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In this paper some fixed-point theorems for multi-valued non-self mappings in met-
rically convex metric spaces are proved. Our theorems generalize and extend Theorem of
Rhoades [6], Theorem 1 and Theorem 2 of Itoh [5], Theorem of Assad [1] and the main Theo-
rem of Assad and Kirk [2].

AMS Subj. Classification: 47H10, 54H25
Key Words: multi-valued non-self mapping, metrically convex metric space

1. Introduction

Let (X, d) be a metric space and K a closed subset of X. Let 0 K denote
the boundary of K, CB(X) the family of all non’empty closed and bounded
subsets of X, H the Hausdorff metric induced by d on CB(X) and for any
subset A of X, D(x, A) denotes the distance from z to A. Many applications of
the contraction mapping theorems occur in a convex setting and the mapping
involved is not necessarily self-mapping. Assad and Kirk [2] first gave sufficient
conditions for a multi-valued nonself mapping from K into CB(X) to have a
fixed point. They proved the following result.

Theorem 1.1.  (/2], Theorem 1). Let X be a complete and convex
metric space, K a non’empty closed subset of X, and T" a mapping from K into
CB(X) such that

H(Tz,Ty) < ad(z,y),

where o < 1. If T C K for each x € 0 K then there exists zg € K such that
xg € Txo (i.e. T has a fixed point in K).

The main Theorem 1 of Assad and Kirk [2] is further generalized by Itoh [5].
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Recently Rhoades [6] proved the following theorem.

Theorem 1.2.  (Rhoades [6]). Let (X,d) be a complete metrically
convex metric space, K a non’empty closed subset of X. Let T : K — CB(X)
satisfy the following contractive condition:

H(Tz,Ty) < ad(z,y)+ fmax{D(z,Tx),D(y,Ty)}
(1) +v[D(x,Ty) + D(y, Tw)]

for all z,y in K, where «, 3,7 > 0 and such that

(2) A=[1+a+7)/QA=B-7] [la+8+7)/Q1-7)] <1

If Tx C K for each = € 0 K, then there exists a z € K such that z € Tz.

In this paper we shall consider a wider class of multi-valued non-self map-
pings than those considered in [6] and in [5]. We proved two fixed point theorems
for mappings from that class. These theorems generalize the corresponding The-
orem of Rhoades [6], Theorem 1 and Theorem 2 of Itoh [5], Theorem of Assad
[1] and the main theorem of Assad and Kirk [2]. Also we prove a simple lemma
in the form which enables to simplify proofs in almost all theorems, related to
contractive multi-valued mappings.

2. Results

First we prove a simple lemma which we shall use in the proof of our
theorems in a convex metric space, but it is applicable in any metric space

(c.f.[4]).
Lemma 1. If A, B € CB(X) and a € A, then for any positive number
q < 1 there exists b = b(a) in B such that

(3) qd(a,b) < H(A, B).

Proof. If H(A,B) =0, then A = B and (3) trivially holds for b(a) = a.
Suppose now that H(A, B) > 0. By definition of D(a, B) and H(A, B),
for any positive number ¢ there exists a b € B such that

(4) d(a,b) < D(a,B)+¢e¢ < H(A,B) +e.
Let 0 < ¢ < 1. Then ¢! —1> 0. Since H(A, B) > 0,

e=(¢'=1)H(A B) > 0.
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By inserting this ¢ in (4) we get (3). [

Recall that X is said to be a convex metric space in the sense of Menger
if X has the property that for each z, y in X with z # y there exists z in X,
x # z, Yy # z, such that

d(z,z) +d(z,y) = d(z,y).

Further (see [2, 3]), if K is a closed subset of X and if z € K and
y ¢ K, then there exists a point z in 9 K, the boundary of K, such that

d(z,z) +d(z,y) = d(z,y).

Theorem 2.1. Let (X, d) be a complete metrically convex metric space,
K a non’empty closed subset of X. Let T' be a mapping of K into C'B(X) such
that
H(Tz,Ty) < ad(w,y) + fmax{D(z,Tz), D(y, Ty)}
(5) +y[D(z, Ty) + D(y, Tx)] + 6[D(z, Tx) + D(y, Ty)],

where «, 3,7,6 > 0 are such that
(6) A=a+20+B+a)(y+0) <L
If Tx C K for each x € 0K, then there exists u € K such that u € Tu.

