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Here are established a number of sharp and nearly optimal discrete probabilistic in-
equalities giving various types of order of approximation of Discrete Csiszar f-divergence be-
tween two discrete probability measures. This distance is the most essential and general tool
for the comparison of these measures. We give also various types of representation of this dis-
crete Csiszar distance and then we estimate tight their remainders, that is leading to very close
discrete probabilistic inequalities involving various norms. We give also plenty of interesting
applications.
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1. Basics

The basic general background here has as follows.

Let f by a convex function from (0, +00) into R which is strictly convex
at 1 with f(1) = 0.

Let (X, A, \) be a measure space, where \ is a finite or a o-finite measure
on (X, A). Let p1, p2 be two probability measures on (X, A) such that 1 < A,
pa < A (absolutely continuous), e.g. A\ = uq + po.

Denote by p = ?—;, qg= %\2 the (densities) Radon—Nikodym derivatives
of p1, pe with respect to A Typically we assume that

0<a§£§b, aec.on X anda <1<hb.
q

The quantity
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was introduced by I. Csiszar in 1967, see [11], and is called f-divergence of the
probability measures p; and po.

By Lemma 1.1 of [11], the integral (1) is well-defined and I'(u1, p2) > 0
with equality only when p; = po. Furthermore by [11}, [6] I'¢(p1, p2) does not
depend on the choice of A. The concept of f-divergence was introduced first
in [10] as a generalization of Kullback’s “information for discrimination” or I-
divergence (generalized entropy) [15], [16], and of Rényi’s “information gain”
(I-divergence) of order o [17]. In fact the I-divergence of order 1 equals

Iy log, u(pen, p2).

The choice f(u) = (u — 1)? produces again a known measure of difference of
distributions that is called x2-divergence. Of course the total variation distance

1 — o] = /X p(z) — ()| dA(x)

is equal to I,y (p1, p2). Here by assuming f(1) = 0 we can consider Iy (11, pi2)
the f-divergence as a measure of the difference between the probability measures
1, p2.

This is an expository, survey and applications article where we apply to
the discrete case a great variety of interesting results of the above continuous
case coming from the author’s earlier but recent papers [5], [6], [7], [8].

Throughout this article we use the following. Let again f be a convex
function from (0, +o00) into R which is strictly convex at 1 with f(1) = 0. Let
X = {x1,22,...} be a countable arbitrary set and A be the set of all subsets
of X. Then any probability distribution p on (X, A) is uniquely determined by
the sequence P = {p1,pa,...}, pi = u({x;}), i =1,.... We call M the set of all
distributions on (X, A) such that all p;, i = 1,..., are positive.

Denote here by pi1,pue € M the distributions with corresponding se-
quences P = {p1,...}, @ ={q1,q2,...} (pi >0,¢;>0,i=1,2,...).

We consider here only the set M* C M of distributions p1, pe such that

(2) 0<a§&§b, i1=1,..., onX anda <1<,
qi

where a, b are fixed.
In our discrete case we choose A such that A({z;}) =1, all i =1,2,....
Clearly here p; < A, po < A. Therefore by (1) we obtain the special case of

3) (i 1) = ngf ().



Optimal Approximation of Discrete Csiszar f-Divergence 187

So (3) is the discrete f-divergence or Csiszar distance between two discrete
distributions from M*, see also [10], [12]. The quantity I'y as in (3) is also
called generalized measure of information.

The above discrete general concept of I'y(u1,u2) given by (3) incorpo-
rates a large variety of discrete specific I'; distances such of Kullback—Leibler so
called information divergence, Hellinger, Rényi a-order entropy, x2, Variational,
Triangular discrimination, Bhattacharyya, Jeffreys distance. For all these and
a whole of very interesting general theory please see S. Dragomir’s important
book [13], especially his particular article [14]. In there S. Dragomir deals with
finite sums similar to (3), while we deal with finite or infinite ones.

The problem of finding and estimating the proper distance (or difference
or discrimination) of two discrete probability distributions is one of the major
ones in Probability Theory. The above discrete f-divergence measure (3) for
various specific f’s, of finite or infinite sums have been applied alot to Anthro-
pology, Genetics, Finance, Economics, Political Science, Biology, Approximation
of Probability distributions, Signal Processing and Pattern Recognition.

In the next the proofs of all formulated and presented results are based
alot on this Section 1, especially on the transfer from the continuous to the
discrete case.

