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Musielak—Orlicz Spaces !

R. Maleev, B. Zlatanov
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Equivalent [a(®)]-times uniformly Géteaux differentiable norms are constructed for
large classes of Musielak—Orlicz spaces Ls (2, 3, ). Equivalent [p]-times uniformly Géteaux
differentiable norms are constructed in Nakano sequence spaces £(,,,3,

where 1 < p = liminf p, < limsupp, < oo and the set A = {n € N: p, < p} is finite.
n—oo

n—o00

1. Introduction

The existence of smooth bump functions on a Banach spaces is important
for many problems of nonlinear analysis 3], [4]. It is well known that in a Banach
space an equivalent norm of some order of smoothness generates a bump with
the same order of smoothness. Thus all positive results on the existence of
smooth equivalent norms are transferred directly for bumps.

The problem of best order of Fréchet differentiability of bump functions
for L,-spaces is solved in [1], [12] and for Orlicz spaces in [9], [10]. An excellent
overview of the development of the smoothness problems in Banach spaces may
be found in [5].

Estimates for the order of Fréchet differentiability of norms in Musielak—
Orlicz sequence spaces and of bump functions in Nakano sequence spaces have
been found in [11]. Troyanski [13] found equivalent p-times Gateaux differen-
tiable equivalent norms in L, over spaces with ofinite measure, p odd, thus
showing that the best order of Gateaux differentiability in the class of all equiv-
alent norms in this case is better that the best order of Fréchet differentiability.
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The same phenomenon was established in [8] for Orlicz sequence and function
spaces.

Our aim is to construct equivalent norms, that are uniformly Gateaux
differentiable in some Musielak—Orlicz and Nakano spaces and to find cases
where the order of Gateaux differentiability of the norm is higher that the best
order of Fréchet smoothness of the space.

2. Preliminaries.

In what follows X and Y are Banach spaces, Sx and Bx the unit sphere
and the unit ball of X respectively. By N we denote the naturals and by R the
reals. The space of all continuous symmetric j—linear forms

T: XxXx---xX =Y

4 — times

equiped with the norm
|T|| = sup{||T(x1,...,2;)| : zi € Bx,1 <i<j}

is denoted by B/(X,Y). We write T( z,...,z )= T(2).
———
j — times
Definition 2.1. Themap f : X — Y is said to be Gateaux differentiable
at x € X if for each h € X

) — tim LD~ (@)

t—0 t

exists and is a linear continuous function in h, i.e. f € B(X,Y). The higher
order Gdteaux differentiability is defined inductively. Suppose the (k — 1)-th
derivative f*=1 of f is defined in a neighbourhood U(z) of z, f*D(y) e
B¥=YX,Y) for everyy € U(z). Then f is called k-times Gateauz differentiable
at z if f*Y  U(z) — B¥Y(X,Y) is Gateauz differentiable at x, i.e. if there
exists f*)(x) € B¥(X,Y) such that for each h € X

(1) %E}% fED (x4 th t) — fED(g )

= [P (),

where the limit is understood with respect to the norm in B*—1D(X,Y).

The class of all k—times Gateaux differentiable maps at any € A C X is
denoted by G¥(A). If f € G*(Sx) and the limit in (1) is uniform on x for every
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fixed h then we say that f is k—times uniformly Géateaux differentiable on Sx
or simply that f is UG*-smooth.

We mention that if the limits above are uniform for h € Sx the map
is said Fréchet (k—times Fréchet) differentiable in . A Banach space which
possesses k—times Gateaux (Fréchet) differentiable bump function (real valued
function with bounded support) is called G*(EF*)-smooth.

Throughout the paper (£, %, 1) is a measure space.

We recall that M is called an Orlicz function, provided M is even, convex,
continuous nondecreasing in [0, 00) function with M (0) = 0, M (¢t) > 0 for any

t£0.

Definition 2.2. A two variable real valued function ®(u,s) : [0,00) X
Q — [0,00) is called a Musielak—Orlicz function with a parameter or a Musielak—
Orlicz function or MO function if for a.a. s € Q, u — ®(u,s) is an Orlicz
function and for all u € [0,00), s — ®(u, s) is X—measurable.

Definition 2.3. The Musielak—Orlicz space Ly (2, %, 1) is the space of
all classes f of equivalent pi—mesurable functions over the measure space (2, %, (1)

such that:
® <§> = /QCD (@,s) du(s) < oo

The space Ly (2, X, 1) is a Banach space if endowed with the Luxemburg’s norm:

1flle zinf{)\ >0:&>(§> = 1}.

