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It is known that (3S, -) the Stone - Cech compactification of any discrete semigroup
S, can be given a semigroup structure where “-” extends the semigroup operation on S. This
paper is concerned with whether or not 85\ S is a subsemigroup of 85 for some well known
semigroups S . If S is a rectangular band such that 85\ S is a subsemigroup of 85 we show that
then 8S'\ S is a rectangular band too. Also we show that , if S and T are infinite semigroups
and 84S\ S is a subsemigroup of 35 and if there exists ® : S — T an onto homomorphism
such that ®~*(t) is finite for any ¢t € T then BT \ T is a subsemigroup of BT. Moreover, we
conclude that BT \ T can be subsemigroup of 8T even if ®'(¢) is infinite for every t € T.
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1. Introduction

Throughout this paper (S, -) will denote an infinite discrete semigroup.
Let 8S be the Stone-Cech compactification of S. Then 3S is compact and
Hausdorff such that S is a dense subset of 85 and if f : S — S C 85 is a map,
then f has a unique extension f : S — S since S is discrete. We know that
the operation “-” on S extends uniquely to 55 in the following way:

S is called right ( respectively left) topological semigroup if the mapping
pt + S — S ( respectively \¢) pi(s) = st ( respectively \(s) = ¢ - s) is
continuous for each ¢t in S. Giveny € S, A\, : S — S C S is a continuous
mapping since S is discrete. Then this map has a unique continuous extension
5\y : S — BS. Forp € BS\ S, define y - p = Xy(p). Hence the operation on
-1 Sx 8§ — Sis extended to S x S — (S such that (y,p) — y-p. Now for
p € BS, pp: S — BS is a continuous mapping, so p, has a unique continuos
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extension p, : 3S — BS. Similary for ¢ € 85\ S, define ¢ - p = pp(q). So the
operation on S x 35 is extended to 4S x 58S . Then (35S, ) is a right topological
semigroup and s is continuous for each s € S.

Let A be an alphabet. We denote by A™ the free semigroup on A con-
sisting of all non-empty words over A. A semigroup presentation is an ordered
pair < A | R >, where R C A% x AT. A semigroup S is said to be defined
by the semigroup presentation < A | R > if S is isomorphic to A" /p, where
p is the congruence on A" generated by R. Let u and v be two words in A™.
We write w = v are identical words and write u = v if (u,v) € p, that is v is
obtained from u by applying relation from R.(see[4, proposition 1.5.9])

Given any set A C S, [A]<" will denote the set of finite subsets of A.
For a set A, | A | denotes the cardinality of A

We usually write S and st instead of (S,-) and s - ¢ respectively when
there is no danger of ambiguity.

This paper is concerned with whether or not S\ S is a subsemigroup
of 55 for some well known semigroups S such as left (or right) zero semigroup,
semilattice, chain, rectangular band and direct product of semigroups. For
details of these semigroups see [4]. If S is a rectangular band such that 55\ S
is a subsemigroup of 55 we show that then S\ S is a rectangular band too.
Also we show that , if S and T" are semigroups , 4S5\ S is a subsemigroup of S
and there exists ® : S —— T an onto homomorphism such that ®~1(¢) is finite
for any ¢ € T then ST\ T is a subsemigroup of ST. Moreover, we conclude that
BT\ T can be a subsemigroup of BT even if ®~1(¢) is infinite for every t € T .

We will use the following theorem proved by Hindman [3, Theorem 2.5].
Further details of this subject are given in [5,6,7,8].

Theorem 1. S\ S is a subsemigroup of 5S if and only if for any
A € [S|=Y and any infinite subset B of S, there exists a F € [B]<" such that
Npep(z™1 - A) is finite, where x™'- A={yeS: z-ye A}.

2. Main Results

Theorem 2. Let S and T be infinite semigroups and let 35\ S be a
subsemigroup of BS. If there exists ® : S —— T an onto homomorphism such
that ®~1(t) is finite for any t € T then BT \ T is a subsemigroup of BT.

Proof. Let A € [T|<"and let B be any infinite subset of 7. Since
® is onto and ®71() is finite for any t € T , ®~1(B) is an infinite subset
of S and ¢ # ® 1(A) € [S]<%. Then since 3S \ S is a subsemigroup of 39,
there exists a F € [®@71(B)]<% such that N,cp(z™t - ®71(A)) is finite. Let
Npep(z™ - ®71(A)) = {s1,s2,...,sn} and F = {x1,29,...,3,} for n,m € N.
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Then for any < = 1,2,..,n and j = 1,2,...,m, s; € xj_l - ®~1(A). Therefore
zj-s;i € ®71(A) for any i,j. Then ®(z; - s;) = ®(z;) - (s;) € P(P1(4)) = A
for any 4,7. Thus ®(s;) € ®(t;)~! - A for any 4,7. Assume that there exists a
t € T such that t € ®(¢;)~1 - A and ®(s;) # ¢ for any i,j. Then there exists a
s € S such that ®(s) =t and s; # s for any ¢ and ®(z;) - P(s) = P(zj-5) € A
for any j. Sozj-s € ®1(A) for any j. Then s € ,ep(z71-@71(A)) and s = s;
for any 4. This is a contradiction. Therefore