2. Results

Part I. Here we apply results from [5].
We present

Theorem 1. Let f € C'([a,b]) and p1,pu2 € M*. Then

(4) Ff(:ulv:u2) < ”f,Hoo,[a,b] (Z |pi - %’) :

=1

Inequality (4) is sharp. The optimal function is f*(y) = |y — 1|*, a > 1 under
the condition, either
i) max(b— 1,1 —a) <1 and

(5) C :=sup(Q) < +o0,

(6) pi—qi|l <q¢ <1l i=12....
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Proof. Based on Theorem 1 of [5]. [

Next we give the more general
Theorem 2. Let f € C"Y([a,b]), n € N, such that f¥(1) = 0, k =
0,2,...,n, and w1, ue € M*. Then

Hf (1) Hoo[a b . -
(7) Cp(pr, po) < ———= ZqZ pi — il :

Inequality (7) is sharp. The optimal function is f(y) := ly—1"T*, o > 1 under
the condition (i) or (ii) of Theorem 1.

Proof. Based on Theorem 2 of [5]. ]

As a special case we have

Corollary 1 (to Theorem 2). Let f € C?*([a,b]) and p1,pu2 € M*. Then

(8) Ly(p1, p2) < et YD) (i g; ' (pi — q-)2> :
) = 2 3 % 7

=1

Inequality (8) is sharp. The optimal function is f(y) = |y—1"*%, a > 1 under
the condition (i) or (ii) of Theorem 1.

Proof. By Corollary 1 of [5]. [

Next we connect discrete Csiszar f-divergence to the usual first modulus
of continuity wy.

Theorem 3. Assume that

9) 0<h::Z]pi—qi|gmin(l—a,b—l).
=1

Let py, o € M*. Then
(10) Ly(p1, p2) <wi(f,h).
Inequality (10) is sharp, namely it is attained by f*(x) := |z —1].

Proof. By Theorem 3 of [5]. [

Part II. Here we apply results from [6]. But first we need some basic concepts
from [9], [2].
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Let v >0, n:=[vJanda =v—n (0 < o < 1). Let z,z9 € [a,b] C R
such that z > x(, where zg is fixed. Let f € C([a,b]) and define

(11) (20 f)(z) = % / @ —s) f(s)ds, mo<z<b

the generalized Riemann—Liouville integral, where I" stands for the gamma func-
tion. We define the subspace

(12) CY ([a,b]) = {f € C"([a,b]): J7°,D"f € C'([x0,b])}.

For f € Cy ([a,b]) we define the generalized v-fractional derivative of f over
[z0,b] as

14 T n d
(13) DY f:=DJp, f™ <D = %) .
We present the following.

Theorem 4. Leta<b, 1 <v <2, feC¥a,b]), ui,us € M*. Then

”ng”oo [a,b] 1—
T < 177aJ l100,]a,0] E l—vin — aa)’ | .
(14) f(Ml)M?) = F(V 1) pa q; (Pz GQZ)

Proof. By Theorem 2 of [6]. [

The counterpart of the previous result follows.
Theorem 5. Let a < b, v >2 n:= [V, fe€ Cab]), fPa) =0,
t=0,1,...,n—1, p1,ue € M*. Then

HngHoo [a,b] 1—
T < 177aJ l100,1a,0] E L—vin. — aa)’ | .
(15) f(Ml)M?) = F(V 1) pa q; (Pz GQZ)

Proof. By Theorem 3 of [6]. [

Next we give an Lg estimate.
Theorem 6. Let a < b, v >1,n:=[v], f € Ca,b]), fP(a) = 0,
1=0,1,...,n—1, p1, o € M*. Let &, (3 > 1: é—l—

I1D8 f | &, [a,b) = 21 1ad
(16)  Ty(p,p2) < T30 —1) + D177 (Zqz ?(pi — ag;) “)-

i=1
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Proof. By Theorem 4 of [6]. [

It follows an L., estimate.
Theorem 7. Leta <b, v >1, n:= [, f € Cab]), fPa) =0,

a

1=0,1,...,n—1, ui,ue € M*. Then

DY s
(17) Lp(pr, p2) < Harf(% (Z " (pi — GQi)Vl) :

i=1

Proof. Based on Theorem 5 of [6]. [

We continue with

Theorem 8. Let f € C([a,b]), a #b, p1, o € M*. Then
1 ’ = i i b
(18)  Ty(ur,p2) < Ta/ fla)dz — z;f/ (1;_) (% —m) '