The most common examples of Musielak—Orlicz spaces are the sequence spaces
{(p,y, the function spaces L(0,1) and Lg(0,00) that correspond to the cases:
Q countable union of atoms of equal mass, Q = [0,1] and Q = (0,00), p the
usual Lebesgue measure.

The function ®(u, s) = uP(*), p: Q — [1, 00) is a special case of Musielak—
Orlicz function called Nakano function with a parameter. The space Ly ) (Q, %, 1)
= L3(02, X, ) is called Nakano function space.

for some A > 0.

If Q) is a countable union of atoms of equal mass then we get the Nakano
sequence space £, 1. An equivalent definition for £y, y is the following:

Definition 2.4. Let {p,}>2, pn > 1. The space of all sequences {xy}
such that
Pn
< 00

N(z/N) ="
n=1

Tn
A
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for some A > 0 with the usual Luxemburg’s norm is called Nakano sequence
space and is denoted by Cgp, 1.

Definition 2.5.  We say that the Musielak—Orlicz function ® : R x
Q — R satisfies the A*P condition if there exist a positive constant k and a
nonnegative integrable over 2 function h, such that:

2) B\, s) > kNP(D(L, s) — h(s))

foranyt>0and A > 1.
If h =0 then we say that ® satisfies the uniform A*P condition.

Definition 2.6.  We say that the Musielak—Orlicz function ® : R x
Q — R satisfies the A7 condition if there exist a positive constant K and a
nonnegative integrable over § function h, such that:

(3) BN, 5) < KN(D(t, s) + H(s))

foranyt>0 and A > 1.
If H =0 then we say that ® satisfies the uniform A? condition.

Definition 2.7. Given a Musielak—Orlicz function ®, lower and upper
indices a(®), B(P) respectively are defined as follows:

a(®) =sup{p: & € A}, [(P)=inf{g: d € A%}

Obviously 1 < a(®) < 5(P) < oo.
3. Main results

Theorem 1. Let ® be a Musielak—Orlicz function with 1 < a(P) <
B(®) < 0o and let for some k € [1, a(®P)]:

i) there exist non—negative integrable over S function h and positive constant
co such that:

d(uv, s) < cou®(®(v, s) + h(s))
for allu € [0,1], v € RY and a.a. s € Q;

D(u,s)
uk
Then for any measure space (2,3, 1) with a positive measure there is an

equivalent UG —smooth norm in Le(Q, X, i1).

i) }LIL% =0 for a.a. s €.
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Theorem 2. Let {p,}2, be such that 1 < p = liminf p, <limsupp, <
n—oo

n—oo

oo and the set A ={n € N : p, < p} is finite. Then there exists an equivalent
UGIP) —smooth norm in Cipay-

4. Auxiliary results

4.1. Uniform Gateaux differentiability of Musielak—Orlicz spaces
Following [8] for any ¢ > 1 we denote by F(c) the class of all non—
decreasing continuous functions f : RT™ — R™, f # 0, such that:

(x) f(0) =05
(xx) f(b) — f(a) < c(b—a)@ for any 0 < a <b, b#0.

Let f(t,s) : RT x @ — RY. Denote I(f) = I(f)(t,s) = fgf(u,s)du and
inductively I"(f) = I"(f)(t,s) = II" 1 (f)(u, s)).

Theorem 3. Let f(t,s) : RT xQ — R" and f € F(c) for a fited c > 1
and almost all s € Q. Then for every measure space (2,3, ) with positive
measure (1 the Musielak-Oricz function space Lg(Q,3, 1), ® = I*(f) admits
equivalent UG*—smooth norm.

We omit here the proof because it can be obtained by carefully following
step by step the proof from [8] of the analogous result for Orlicz spaces.

4.2. Musielak—Oricz functions satisfying simultaneously uniform A*P
and A? conditions

Definition 4.1. We say that ®1 is equivalent to ®o and we denote it by
D1 ~ Dy if there are constants C;, K;, i = 1,2 and non—negative integrable over
Q functions h;, 1 = 1,2 satisfying

(4) C1P1(Ku, s) < Pa(u, s) + hi(s),

(5) CQCDQ(KQU, 8) < <I>1(u, 8) =+ hQ(S)

for allu >0 and a.a. s € €.