N (2@ A) ={D(s1),..., B (s0)}

B(2)ed(F)

Since ®(F) € [B]<Y , BT\ T is a subsemigroup of ST by theorem 1. [

BT \ T can be subsemigroup of 3T even if ®~!(¢) is infinite for every
t € T . To see this case, let

T=(A|R)=<ab|a’=a,0*=b> and S = A™.
Then
T=A"/p={ap:a€ A"} = {a,b,ab,ba,aba, bab, abab, baba, ...} .

It is easy to show that S\ S and BT \ T is a subsemigroup of S and ST
respectively. If ® : S —— T is canonic homomorphism, that is ®(a) = ap for
a € S = A", then ® is onto homomorphism and ®~!(¢) is infinite for every
teT.

If S =< A | R > and ap is finite for ecah a € A" ,where p is the
congruence on AT generated by R, then 35S\ S is a subsemigroup of 3S.

Let L be a non-empty set. Then we define a multiplication s -t = s for
all s, € L. With respect to this multiplication L is a semigroup, which is called
a left zero semigroup. Similary we define a right zero semigroup.

Let S be a semigroup which is a disjoint union of some of its subsemi-
groups. Then S is called a union of semigroups. Suppose further that there
exists a band(or semilattice) Y and a family (Sa)acy and SoSg C Sy, for all
a,B €Y. Then S is called the band(or semilattice) of semigroups (Su)acy -

Theorem 3. If S is a left (or right) zero semigroup then 35S\ S is a
subsemigroup of BS. Moreover $S\ S is a left(or right) zero semigroup and 5S
is the band of semigoups BS \ S and S.

Proof. Suppose S is a left zero semigroup. If A € [S]<" and B is any
infinite subset of S, then there exits a F' € [B]<"such that AN F = ¢. Then,

<w
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for every z € F and y € S, zy = x ¢ A. Therefore (,cp(z71 - A) = ¢. Thus
BS\ S is a subsemigroup of 55 , from Theorem 1.

Let p,g € S\ S. Then there exists a net < p, >aerC S such that
lim, po = p. Since p, : S — S is continuous ,

p-q = pp(q) = lim pg(pa) = lim(pag) = limpa = p.

Thus S\ S is a left zero semigroup.
Let p € S and g € S \ S. Then there exists a net < g, >4c7C S such
that lim, g, = g. Since )\, is continuous,

p-q=Ap(q) = limAp(ga) = lim Ap(ga) = lim (p - ga) = limp = p.

Thus S-(5S\S) C S. Similarly (8S\S)-S C BS\S. Let S; =5, So=45\S
and Y be a band such that Y = {1,2} and 12 =1,22=2,1-2=1,2-1=2.
Then S is the band of semigoups 51 and Ss. ]

Let S be a well ordered set with the relation “ <” . We define a binary
operation “-” on Sasz-y=y-x=yforal z,y € S and z <y. Then (S,-) is
a semigroup called chain. Further details for chain is given in [1].

Theorem 4. Let S be a chain. Then 3S\ S is a subsemigroup of BS.
Moreover S\ S is right zero semigroup and [5S is the semilattice of semigoups
BS\S and S.

Proof. Let A € [S|<" and let B be any infinite subset of S. Since B
is infinite, there exists z € B such that = ¢ A. If x > a for every a € A then
71 A=¢. If x <afor every a € A then z7! - A C A. Therefore we can take
F = {z}.

Let ¢ € 8S\ S and s € S. Then there exists a net < g, >4c7C S such
that lim, g, = q. Since S is a chain, there exists a ag € I such that s- g, = qa
for every a > «g. Since ;\5 is continuous,

54 =As(q) = lim As(¢a) = lim As(ga) = lim(s - ga) = lim ga = ¢.

Thus S - (BS\S) C S\ S. Similary (8S\S)-S C S\ S. Let S1 =5,
Sy = BS\ S and Y be a semilattice such that Y = {1,2} and 12 = 1, 22 = 2,
1-2=2-1=2. Then 35S is the semilattice of semigoups S; and Ss.

Let p,g € S\ S. Then there exists a net < p, >aerC S such that
lim,, po = p. Since p, € S and g € S\ S, pa - ¢ = q for every a € I. Therefore
since pq is continuous,

P+ q = pg(p) =1im py(pa) = lim py(pa) = lim(pa - ¢) = limg = g.
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Thus 8S'\ S is a right zero semigroup. [

Let X be a set and let P(X) denote the set of all subsets of X. Then
(P(X) \ {¢}, U), where U denotes the union of sets, is a semigroup. This
semigroup is called semilattice.