Proof. Based on Theorem 6 of [6]. [

Furthermore we get
Theorem 9. Let n odd and f € C"'([a,b]), such that f+) >0 (< 0),
w1, o € M*. Then

b n i o) ' ‘ '
Pr(p,pue) < (2)7 1 . / f@)de -3 ﬁ (Z <Z £ (%) e
a i=1 " \k=0

J=1

(19) - (bgj — pj)" " (ag; — pj)k>> :

Proof. Based on Theorem 7 of [6]. ]
Part III. Here we apply results from [7]. We begin with
Theorem 10. Let f,g € C'([a,b]) where f as in this article, g # 0 over [a,b],

Ui, o € M*. Then
(Z% g<p—l:> —9(1)'> :
0o,[ab] \i=1 di

!/

(20) Lr(p1, p2) < ' g,
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Proof. Based on Theorem 1 of [7].
Example 1. (to Theorem 10).
1) Let g(z) = 1. Then

(21) P (s 12) < 172 F oo (i Ly, - qi|) .
i=1""
2) Let g(x) = e®. Then
(22) Lp(pn, p2) < lle™ oo fab) (i g len — 6’) :
i=1
3) Let g(x) = e~ *. Then
(23) Ly(pr, p2) < ||€xf,”oo,[a,b] (i Qi 67% — 61’) .
i=1

4) Let g(z) = Inz. Then

(24) Ly(p1s 2) < 12 lloo a0 (Z ¢i

=1

5) Let g(x) = xInz, with a > e~!. Then

(Z pi

f/
l1+Inzx

(25) T (s piz) < H
00, [a,b]

6) Let g(x) = /x. Then

7) Let g(x) = z®, @ > 1. Then

1

(27) L ¢(pr, p2) < ol

(Z q “lpf —

H J[a,b]

Next we give

(2)]).
(%))

(26) Ly(p1, p2) < 2V f oo ) (Z Vai lVpi = \/EI) :
i=1

)

191
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Theorem 11. Let f € C'([a,b]), a # b, ju1, e € M*. Then
Hf/Hoo[ab]

b a2 b2

(28) —(a+b)+iqz~_1p?]‘
=1

Proof. Based on Theorem 2 of [7]. ]
It follows

Theorem 12. Let f € C([a,b]), a # b, uy, us € M*. Then

Ly(pr, p2) — %/bf(x)dx - ( >

" %_(i) 1 i 1
(29) < Lo ) If Hoo[abl{zqz{ b —a) +Z] +E}'

Proof. Based on (33) of [7]. ]

Working more generally we have

Theorem 13. Let f € CY([a,b]) and g € C([a,b]) of bounded variation,
g(a) # g(b), p1,pu2 € M*. Then

b
o) = s | rla)data)

(30) wawwm{Ej%([: P(s (Z)@uﬂyﬁ)},

where

g(t) — gla)

ob) —gla) 'SP
(31) PaGhat) =g

g - g

o) —gla) CS'EP
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Proof. By Theorem 5 of [7]. [

Example 2 (to Theorem 13). Let f € C([a,b]), a # b, and g(z) = €%, Inx,
VvV, z% o >1; x > 0. Then by (71)—(74) of [7] we obtain
1)

Ff(,ulmu2

(32) wﬂ{ZZ ZeqZ —e (2—a)+eb(b—2)},

e) i=1

2)

o (o)) [ 22
)

(33) ||f|roo[ab]( () 1{2szln——1n<ab> (+b—2>},

‘ ~

4ai

3)

’Ff(m,uz)—Q(\/—l_\/a) /ab f\(/?dx’

(34) < I ”oo[ab] { iq 1/2pf,/2+ (a3/2+b3/2) _(\/a+\/g)}7

(Vb — /a) 3
4) (a> 1)
‘Ff(ul,uz / f(x)z* tdx ‘ 7’(’£a‘|io’c[t'2§]x

(35) N
{ (Z qfa a+1) (a_—H(aa—‘rl + boc-‘rl) _ (aa + ba)} .

We continue with

Theorem 14. Let f € CP([a,b]), g € C([a,b]) and of bounded variation,
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gla) # g(b), p1, 2 € M*. Then

Cy(pa, p2) — W

_ Mog/:f’uzdg(bx)) [12(%(/:’3(9 ))H
(36) < ||f“||ooab(2<f< [l (a3 ) o0) ptaco 'dmldx»)

=1

Proof. Apply (79) of [7]. ]
Remark 1. Next we define

N | s—a, s € [a, Z]
(37) Pr(z,0) = { s—0b, s € (z,0].