It is well known that for equivalent Musielak—Orlicz functions ®; and -
the Musielak—Orlicz spaces Ly, and Lg, are isomorphic (e.g. [6])

In [6] and [7] it is proved that if a Musielak-Orlicz function ® satisfies
the A*? (A7) then there exists an eqivalent Musielak—Oricz function ¥ which
satisfies the uniform A*P (A%) condition. For the proof of the main result we
need the following stronger result which could be of interest by itself.
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Theorem 4. Let ® satisfies the A™ and AY conditions for some 1 <
p < g < oo. Then there exists & ~ ® and positive constants ki, K1, such that

(6) EIAPD(t, s) < B(ML, s) < KIANPTITID(2, s)
for any A > 1, t >0, s € Q, i.e. ® satisfies the uniform A*P and APTIH!

conditions simultaniously.

Proof. Suppose that ® satisfies (2) and (3).

Denote b1 (s) =®1(2h(s)), B1(s)=® 1(Hy(s)), b(s) =max{bi(s), B1(s)}.
Obviously b1, B1,b € Lg are non-negative functions. Following [6] one can easily
prove that there exist positive constants ks and K5 such that
(7) EaNPD(t,s) < P(NE, s) < KoN1D(t, s).

for t > b(s), A > 1.
Indeed (2) and (3) imply for ¢ > b(s) and for any A > 1:

N B(M, 5) > kAP <<I>(t, 5) — %(I)(bl(s), s)) > g)\’@(t, 5),
O(At, s) < KXI(B(L,5) + ®(By(s),s)) < 2KNID(t, 5).

Consider ®(z,s) = [ p(t, s)tP~1dt, where

®(b(s), )
(9) o] PO 0<t<bls)
P, s) =
sup @(y,s), t > b(s).

b(s)<y<t yP (3)

We will prove that ® satisfies (6) and is equivalent to ®.
For the constants in (8) do not depend on s € € to get (6) it is enough
to prove that for any Orlicz function ¥ the inequality

(10) o \PW () < W(AE) < KoATW(¢), forall ¢>bA>1

implies the existence of positive constants k1 and K5, depending only on ko, Ko,
p and ¢ such that for any A > 1, ¢ > 0 the inequality holds:

(11) ko AP () < W(At) < Ko\ (1),
where U(t) = [ U(u)uP~'du with
V(o)
Wt, 0<t<h
U(t) =
v
sup &, t>b.

b<y<t YP
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Obviously
— U(b) trtl
12 U(t) = <t<b
(12) )=t o DSt
T v V() p
13 W(t :—+/ sup ——=zP"dx, t>0b.
13 D=t )y 2,y

By using (10) we easily get for any A > 1 the following inequalities that we will
need in the sequel:

g 1 WAt
(14) sup ) o 1 2O,
b<y<it YP ky (At)P
g WA )\
(15) sup W) = sup () < KoM7P sup ﬁ
a<y<xe YPo p<y<t (Ay)P b<y<t Y’

Consider separately the cases:

I case: 0 <t < At < b Obviously (12) implies W(\y) = \PT1U(¢), i.e. (6) with
ki=K; =1

IT case: 0 <t <b< M. Now (12) and (13) imply:

_ ap) ) (b)  W(b) APEP — bP
V(X)) = o7 / U (u)uP™ du>p+1+ v prl
U(b) /t\PH! —_
> NP - = APU(1).
- p+l (b) )

On the other hand using (14), (10) and (12) we get

_ Ub) 1 U /At . Ub) 1 U
U < - P=du < —
(8) < p+1 ko (A)P ! u_p+1+k2 P

1 1 1
< — 4+ — UMW) <Ko | —— +— ) NIV (b
- <p+1+k‘2p> (A0) < 2<p+1+k‘2p> (®)

L) ! p+q+1yy
bp+1p+1SK/\ o),

< Ksaptatl

1
WhereK3:K2(1+p+ )
Pk b

I case: 0 < b < t < M. First we put U(\) = U(u)uP tdu +
0

At
/ U (u)uP " du and estimate the two integrals separately.
Ab

)\b U (u)uPtdu = o)

+ \IJ wPdu
0 p+1 @)
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J W) W) e b
“p+l b p+l

b
dt = \P / T (u)uP~du,
0

and

Xt t
T (u)uPtdu = /\p/ T(\u)uP tdu
Ab b

¢ U t
= )\p/ sup Mup_ldu > )\p/ U (u)uP L du.
b b<y<iu Z/p b

The last two inequalities give us:
W(At) > NPU(t).
As above, by using (14) and (15) we obtain

t
T(At) = T(Ab) + AP /b U (\u)ul~du

IN

_ t U )
K3 NPT+ (b) + )\p/ sup Tly) + sup ) uPldu
b \b<y<xb YP Ao<y<iu YP

— tL1 Wb LG
K3\PTaH10(b) + )\p/ < (A8) + sup ﬁ) uP~du
b

(VAN

ko (AD)P T apey<nu UP
< KW (0) 4 AP (L 4 1) Ko7 [ U (uurdu

< KeWHL(T(0) + [ W(upur~ldu) = KaAPr ().