Proof. We prove Theorem for the case when T(0K) C K, but not
necessarily T(K) C K. The case T(K) C K is much more simpler. In this
case, from the proof which follows, it is easy to see that the condition (6) can
be weakened to A = a4+ 3 + 27 + 2§ < 1 and the hypothesis of convexity of X
can be omitted.

We select two sequences {z,,} and {y,} in K and X, respectively, in the
following way. Let xzg in — K and x1 = y; € Txg be arbitrary. Let a be any
fixed number such that 0 < a < % Put

qg =\~
Then from (6), ¢ < 1. By Lemma 1 we can choose yy € T'zq such that
qd(y1,y2) < H(Txzg, Tx1).

If yo e K, put a0 =1vyo. If yo & K, then, as X is convex, we can choose
T9 € OK such that

d(z1,x2) + d(x2,y2) = d(z1, y2).
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Let y3 € T'xo be such that
qd(y2,y3) < H(Tz1,Txs).
By induction we may obtain sequences {z,} and {y,} such that forn =1,2,...
(i) yn € Txp_1,
(i) qd(yn,ynt1) < H(Tzp—1, Tzp),
(iil) Tpt+1 = Ynt+1, if ynt1 € K, or
)

(iV Tnt1 € 0K and d(xn’xn+1) + d(xn+1’yn+1) = d(-rnayn+l)’ if yni1 ¢ K
for all n.

Define

P=A{x; €e{z,}:x; =y}, Q={xi€{xn}: 2z #y}

Observe that if x, € @ for some n, then z,_1 and x,41 belong to P, as two
consecutive terms of {z,} cannot be in Q.
We wish to estimate d(z,,zn+1). Three cases need to be considered.
Case 1. x, € P and x,41 € P. Then from (ii) and (5) we have

qd(ﬂﬁn, anrl) = qd(yna yn+1) < H(Tl'nfla Tmn)

< ad(zp—1,zy) + fmax{D(z,—1,Txn-1), D(xn, Txy)}
+y[D(xp-1,Txn) + D(xp, Txp—1)] + 6[D(xp—1,TTHn-1) + D(xp, T))]
< ad(-rnfl’xn) + ﬁmax{d(-rnflaxn),d(xn,xn+l)}

+7d(xn—17 xn—s—l) + 6[d(xn—la$n) + d(JEn, wn—&—l]-
Hence, using the triangle inequality for d(z,—1,Zp+1),

qd(zp, Tnt1) < (a+v+0)d(xp_1,zy)
(7) +pmax{d(zn—1,%n),d(Tn, Tni1)} + (v + 0)d(Tp, Tpi1).

If we suppose that d(zn, zp+1) > d(zp—1, %), then from (7) and by (6)
we get

(Oé + v+ 5)d(xn—17 xn) + (/8 + v+ 5)d($n7 xn—‘rl)
(+ B+ 27 +20)d(Tn, Tnt1) < Ad(Tn, Tny1) < Ad(Tn, Tnt1)
= qd(xmwn-&-l),

qd(xn, xn-&-l)
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which is a contradiction. Therefore, from (7) we obtain
qd(xn, ni1) < (@ + B+ +0)d(@n—1,20) + (v + 6)d(zn, Tny1)

and hence
(8) d(xn, Tny1) < (04 B+ +06)/(q =7 = 0)]d(xn-1,2n).

Case 2. x, € P and z,,+1 € Q. Then by (iv)

d(@n, Tnt1) = d(@n, Ynt1) — A @11, Ynt1) < A@n; Ynt1) = d(Yns Yntr)-

By the same method as in Case 1, we have
(9) A, 2ni1) < (0 + B+ +0)/(q =7 — O]d(zn_1,20).