Let f € C'([a,b]), a # b, ju1, u2 € M*. Then by (25) of [7] we get the represen-
tation

(39) o) = = ([ oo w1

where by (26) of [7] we have

(39) Ry = éq </b p* (72—95) f’(x)dx) .

Let again f € C'([a,b]), g € C([a,b]) and of bounded variation, g(a) # g(b),
1, 2 € M™.
Then by (47) of [7] we get the representation formula

1 b
(40) Tylprese) = s / f(@)dg(z) + Ra,

where by (48) of [7] we have

(1) R —Zqz ( / ( (Z),g@) f’(m)dx).

Let &, > 1: 3 4+ § = 1, then by (89) of [7] we have
ﬁ?[aVb]>

o (o)

(42) |R1| < Hf Ha [a,b] (Z q;
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(ql > Hoo,[a,b]) '

Furthermore by (95) and (96) of [7] we obtain

> Di
Ral < [ o (Z «|lP (g(f),g<->) H )
i=1 4i B,[a,b]

Po(2)e)] )

and by (90) of [7] we get

(43) Rl < 1F 1o (Z "

and

(44) R4l <

Remark 2. Let a < b.
(i) By (105) of [7] we get

(Z ¢; max (% —a,b— %)) , f€Ca,b]).
i1 i 4

(ii) Let g be strictly increasing and continuous over [a,b], e.g. g(x) = €,
Inx, vz, ® with a > 1, and z > 0 whenever is needed. Also let f € C*([a, b))
and as in this article always. Then by (106) of [7] we find

(16) Rl < (g‘(';;”_% (il aoma (o3 ) —ota.00) - g(%))) |

In particular via (107)—(110) of [7] we obtain
1)

f/ a B B
(47) ’R4’<|(|eb”—;[e‘7‘b)] Zqzmax(eqz—e eb—eqz> ,

=1

(45) |R1| <

2)

48)  |Ral < 1”f ””1‘;”; (Z . max <ln( > —lna,lnb—ln<%)>> :
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(49) ’R4’<ﬁ<l 1 max< ——\/_f pz>>,

and finally for @ > 1 we obtain
4)

/! oo a
(50) [Ral < HbJ; H_l [a;] (Z gi max <Zj —a%,b% — 5—;)) :
=1 [ i

1, then by (115) of [7] we have

/ - i — aq;)Pt1 + (bg; — p;)B+1
(51) |R1|g||f|rd,[a,b](z(§/(p Q)(gﬂ()qf i) ))

=1

iii) At last let &, 3 > 1 such that

Q=
+
i
I

Part IV. Here we apply results from [8].
We start with

Theorem 15. Let 0 <a <1<b, f as in this paper and f € C"([a,b]), n > 1

with | £ (t) — f™(1)] be a convex function int. Let 0 < h < min(1 —a,b— 1)
be fixed, pu1, o € M*. Then

n

Ty(pr,p2) < 27 Zq pi — q;)*
k=2
n+1 T (qu ”Ipz—qz!”“)

Here wy is the usual first modulus of continuity. If f*®(1) =0, k = 2,...,n,
then

(53) Ly(pa, p2) < ((Jj_il,h (Z q; "lpi — qz’nﬂ)

(52)

_l’_

Inequalities (52) and (53) when n is even are attained by

(54) fioy =1 ey
T o(n+1) - =
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Proof. By Theorem 1 of [§]. [

We continue with the general
Theorem 16. Let f € C™([a,b]), n > 1, p1,u0 € M*. Assume that
wi(f™ . 6) < w, where 0 <5 <b—a, w>0. Let x € R and denote by

(59 o) = [T L

where [-] is the ceiling of the number. Then
Pi — q;
rw (zwn( - )) |

If(’“
(56) T'p(p1,p Z
Inequality (56) is sharp, namely it is attained by the function

e}

ZS’%

=1

(57) fn(t) = w¢n(t - 1)7 a<t<b,
when n 18 even.