The inequality (10) is proved with k1 = 1, K; = max {1, Ky <1 + %) } There-
fore @ satisfies (6) with k;, K1, not depending on s € 2, A > 1 and ¢ > 0.
Finally we show that ® ~ ®.
By using (8) we have for ¢ > b(s):

t

5(t?S): 6(1)(5),3)4—/ sup Mupildu _ 5(b(s)as) —|—i/bt (I)('UJ, 5) du

s) b(s)<y<u yP p+1 k2 s u
(16) b(s) b(s)<y< (s)
1 ®(t, s) D(b(s),s) 1 2
< — t—>b < — (Dt (b
< oo + LD < (a() + 200059

As @ is increasing the inequality holds true for 0 <t < b(s) also.
On the other hand the AY condition (3) implies that

(17) O(2t,s) < LO(t,s) + G(s), forall ¢t>0,
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where L is positive constant, while G is non-negative integrable over {2 function.
Equivalently

(18) O(t/2,s) = E( (t,5) = G(s)).
Now we easily get for ¢ > b:

6(@ S) > @(;)H:si + fb(s u )du _ zgﬁ ) + ft B( ZS)d fé7(5) Q(Z,S) du

> 20 gt 20 gy @ (b(s), 5) > B(1/2,5) — L7 D(b(s), )
> L@ s) - Gs) - —L-a(s),s)
- L ’5 S p+ 1 S 78 9

l.e.

®(t,s) < LB(t,s) + G(s )+%<I>(b( ), s).

Obviously ®(t,s) < ®(b(s), s) for t < b(s). Therefore

d(t,s) < LO(t,s) + Gi(s), forall t<b(s),
L
where G1(s) = G(s) + flé(b( s), ) is non—negative and integrable over (). m
p
Corollary 4.1. Let ® be a Musielak-Orlicz function with 1 < a(®) <
B(®) < 0o and let for some k € [1,a(®P)]:

i) there exist a non—negative integrable function h and a positive constant c
such that:
d(uv, s) < cou®(®(v, s) + h(s))

for allu € [0,1], v € RY and a.a. s € Q;

D(u, s)

uk

i) lim =0 for a.a. s € Q.
u—0

Then there exists a Musielak—Oricz function ® ~ ® satisfying i), i) and
the uniform A*P and APTIFL conditions (6).

Proof. Without loss of generality we may assume cg > 1. Choose p
with a(®) € (p,p + 1)? and ¢ > B(®). Then ® satisfies the A*P—condition
and A9%-condition. Consider now the Musielak-Orlicz function ® constructed
in Theorem 4. Taking into account (16) and

). s pt1
(19) Tt s) = ¢f(+)i ) (b(ts)) C0<t<b(s)

2If ® satisfies the A**(®)—condition we simply choose p = a/(®)
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we can write

@(t,s)gi<q>(t,s)+ b @(b(s),s)>.
ko

Now for any u € [0, 1] we get:

1
O (uv, s) < k—fb(uv, s)+u
2

1
D (uv, s) < k—2<I>(uv,s) + P

uF(®(v,5) + h(s)), b(s) < v.
By using once more the property i) of ® we obtain:
6(“”7 s) < Cuk(q)(vv s) + hi(s)),

where C' = co(k:—l2 + —1-) and hy = h(s) 4+ ®(b(s), s). To show that ® satisfies i)

P+ -\l
it is enough simply to use the equivalence ® ~ ® in the last inequality. On the
other hand ® obviously satisfies the condition ii) according to (19). [

We mention that a “better” result than Theorem 4 holds true:

Theorem 5. Let ® satisfies the A*P and A? conditions for some 1 <
p < q < o0o. Then there exists ® ~ ® and positive constants k:ll, K 1, such that

(20) KINPB(t,s) < B(AE, ) < K ATD(¢, )

forany A\ >1,t>0, s €, i.e. ® satisfies the uniform A*P and A9 conditions
simultaneously.

