we formulate the main result in this section.
Theorem 4.2. Suppose that Assumption H|fy,on] is satisfied and

1) o+ EpoUOoEy is a given function and up, : Eff — R is a solution of
problem (2.3), (2.4),

2) the functions vy, : Ef — R and v,a0 : H — Ry are such that relations

(4.3)-(4.5) hold.

Then there exists a function o : H — Ry such that

(4.11) |u§f’m) - vgr’m)| < a(h) on Ej and }Ilin%) a(h) = 0.
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Proof. Let the function Cj, : Ej — R be defined by
(4.12) Sov\"™ = Fy o) ) 4 ™,

It follows from (4.3) that ]C,(Lr’m)\ <~(h) on Ej.
Consider the difference problem (4.8), (4.9) and its solution wy, : I, — R.
Write

o) = "™ 4 ag(h) on B,

77,(:’7”) = v}(LT’m) + wg’m) on EpU0yE).
We prove that v), satisfies the difference inequality
(4.13) 5oB"™ > Fy[5,]™ on Ej,.

We conclude from Assumption H|[fy, 0] and (4.12) that

~(rm ~ 1 T ' r,m
601),2’ ) = Fion) ™™ + h_g(w’(‘ +1) —w,(L )) + C,(L’ )

+ [fh (t(r), x(m), vgr,m)’ (vh)[r,m]a 5v,(1r+1,m))
7fh(t(r) , m(m) , 527',77’1/) , (5}1) [r?m] ’ 6U§LT+Lm) ):|

> B + oo (6l =l ™) on @) - L) =2 (h),
where (¢t 2(™) € E}. The above inequality and (4.8) imply (4.13). By the
initial boundary estimate

(4.14) u{"™ < T on By o Ud0E,

and (4.13) and Theorem 3.2 we obtain

(4.15) ug’m) < v,(:’m) + w}(:’m) on FEj.

In a similar manner we can see that

(4.16) vg’m) - wgr’m) < ugf’m) on Ej.

Now we obtain the assertion of Theorem 4.2 from (4.15), (4.16) and from the

stability of problem (4.6), (4.7). n
We consider a class of difference problems (2.3), (2.4) where f, is a su-

perposition of f and a suitable interpolating operator.

Assumption H[T}]. Suppose that the operator T}, : F(Dy,R) — F(D,R)

satisfies the conditions
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1) if w € F(Dp, R) then Ty[w] € C(D, R) and
I Thlw] [[p=[l w [ Dy,

2) if w,w € F(Dy, R) then Tp[w + w] = Tp[w] + Th[w], if we assume that
w < W then Tyw] < Ty [w],

3) if w: D — R is of class C! then there is v : H — R, such that
| Thfoun] —w |[p< (k) and Jim 5(h) =0,

where wy, is the restriction of w to the set Dy,.

Remark 4.3. It is easy to see that the interpolating operator consid-
ered in [3] satisfies Assumption H[T}p].

Assumption H|[f,o]. Suppose that the function f : £ — R of the variables
(t,x,p,z,q) is such that

1) fis continuous and it is nondecreasing with respect to the functional vari-
able,

2) for each P = (t,z,p,w,q) € Q) there exist the partial derivatives
O f(P), 9gf(P) = (99, f(P),...,0q,f(P))
and O,f € C(Q, R), 0,f € C(Q, R™),
3) for each P € € we have
Ogf(P)o80 >0 and 1+ hoOpf(P) >0
and there is L € R, such that |0,f(P)| < L on €,
4) there is 0 : [0,a] X Ry — R4 such that

(i) o is continuous and it is nondecreasing with respect to both variables,

(ii) o(t,0) = 0 for t € [0,a] and for each ¢ > 0 the maximal solution
w(-, &) of the Cauchy problem

(4.17) w'(t) = Lw(t) + o(t,w(t)) + &, w(0)=¢

is defined on [0, a] and w(¢,0) = 0 for ¢ € (0, a),
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(iii) the estimate
[tz p,w,q) = f(t,z,p,w,q) <ot || w—w|p)
is satisfied on 2 for w > w.

We will approximate solutions of (1.1), (1.2) with solutions of the differ-
ence functional equation

(4.18) S0zt = f(t, &™) 20 Tz, 1y, 620

with the initial boundary condition (2.4).

Theorem 4.4. Suppose that Assumptions H[Ty) and H[f, o] are satis-
fied and

1) h € H and the function uy, : Eff — R is a solution of (2.4), (4.18) and
there is a9 : H — Ry such that

(4.19)  |pmm) — gogf’m)| < ag(h) on EnoUO0yE; and }llin% ap(h) =0,

2) v: E* — R is a solution of (1.1), (1.2) and v is of class C' on E*.

Then there is o : H — Ry such that

(4.20) "™ — "™ < (k) and lim a(h) = 0.

—0

Proof. Write

fh(t7x7pazvq> :f(t,ﬁf,p,ThZ,q) on Qh

Then f; is nondecreasing with respect to the functional variable. Moreover we
have the estimate

fh(t7x7p7w7Q) - fh(taxapvwa q) S U(ta H w—w HDh>

on € for w > w. Let the function C}, : E} — R be defined by (4.12). Then
there is v : H — R4 such that |C,(lr’m)| < 7(h) on Ej and limj,_,oy(h) =0. It
follows that vy, is an approximate solution to (2.4), (4.18). Now we prove that
the difference problem

") = ) 4 hoo (t0), 9 + hoLn™ for 0 <r < K —1, 5(0) =0
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is stable. Suppose that v, ag : H — R are such functions that

lim (k) = 0, lim ao(h) = 0.