Proof. By Theorem 2 of [§]. [
It follows

Corollary 2. (to Theorem 16) Let pi, 2 € M*. It holds (0 < § <b—a)
y(pr, p2) < | Zq pi — q;)"
k=2
1
(n) 5 -ny . o ntl _
+or (F™, ){7(n+1)!5 (;ql Ipi — il ) (Zq "Ipi — il )

(58) + 8(%—1)' (; (J?_n|pz‘ - Qi’n1> }7

(k) s
|f (1)’ qu—k(pi _ Qi)k

k!
k=2 i=1

+w ”)5{ (Zq |pz_Qz)

(59) (n+ 1 (Z 4 - qi’nﬂ) }

Cp(pr,pe) <
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In particular we have

(60) Ty(p1,12) < wa(J,9) {%(qu )%@mm)%},

and

(61) Fﬂmwﬁ<w1f5{<§]m—%) (Zﬁz —wz>}

Proof. Based on Corollary 1 of [8]. [

Also we have
Corollary 3 (to Theorem 16). Let 1, po € M*. Assume here that f™ is of
Lipschitz type of order a, 0 < a < 1, i.e.
(62) wi(f™,8) < K6%, K >0,

for any 0 <6 <b—a. Then
(63)

n ) (]
Lyp(p1, p2) < kZZQ i/ k'( )

(qu n— a‘p _q|n+a>.
(a+1i) \i=1

When n is even (63) is attained by f*(x) = c|lz — 1|"T%, where

:]:

=1

n

c:=K/([[(a+1)>0.

=1

Proof. Based on Corollary 2 of [8]. [
Corollary 4 (to Theorem 16). Let p1, 2 € M*. Assume that

(64) —a>§:% 2_1>0.

Then

(65) L, p2) <w1< (qu 2 - )) {Z!pi—qi|+%}.
=1
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Proof. Based on Corollary 3 of [8]. [
Corollary 5 (to Theorem 16). Let p1, 2 € M*. Assume that

(66) > lpi —ail > 0.
=1

Then

il pe) < (f/’ (ZIm—qJ)) {(Z’pi—%!) + b;a}
=1 i=1
%(b_a)wl (f,a (; |pi —q¢|)> .

Proof. Based on Corollary 5 of [§]. ]

(67)

IN

We give

Proposition 1. Let f € C([a,b]), p1, 12 € M*.
i) Assume that

o
(68) > i —ail > 0.
=1

Then

(69) Tp(p1, p2) < 2wy ( (Z lpi — qi )) .

ii) Let r > 0 and

(70) b—aZT(Z|pi—qil>>0
=1

Then
1
(71) Ff(Ml) M?) S 1 + ) Z ’pl - QZ .
Proof. Based on Proposition 1 of [8]. ]

Also we give
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Proposition 2. Let f as in this setting and f is a Lipschitz function of order
a, 0 <a<l, e there exists K > 0 such that

(72) [f(z) = f(y)] < K|z —y|%, allz,y € [a,b].
Let py, 0 € M*. Then
(73) Lp(pr, p2) < K (Z 4 “lpi — q¢|“> :
i=1
Proof. Based on Proposition 2 of [8]. ]

Next we present some alternative type of results.
We start with

Theorem 17. All elements involved here as in this article and f € C™"1([a,b]),

n € N. Let py,pg € M*. Then

n—1 fe’e)

(74)  Tp(pa, p2) (Z FED <%> q; " (pi — Qz‘)kH) + 2,
0 ! i=1 v
where
n 0 p—’:
(75) (Z i (/ Yt - 1)”f(”+1)(t)dt>) -
i=1 1

Proof. By Theorem 12 of [§]. [

Next we estimate 12. We give

Theorem 18. All here as in Theorem 17. It holds

;

A

Hoo a,b —n n
e (Sl

Bl =

|+ o~ 1
By = TH Zqi n’pi_(ﬁ|n )
) i=1

(76) |12] < min of

1
and for &, >1: = +
a

||f(” 1)||d[ab] 1-n— 1
By = — 0% E 5 i —q|"TE .
s n!(nB +1)1/8 - 1q Ipi = il
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Also it holds

(77)
+ IIliIl(Bl, B2, Bg)

n—1

kaH( ) "o — @)

=1

Ml, ,u2
k;:O

Proof. By Theorem 13 of [§].

Corollary 6 (to Theorem 18). Case of n = 1. It holds
1 oo fab] (o= —
By = % D g pi—a)? ),
i=1

o0
Bay = 1"l jap] (Z i — Qi|)a
=1

2] < min of
+o=1,

IS

Qi =

(78)
and for a,3 > 1

1" e et (= —% ot
= e N P - il ).
=1

Bs =
RNCEERE

Also it holds
+ min(By 1, Ba,1, B3.1).