The proof is similar to that of Theorem 4, by considering ®(z,s) =
5 o(t, s)tP~1dt, where

(b(s), 5) 0<t<b(s
(21) =1 " e
b ) D(y, s)
f , t>b(s)

b(s)2y<t y(s)

The function ® in this case does not inherit the properties i) and ii) in Corollary
4.1 and we will not use it in the sequel.
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5. Proof of Theorem 1

Theorem 1. Let ® be a Musielak—Orlicz function with 1 < a(®) <
B(®) < oo and let for some k € [1,a(®)], k € N:

i) there exist non—negative integrable function h and positive constant cy such
that:
d(uv, s) < cou®(®(v, s) + h(s))

for allu € [0,1], v € RT and a.a. s € Q;

D(u, s)
uF

i) lim =0 for a.a. s €.
u—0
Then for any measure space (2, 3, ) with a positive measure there is an equiv-
alent UG*—smooth norm in Le(9,3, 1).
Proof. Choose p such that ® satisfies the A*P—condition and a(®) €
(p,p + 1) and q € (B(®),+00). Consider the function ® ~ @ constructed
in Corollary 4.1, which satisfies simultaneously the uniform A*” and APTa+1-

u(t
conditions. Put 5 =p+ ¢+ 1 and ®41(u,s) = / #dt, u > 0. Obviously
0
D(u/2 —
(22) PO2) < (. 5) < Bl ),

ie. ® ~ ®;. Denote
plus)={

and f(u,s) = max{p(t,s) : t € [0,u]}, u > 0. We will prove first that f&(u, s) €
F(c) for some positive constant c. Indeed

(23) D(u,s) < 2°B(u/2,s) < 210, (u, 5).

Let 0 < a < b, dg = max{u € [0,b] : p(u,s) = fE(b,s)}. Obviously f&(b,s) =
fX(a,s) if ds < a. If a < ds by the convexity of ®; and (22), (23) we get for
some 0 € (0,1)

4 (ds, s) — P1(a, s) ®(a+0(ds — a),s)

f!{g(bvs)_f‘g(aas) < dk :(ds_a) dk(a+9(ds_a) ’
< (dy— a>62iils) < (- gy 128 5(b.5)

b
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and obviously u — f&(u, s) is non-decreasing, continuous for « > 0 and fX(0, s) =
0 and thus the space Ly (2,3, 1) is UG*-smooth on the unit sphere, where
N = I (fL).

It remains to show that ® is equivalent to V.

N(u,s) < [ul*fg(Jul, s) < N(2"u, s)

D(u/2,s)

5 < Oi(u,s) < Jul*fE(lul,5)

mw{cﬁf¢mwwtemm@
max { (%)k@t, s):telo, |u|]}

co(®(u, s) + h(s))

IN

IN

IN

and thus

%6 (#, s) < N(u,s) < co(®(u, s) + h(s)).

6. Nakano spaces
We will apply Theorem 1 in order to prove the following:

Theorem 6. Let p: Q — R" and 1 < p = essinfyeq{p(s)} < p =
esssupgeqip(s)} < oo. If 1 < k < p then for any ofinite measure ju on €2 the
Nakano function space Lys)(§, 3, 1) admits equivalent UGF—smooth norm.

Proof. As for a o-finite measure ;1 on  the space L, (£, %, ) is
isometric to Lp(s)(Q, Y, p) for a suitable probability measure v, we may without
loss of generality consider only the case u(€2) < 0o, € free of atoms.

t N
Put N(t,s):/ Miu, 5)
0 u

du, where

w1 e [0,1]
Nl(uv 8) =

It is not hard to check that L, (2,3, ) = Ly(Q,%, u). On the oder hand
p = a(N) < B(N) < co. To finish the proof it is enough to observe that N
satisfies the conditions:
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i) N(uv) <uFN(v) for u € [0,1], v € R and a.a. s € Q;

N
ii) lir% (:) =0 for a.a. s €.
U— U
Lemma 6.1. Every Nakano sequence space Ly, y is embedded iso-

metrically in some Nakano function space Ly (0,1) for a suitable function
p(s) : Q — [1,00) with p = ;ggflp(s) = 7111r€1gpn.
Proof. Let {pn}21,pn > 1,0=0ap< a1 <...<ap<apy <...<1,
1
lim a, = 1. Let hy, = |ans1 — an| Pn, p(s) = p, for s € [ay, ant1] and

n—oo

. hn, te [aman—&-l]
w={ 0 (gl

Then £y, is isometric to the subspace of Ly (0,1) generated by {z,(s)}52 ;-
Indeed, if {c,} € £y}, i-e. 30 [cnlP™ < 0o holds:

p(s)