Consider the solution ny, : I, — R4 of the problem
N =50 4 hoo (7, ")) + hoLn™ + hoy(h), 0<r <K -1,

1(0) = ao(h).
Let us denote by wy, : [0,a) — Ry the solution of problem (4.17) with ¢ =
max {y(h),ag(h)}. It is easily seen that nﬁf) < w,(f) for 0 <i < K and

}llin%] wp(t) = 0 uniformly on [0, a].

Then we have n,(li) < wp(a) for 0 < ¢ < K and problem (4.17) with ¢ = 0 is
stable. Then all the conditions of Theorem 4.2 are satisfied and the assertion

(4.20) follows. n
Now we give an error estimate for method (2.4), (4.18).

Lemma 4.5. Suppose that

1) the solution v : E* — R of differential problem (1.1), (1.2) is of class C?
and the assumptions of Theorem 4.4 are satisfied with o(t,p) = Lp, L > 0,

2) there exist M= (HI, ... ,Mn) € R}, such that
|a(1jf(t7$7pazaq)‘ S Mj
and C € R is such a constant that

Ouv(t, )| < C, |0p,0,v(t,2)] < C

where j =1,...,n.
Then
(4.21) ("™ — )| < )
where

(1+2hoL)" —1
2L

> hiM;.
j=1

) = ag(h)(1+ 2ho )" + 5(h)

and ~
1~
v(h) = §Ch0 + Ly(h) +
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Proof. From the assumptions of Lemma we conclude that the operators
dg, 0 satisfy the following conditions

|60 ™™ — 90| < %67207

5,0 — 9, orm)| < %éhj, i=1.....n.
It follows from above estimates and from Assumption H|[T},] that
1C™| = (v — gy
f(t(r),a:(m),v(“m),v[nm], Apv ™)) — F ("), z(m),v(r’m),Thv[r’m], su(™))| < F(h).
The function 7, is a solution of the problem
D = (1 4 2hoL) + hoF (h).

Then from Theorem 3.2 we get the assertion (4.21). [

Remark 4.6. The stability of difference equations generated by hy-
perbolic equations or systems is strictly connected with the so-called Courant-
Friedrichs-Levy (CFL) condition (see [2], Chapter 3). Let us consider the explicit
Euler method

(4.22) BT = F(H0) ) ) Ty ()

with initial boundary condition (2.4).
The (CFL) condition for (4.22) has the form ([3], Chapter 5)

1
(4.23) 1—ho) h—j|8qu(P)| >0, P=(t,z,p,w,q) € Q.
j=1
Note that we have omitted assumption (4.23) for implicit Euler method.
5. Numerical example

For n = 2 we put
E =10,0.5] x [-1,1) x (=1,1], Ep={0} x [-1,1] x [-1,1],

8E = [0,0.5] x {1} x {~1}.
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Consider the quasilinear differential equation with deviated variables

(5.1) Oz(t,x,y) = [1 + ysin (z(t,:n,y))](?xz(t,x,y)

~[1 = wsin(a(t,2,9))] 02 (0 2,9)
—i—z(t 0.5(x + — 2y -2yt — — ey
,0. Y),0.5(x —y)) + (z° —y° — 2yt — 2zt )2(t, z,y) — ™Y,
with the initial boundary condition

2(0,z,y) =1, (z,y) € [-1,1] x [-1,1],

(5.2) 2(t,1,y) =t te0,1], ye[-1,1],
2(t, @, —1) = el@=1), tel0,1], ze[-1,1].

The solution of the above problem is given by
Z(t,x) = et =v?),
Let us denote by wuj, the solution of the implicit difference problem

602(r,m,k) _ {1 + y(k) sin (z(r,m,k))} 512(T+1,m,k¢)

— [1 — 2™ sin (z(r’m’k))} G2 HLmok) +Thz(t(r), 0.5(z™ 4y ")), 0.5(x(™ — y(k)))

((@)? = ()2 — 2y 2g (M) ) s (10 )

Let w4, denote the solution of a classical difference problem corresponding to
(5.1), (5.2). We give the following information on errors of the methods. Write

- X > s

—N k=-N+1
§§;) Z Z ngm,k) _ zrmk))
=—N k=—N+1

(r) ~(r)

The numbers ¢;,’ and &, ° are the arithmetical mean of the errors with fixed (),
The values of the functions ¢;, and &, are listed in the table. We write ” x” for
&7 > 100.

Table of errors (€, €p,)
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ho = 0.01, hy = hy = 0.01 ho = 0.005, hy = hy = 0.01
En Eh Eh Eh
t=0.1 0.018958  0.001302 0.010255  0.000667
t=20.2 X 0.002599 0.379365 0.001360
t=20.3 X 0.003908 0.568249  0.002088
t=04 X 0.005250 0.616789  0.002863
t=20.5 X 0.006642 0.629860  0.003697

The results shown in the table are consistent with our mathematical analysis.

Our experiments have the following property. The classical Euler method
for problem (5.1), (5.2) is stable for hg = 0.005, h; = hg = 0.01 and it is not
stable if hg = 0.01, h; = ho = 0.01. The implicit Euler method is stable in the
both cases.

The difference methods described in Section 4 have the potential for
applications in the numerical solving of differential functional equations with
initial boundary conditions.
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