Theorem 5. If S is a semilattice then BS\ S is not a subsemigroup of
BS.

Proof. Let S = (P(X)\{¢},U), A={X}and B={X\{a}:a€ X}.
Ifz€Btheny ! A={{a} UK : K € P(X)} where z = X \ {a} for a a € X.
Thus, if F = {x1,x9,...,2,} is a finite subset of B such that z; = X \ {a;} and
a; € X for e =1,2,..,n it can be seen easily that

ﬂ (z71.A) = {{a1,a2,...,a, ) UK : K € P(X)}
zcF

is infinite. So 55\ S is not a subsemigroup of 55 by theorem 1. ]

Let I and A be two sets. The set I x A = {(i,A) : ¢ € I and A € A} with
a binary operation “-7”

(4, A) - (G, ) = (i p) (for all (i, X), (4, ) € T X A)
is a semigroup which is called a rectangular band.
Theorem 6. Let S =1 x A be a rectangular band. Then 5S\ S is a

subsemigroup of BS if and only if one of I and A is finite.

Proof. Let 8S\ S is a subsemigroup of 55 and suppose that I and A
are infinite. For a fixed ig € I and A\g € A, let

A= {(io, )\0)} and B = {(io, )\) tAE A} .

Then z=1- A ={(j,\o) : j € I} for each = € B.Therefore, for every F € [B]<Y,
Neer (@A) = {(4,Xo) : j € I} is infinite. Then by theorem 1.1 3S\ S is not
subsemigroup of 8S. This is a contradiction. Therefore one of I and A is finite.

Conversely, assume that [ is finite. Then A is infinite since S is infinite.
Let A € [S]<"and B is any infinite subset of S. Let

A={(ig,\r) :ix € LAy € Afor k=1,2,....n and n € N}

and Ay ={ A\ : k=1,2,....,n}. Let x = (5, \) € B.
i)Ifj =i forak=1,2,...,nthenz - A={(i,\;):i €I and \; € Ax}
is finite since [ is finite.



250 F. Kuyucu

ii) If j # i}, for every k = 1,2,...,n then 271 - A = ¢.

If A is finite and I is infinite then there exits a F' € [B]<" such that
z = (i,\) € F and i # iy, for every k =1,2,....,n. So (yep(z™1 - A) = ¢ since
v7'.A=¢ for any z € F. Therefore 58S\ S is a subsemigroup of (S by
Theorem 1. ]

Let X and Y be semigoups. Then the cartesian product
XxY={(r,y):zeXandyeY}
becomes a semigroup with a binary operation

(w1, y1) - (w2, y2) = (z122, Y1Yy2) for every (z1, y1), (22, y2) € X X Y.

This semigroup is called the direct product of X and Y.

Corollary 7. Let S be rectangular band. If fS\ S is a subsemigroup
of BS then BS\ S is a rectangular band too.

Proof. Let S = I x A be a rectangular band. Consider L = [ with
mutiplication i - j = ¢ and R = A with multiplication A - g = p. It is immediate
that L and R are left and right zero semigroups respectively, and moreover S
and L X R are izomorphic. If §S\ S is a subsemigroup of 5S then L or R is
finite by Theorem 6. If R is finite then

BS=PB(LxR)=pBLxR
by [9, Prop 8.2.]. Thus
BS\S = (BLx R)\ (L x R) = (JL\ L) x R

Since L is a left zero semigroup, then SL \ L is a left zero semigroup by
Theorem 3. Therefore (8L \ L) X R is a rectangular band by [4, Theorem 1.1.3].
Similary, if L is finite then

BS\S = (L x BR)\ (L x R) = L x (BR\ R)

is a rectangular band since SR\ R is a right zero semigroup. ]

Let L is an infinite left zero semigroup and R is an infinite right zero
semigroup. Then the direct product S = L x R is a rectangular band (see[4,
Theorem 1.1.3]). By Theorem 3, SL\ L and SR\ R are subsemigroups of SL
and SR, respectively. But, by Theorem 6 55\ S is not a subsemigroup of S
since L and R are infinite. Therefore, even if X and Y be infinite semigroups
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and fX \ X and BY \ Y are subsemigroup of fX and SY, respectively then
B(X xY)\ (X xY) is not necessary to be a subsemigroup of 5(X x Y).

Corollary 8. Let X and Y be two semigoups. If X (orY ) is finite and
BY\Y (or BX\ X) is a subsemigroup of BY (or fX ) then B(X xY)\ (X xY)
is a subsemigroup of f(X X Y).
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