Z cnTn(S) -

-2
0 HﬂUHf{pn} n=1"an ”x”f{pn}
(e} Pn [e'e) c Pn
_ s —anl = 3 | =2 = 1.
) w1~ anl = 2 I —

Now we are ready to prove

Theorem 2 Let {p,}5°, be such that 1 <p = lim mfpn <limsupp, <

n—oo

oo and the set A = {n € N : p, < p} is finite. Then there exist an equivalent
UGIP) —smooth norm in Cipay-
Proof. First let us note that £¢, = £y, 3 for

_ Pny, Pn =D
qn =
P, Dn <D

By the previous lemma (g, y < Lg)[0,1] and 1 < p = essinf,cpq(s) <
esssuP,e,11¢(s) < 0o. The result now follows directly from Theorem 6 [

Remark 6.1 Theorem 2 holds true and if the set A= {n € N:p, <p}
1
is not finite but ), . 4 C'»=rn < oo for some constant 0 < C' < 1. It follows from
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[2] that £, 3, ., = €. Moreover £, 1 = £y, 3, where

_Jpnif ngA
In = p if ne€A.

Now from Theorem 2 we get that £y, y admits equivalent U GPl-smooth norm.

Remark 6.2 According to [11] if p, \, p, p € N in £y, ; there is no
p-times Fréchet differentiable bump function except for p-even and £y, 1 = €.
On the other hand Theorem 2 implies the existence of equivalent UGP—smooth
norm in £g, 1, which shows that in these cases the best order uniform Gateaux
smoothness in the class of all equivalent norms is better than the best order of
Fréchet smoothness.

References

[1] N. Bonic, J. Frampton. Smooth functions on Banach manifolds.
J. Math. Mech., 15, 1966, 877-898.

[2] O. Blasco, P. Gregori. Type and cotype in Nakano sequence spaces
£({p,})» preprint.

[3] R. Deville. Geometrical implications of the existence of very smooth
bump functions in Banach spaces. Isr. J. Math., 67, 1989, 1-22.

[4] R. Deville. A charactarization of C*°—smooth Banach spaces. Proc.
London Math. Soc., 22, 1990, 13-17.

[5] R. Deville, G. Godfroy, V. Zizler. Smoothness and renorming
in Banach spaces. Pitman Monographs and Surveys in Pure and Applied
Mathematics, Longman Scientific & Technical, Longman House, Brint
Mill, Harlow, 1993.

[6] A. Kaminska. Indices, Convexity and Concavity in Musielak—Orlicz
Spaces. Functiones et Approximatio, XX VI, 1998, 67-84.

[7l E. Katirtzoglou. Type and Cotype of Musielak—Orlicz sequence
Spaces. Journal of Mathematical Analysis and Applications, 226 (2), 1998,
431-455.

[8] R. Maleev. Higher Order Uniformly Gateaux Differentiable Norms on
Orlicz Spaces. Rocky Mountain J. of Math, 25 (3), 1995, 1117-1136.



Gateaux Differentiable Norms in Musielak—Orlicz Spaces 313

9] R. Maleev, S. Troyanski. Smooth funcions in Orlicz Spaces. Con-
temp. Math. , 85, 1989, 355-370.

[10] R. Maleev, S. Troyanski. Smooth norms in Orlicz Spaces. Canad.
Math. Bull., 34, 1991, 74-82.

[11] R. Maleev, B. Zlatanov. Smoothness in Musielak-Orlicz Sequence
Spaces. C. R. Acad. Bulg. Sci., 55, 2002, 11-16.

[12] K. Sundaresan. Smooth Banach spaces. Math. Ann., 173, 1967,
191-199.

[13] S. Troyanski. Gateaux differentiable norms in L,. Math. Ann. , 287,
1990, 221-227.

Received 04.02.2005

Department of Mathematics
and Informatics

Sofia University,

5 “James Bourchier” blvd.
Sofia, 1164

BULGARIA

Department of Mathematics
and Informatics

Plovdiv University,

24 “Tzar Assen” str.
Plovdiv, 4000

BULGARIA