Case 3. z, € Q and x, 1 € P. By the triangle inequality we have

d(.’L’n, xn—&—l) < d(.’L’n, yn) + d(yru xn—‘rl) = d(x’ru yn) + d(yna yn+1)-

Then from (ii) and (5) we have

qd(zn, Tni1) < qd(Tn, Yn) + qd(Yn, Ynt1) < qd(Tp, yn) + H(Txn 1, T2y)
< qd(xn, yn) + ad(xp—1,2,) + Bmax{D(z,—1,Txp-1), D(xn, Txy)}
+y[D(zp—1,Txyn) + D(xpn, Txp—1)] + 6[D(xp-1,TTn-1) + D(xy, Txy)]
(10) < qd(Tn, yn) + ad(Tn—1,25) + Bmax{d(Tn-1,Yn), d(Tn, Yn+1)}
[d(@n-1, Tni1) + (@0, Yn)] + 6[(d(Tn—1,Yn) + d(@n, Yn+1)]-

Since two consecutive terms of {z,} cannot be in Q, z,—1 € P. Then by
(iv) d(zn,yn) + d(zp—1,2y) = d(xn_1,yn) and hence, as a < A* = ¢, we have

qd(xna yn) + ad(xn—b I’n) < Qd(xn_l, yn)
Also, by the triangle inequality,

’Y[d(-rnfla anrl) + d(xn’ yn)] < ’Y[d(-rnfla xn) + d(xn’ xn+1) + d(xn’ yn)]
= ’Yd(])n,l, yn) + ’Yd(l?n, xn+1)‘

Suppose that d(xn—1,Yn) < d(Zn,Yn+1) = d(zp, Tps1). Then from (10) we get

qd(xna $n+1) < qd($n_1, yn)+ﬁd($na $n+1)+(7+5)d($n—1 ) yn)+(7+5)d($na :En—i-l)
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and hence
(11) d(xp, Tp1) < [(q+v+0)/(q =B =~ —0)]d(xn—1,Yn)-

If d(zp—1,Yyn) > d(zp, Tpt1), then, as 1 < (¢+v+0)/(¢—F —~v—9), we
have again

d(@n, tni1) < [(¢ +7+0)/(q = 6=~ = O)]d(@n-1,yn)-

Therefore, (11) holds for all n.
Since 1 = Yp—1, it follows d(zp—1,Yn) = d(yn—1,yn). Then, as in Case
1, we have

(12) d(xn—1,yn) <[(@+B+7+0)/(q =7 = 0)|d(@n—2,2n1)-
By (11) and (12) we obtain

at+f+y+d  qg+v+90
qg—v—0 q—-B—-~v-9¢

(13) d(Xp, Tpy1) < [ d(Tp—2,Tp—1)-

Since ¢ = A\* < 1, we have

Lo Fa+ﬂ+w+®][q+v+ﬂ

(q=B—~v—0)] lg—~r—9¢
(a4+B8+7+0)g+7+8) - (v +0)B+7+6) +q(B+2y+25) — ¢
q? = q(B+2v+20) + (v +0)(B + v +9)

@+ B+7+0)A+74+8) - (1 +)B+7+0)+8+27+20—¢

(1) < 1+ @ —q(B+2y+28) + (v +9)(B+~+9)
_ 1_q2—[a+25+(3+a)(7+6)}
(q—=B—=v—-0)(g—7v—9)
P A2a )

=By —0)\ =7 —0)

Since A\2% > ), we conclude that h < 1.
By (8), (9) and (13) we conclude that in all cases

(15) d(xn’ xn+1) <h max{d(xn,g, xnfl)a d(l’n*la xn)}

for all n > 2, where h is given by (14).
Now it is easily shown by induction that from (2.15) we have

d(l’n, wn—i—l) < h(n_l)/2 max{d(ﬂﬁo, $1)7 d(wb xQ)}
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For m >n > N,

hN/2

AT, ) < Y d(wi,wi1) < | 75—
i=N (h1/2 —h)

] max{d(xg,z1),d(z1,x2)}.

Hence we conclude that {x,} is a Cauchy sequence, hence convergent. Call the
limit w. From the way in which the {z,} were chosen, there exists an infinite
subsequence {zy, } of {x,} such that z,, € P. Then for n; = m, we have

H(Txp—1,Tu)

ad(xm-1,u) + fmax{D(zm—1,TTm-1), D(u,Tu)}
+y[D(xm—1,Tu) + D(u, Txm—1)] + 6[D(xm—1, TTm) + D(u, Tu)]
< ad(zm—1,u) + fmax{d(xm-1,Tm), D(u, Tu)}
+Y[D(2m—1,Tu) + d(u, xm)] + 0[d(xm—1,2m) + D(u, Tu)].