ZZf( > i — i)

(79) #p1, p2)

Proof. By Corollary 8 of [§].

We further present
Let all elements involved as in this article, f € C""'([a,b]),

Theorem 19.

n € N and p1, pe € M*. Then

_ . (i D) <%)qik(Pi B qi)kJrl)

(80) (7(1 2l f(”+1 (qu “+1)+w4,

F Mlnu2

+
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where
= Di
(81) vai= Y qits <—) ;
i=1 i
with
—1)" T
8 sl = S8 [T - s
o
Proof. Based on Theorem 14 of [§]. [
Next we present estimations of 4.
Theorem 20. Let all elements involved here as in this article and f €
C"([a,b]), n €N, p1, us € M* and
1 1
83 0 n— ’ n+2 < h—
(83) <eTy (Zqz pi — 4l )

Then (80) is again valid and

[ha| < %Wl (f(n+1 T2) (Z g; " Qi|n+2>>
(84) : ( (Z q; "lpi — qz””“)) :
1

Proof. Based on Theorem 15 of [8]. [

Also we have

Theorem 21. All elements involved here as in this article and f € C"1([a,b]),

n €N, p,ps € M*. Furthermore we assume that |f+)(t) — fFO+HD(1)] s
convex in t and

n—1 'TL+2 < 3 _ _
(85) 0< n+2 (2:(1Z lpi — qil ) <min(l —a,b—1).

Then (80) is again valid and

(86) [a] < @ (f(”+1 (n+2 (Z ;" pi - qz|"+2>>
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The last (86) is attained by

. (s — 1)nt2
(87) f(S) = m, a<s< b.
when n 18 even.
Proof. By Theorem 16 of [8]. [

When n = 1 we obtain

Corollary 7 (to Theorem 20). Let f € C%([a,b]), u1, 2 € M* and

1o~ 3
(88) 0<§<Zqi |Pi—qz")§b—a.

i=1
Then
(89)  Tylp, p2) Zf < ) ) — @ (qul(p — 4;) ) + 41,
1= =1
where
(90) Y1 = ;%’1/}3,1 (%) ;
with
(91) Y31(x) == — /lx(t = D(f"(t) = f'(1)dt, € [a,b].

Furthermore it holds

(92) [than] < w1 ( ”,% (Z q; *Ipi — Qi|3>) ((Z qilplz) + 1) :
i=1 i=1

Proof. Based on Corollary 9 of [8]. ]

N —

Also we have

Corollary 8 (to Theorem 21). Let f € C?([a,b]) and |f"(t) — f"(1)| is convex
int. Here py, o € M™* such that

1 o0
(93) 0< 3 (Z a4 2pi — qi|3> < min(1 —a,b—1).

=1
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(Z 4 °[pi — Qz|3)>

Proof. By Corollary 10 of [8]. [

The last main result follows.

Theorem 22. All elements involved here in this article and f € C"1([a,b]),

Then again (89) is valid and

C«Ol*—‘

(94) [Ya1] < wi (

n €N, ui, us € M*. Additionally we assume that
(95) [F D (@) = f D ()] < Ko - y|?,
K>0,0<a<l,adlxyé€[ab] with (x —1)(y —1) > 0. Then

T (i, 1) = —~ (=D* if(kH) pi a *(pi — ¢)Ft?

UKL, M2 —~ n 1)' P G i % 7
(96) + (7(1 D f(”+1 (Z q; " (pi — ”*1) + .
Here it holds

K o0
97 < —n—o ; — in+o¢+1 .
(97) el < e (;qz i — ail )
Inequality (97) is attained when n is even by
(98) F1(@) = e — 1 e[,
where
K

(99) G =

— )
[Tn+a+1-37)
j=0

Proof. By Theorem 17 of [§]. [

Next we give

Corollary 9 (to Theorem 22). Let f € C?([a,b]), p1,pua € M*. Additionally
we assume that

(100) " (@) = f"()| < Kl —y|*,
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K>0,0<a<l,adlxyé€[ab] with (x —1)(y —1) > 0. Then

(101)  T'p(pr, p2) Zf (pl> i — Qi) — @ (Z g ' (pi — Qi)2> + Va1
=1

Here

(102) 1/14,1 = izl%%,l (%)

with

103) ()= = [ =000 - W) w e ot

It holds that

(104)

L ——

Proof. By Corollary 11 of [§]. [
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