Taking the limit as k — oo yields
D(u,Tu) < (8 + v+ 0)D(u, Tu),

which implies, as f+ v+ d < 1, that D(u,Tu) = 0. Since T'u is closed, u € T'u.
[

Remark 1. Ifin Theorem 2.1 8 =0, v =0 and 6 = 0, then we obtain
Theorem 1.1 (i.e. Theorem 1 in [2]).

Remark 2. If in Theorem 2.1 § = 0, then we obtain Theorem 1 of
Itoh in [5], since the contractive condition in Theorem 1:

(16) (a+y+0)(L+y+0)/(1—vy—08)*<1
implies (when v + ¢ > 0) that

(a+v+0)A+~v+9) _ (a+7+0)A+v+d)+(v+0)(2—~v-9)
(1—v—9)> (I=y=02+(+0)2—-7-9)
= a+(3+a)(y+9).

Remark 3. Theorem 2.1 is a generalization of the above Theorem 1.2
of Rhoades.[6] Since

<1+a+7> <a+5+7> _a+28+37+aytalatB+y)+y(B+y)-B-2y
1-B—v 1—v 1+(B+7) = B—2v ’
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Rhoades condition (1.2) implies that
a+28+3y+ala+B+4) <1.

Therefore, Theorem 2.1 is a generalization of Theorem of Rhoades, even if 6 = 0.
Note that for # =0, v = 0 and § = 0 the condition (6) reduces to a < 1, and

(1.2) to a < (v/5 —1)/2.

Now we shall give a fixed point theorem for a continuous multi-valued
mapping, weaking the condition (6), not requiring that the constant A be less
than 1. We need the following:

Definition. Let K be a non’empty subset of a metric space (X,d). A
mapping 7' : K — C'B(X) is said to be continuous at xy € K if for any € > 0,
there exists a 0 = d(¢) > 0 such that H(Tx,Tzp) < &, whenever d(z,zy) < d.
If T is continuous at each point of K, then T is said to be continuous on K.

Theorem 2.3. Let (X,d) be a complete and metrically convexr metric
space, K a non’empty compact subset of X. Let T be a continuous mapping of
K into CB(X) such that for all z,y € K with x # vy,

H(Tz,Ty) < ad(z,y) + fmax{D(z,Tz), D(y,Ty)} + v[D(z, Ty) + D(y, Tx)]
(17) +4[D(z, Tx) + D(y, Ty)],

where o, 8,7,0 > 0 and such that
(18) a+28+ (3+a)(y+6) <1
If Tx C K for each x € OK, then there exists an u € K such that u € Tu.
Proof. Let f(x) = D(z,Tx) for each € K. Since for each z,y € K
D(z,Tz) < d(z,y) + D(y,Tz); D(y,Tz) < D(y,Ty)+ H(Ty,Tz),

we have

[f (@) = f(y)] |D(x, Tx) = D(y, Tx)| + |[D(y, Tx) — D(y, Ty)|

<
< d(x,y)+ H(Txz,Ty).

Hence, as T' is continuous, f(x) is continuous.
Since K is compact, there exists a z € K such that

f(2) = min{f(a) : v € K},

i.e., such that
(19) D(z,Tz) < D(z,Tx)}
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for each x € K. We shall show that D(z,7Tz) = 0. Assume the contrary that
f(z) >0 forall z € K. Let {z,} be asequence in Tz such that

(20) lim d(z,z,) = D(z2,Tz).

n—oo
Suppose at first that there exists an infinite subsequence of {x,,} which is
contained in a compact subset K. Then there exists a subsequence {z,,} which
converges to some xg. Since Tz is closed, g € Tz. Thus d(z,z¢) = D(z,Tz).
From (17) we obtain, as D(z,7z) > 0 implies that z # xo,
D(zo,Txg) < H(Tz Txp)
< ad(z,z9) + fmax{D(z,Tz), D(xg,Tzo)}
+ D(z,Txo) + 0[D(2,Tz) + D(xg, Txo)]

and hence, as D(z,Txo) < d(z,z0) + D(xo,Tx¢) = D(z,Tz) + D(xo,Txg), we
have

D(xg,Txo) < aD(z,Tz) + BD(x0, Txo) + (v + 0)[D(z,Tz) + D(zo, Tx0)].
Hence, using that D(z,Tz) < D(z9,Tzo) and «a+ [+ 2y + 26 < 1, we have
D(zo,Txo) < (a+ B+ 27+ 26)D(xg, Txo) < D(x0,Tx0),

a contradiction.
Suppose now that x, ¢ K for all sufficiently large n. Since X is convex
and z € K, for each such z, there exists y, € @ K such that

(21) d(z7yn) + d(ynafnn) = d(zafnn)

Since 0 X is compact, we may suppose, for the sake of convenience, that {y,}
converges to some gy € d K. Since f is continuous,

By the triangle inequality, (17) and (21) we have, as z # yp,

D (Yn, Tyn) <d(Yn, Tn) + D(xn, Tyn) < d(z,75) — d(2,yn) + H(Tz, Tyn)
< d(z,xzp) — d(z,yn) + ad(z,yn) + fmax{D(z,Tz), D(yn, Tyn)}
+v[D(z, Tyn) + D(yn, T2)] + 6[D(2,Tz) + D(yn, Tyn)]
d(z,x,) + fmax{D(z,Tz), D(yn, Tyn)}
+[d(2,yn) + D(Yns TYn) + d(Yn, Tn)] + 3[D(2,T2) + D(yn, Tyn)]
= d(z,7n) + BD(yn, Tyn)
+y[d(z, xn) + D(Yn, Tyn)] + 0[D(2,Tz) + D(yn, Tyn)].

IN
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Taking the limit when n tends to infinity and considering (20) and (22) we get

D(yo, Tyo) < D(z,T%) + BD(yo, Tyo)
+7[D(2,T%) + D(yo, Tyo)] + 0[D(2, T2) + D(yo, Ty0)]-

Hence
(23) D(yo, Tyo) < [1+~v+6)/(1 = B—~—0)]D(z,T%).

Since yg €— K, Ty C K. Thus Tyy is compact and so there exists u € Ty
such that d(yo,w) = D(yo, T'y0).
From (17), as f(yo) > 0 implies that u # yo, we have

D(u) T“) < H(Tyo, Tu)
< ad(u,yo) + fmax{D(u,Tu), D(yo, Tyo)} + vD(yo, Tu)
+3[D(yo, Tyo) + D(u, Tu)].

Since D(yo, Tu) < d(yo,u) + D(u, Tu) = D(yo,Tyo) + D(u, Tu), we have

D(u,Tu) < aD(yo,Tyo) + S max{D(u,Tu), D(yo,Tyo)}
+(v + 6)[D(u, Tu) + D(yo, T'yo)]

and hence

a+ﬁ+7+6] [ 1+~v+56 ]
D(u,Tu) < max{ p—— 1—G—~-3 D(yo, Tyo)

= [(a+B8+7+6)/(1—~—3)|D(yo,Tyo)-

So by (23) we have

(24) D(u,Tu)<[a+ﬁ+'7+5}[ 14746

T— 1_ﬁ_’y_5}D(z,Tz).

Since
(@+B+7+0)1+7+8)  a+28+B+a)(y+8)—F-(y+62-F-7-9)
(I-y=0)(1-B8-7-10) 1-B-=(+8)2-8-7-19) ’

taking in consideration (18) we get

(@+B+7+0)A+7+0)/[(1-7=0)1-F-7=-0)]<1.

Thus by (24) we have
D(u,Tu) < D(2,Tz),
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a contradiction with (19). Therefore, D(z,Tz) = 0. Hence, as Tz is closed,

ze€Txz.

Remark 4. Theorem 2.3 is a generalization of Theorem of Assad [1]
and Theorem 2 of Itoh in [5]. The presented method of proof gives a simplifica-
tion of the corresponding proof of Theorem 2 given by Itoh in [5].
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