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Simultaneous Approximation by Bivariate
Schurer-Stancu Type Operators
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Let p, g be positive integers and let a1, 51, a2, B2 be real parameters satisfying the con-
ditions 0 < a; < B1, 0 < ap < Ba. The bivariate Schurer-Stancu type operator Sy L/5L.e2:72) .
C([0,1+p]x x[0,1+q]) — C([0,1] x [0,1]) is defined at (1.3). Some approximation properties
of this operator were investigated in [5]. The deal of the present paper to present properties of
simultaneous approximation for the operator §7(,‘f‘ L 2)_ As particular cases follow similar
properties for Schurer, Stancu and Bernstein bivariate operators.
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1. Preliminaries

Let «, 8 be real parameters satysfying the conditions 0 < o < 5 and let
p be a non-negative integer. In [4] was considered the Schurer-Stancu operator
Sﬁf) : C([0,14p]) — C([0,1]), defined for any f € C([0,1+p]) and any m € N
by:

(1) (3625) @) = 3 us)s (2£5)
k=0

m+f

where

(12) ) = (" P )1 = aymen

are fundamental Schurer’s polynomials [11].
In [4] were established some approximation properties of the operators

(1.1), concerning a convergence theorem for the sequence {gﬁf ’pﬁ) f } N and an
me
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evaluation of the approximation order of f € C([0,1 + p]) by S ’ﬁ ) f on [0,1]
using the first order modulus of smoothness.

Supposing that j € N is given, f € C7([0,1+ p]) and denoting by D’ the
j-th order differential operator, in [6] we proved

Theorem 1.1. For any f € C7([0,14p]) the sequence {ng,gfi’mf}
converges to D7 f, uniformly on [0,1] (0 < j < m +p).

meN

Let p,q be given non-negative integers and let ay, f1, ag, B2 be real
parameters satisfying the conditions 0 < oy < 51, 0 < g < Ss.

Using the method of parametric extensions [8] in [6] was constructed the
bivariate Schurer-Stancu type operator §§€ }{%&”’B 2. ¢ (0,1 + p]x
0,14 ¢]) — C([0,1] x [0,1]), defined for any f € C([0,1 + p] x [0,1 + ¢])
and any (m,n) € N x N by

+pn+ .
3 (S s ) = 3 Y puaei)f (20 110
m,n,p,q == 7] m+/617n+/32

where pp, (), Pn,j(y) are the fundamental Schurer polynomials defined at (1.2).
Some of them approximation properties were investigated in [6].
In what follows, we suppose that ¢ and [ are given positive integers and
the approximated function f belong to the space C*7([0,1 + p] x [0,1 + ¢]).

2. Main results

Let pmi(2), Pn,;j(y) be the fundamental Schurer polynomials defined at
(1.2). By direct computation follows:

Lemma 2.1.  The fundamental Schurer polynomials Py, (), Dnj(Yy)
verify the following identities:

Dlﬁm,k(l‘) = (m +p) {5m—1,k:—1($) _ﬁm—l,k(m)} =

_k—(m+p) .
(2.1) = W?m,k@)
D'Prj(y) = (n+ @) {Pn-1,-1(y) = Pn-1,(¥)} =
j—(n+q -
(2.2) mp g (Y)

where D' denotes the first order differential operator and poo(x) := 0, poo(y) =
0, ﬁk,fl(x) =0, 5]',—1(?/) =0, ﬁm—l,m—&—p—l(m) =0, ﬁn—l,n—l—q—l(y) =0.
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In what follows the brackets denote devided differences

Lemma 2.2. The following equalities

D]_ 15(0&175170427B2)f(x’ y) =

m,n,p,q
m+p—1n+q—1

=(m+p)n+q) Y Y Pm-1k(@)Dn-15(y):
k=0  j=0
k+ar jt+az)
Am%ﬂf@mg’nwg) -

(m+p n+q m+p—1n+qg—1

— (m—{—ﬁg n—l—ﬁz Z Z pm lk pn 1,j(y)

k+ aq k+a1+1

2.3 . m+51’m+51+1.
(23) Jtay jHax+1 2

n+p61 n+Br+1

hold, where D% denotes the (i,j)-th order partial differentiation operator, and:

A, 1 f k+a1,3+a2 =
m+B1 *n+By m+p1 ' n+ Be

- E+ar j+a
(2.4) —Amigl (Amf <m+51 ’n+62>>

kE+ar k+a+1

m+ 5’ m+ B fl =
Jtax jroag+1 "’

n+p1 n+ P
|k4+ar Etar+1 [jH+a jtoas+1
_[m+51’ m+ [ [n+62’ n+ B2 f”

Proof. In [6], Lemma 2.2 we proved the equalities:

_ m—+p 1~ ko
DS f@) = (m+p) 3 pm_lmm;f( ):

pre m+B m—+f

m+p—1

_m+p - k+a kE+a+1
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Next we apply the method of parametric extensions [8]. |

Theorem 2.1.  For any non-negative integers i and | satisfying the

conditions i < m +p, | < n—+ q, the operator (1.3) verifies:

Db ZS(al’Bl’O‘Q’BQ)f(IL', y) =

m,n,p,q
m~+p—in+q—I
=m+p)n+" Y > Pnin(@)Pnii(v)-
k=0 5=0
k+a1 j+as
2.6 <A
( ) 7rHl>51 ’ﬁ (m+/61 ’ n+/62

(m—l—p)m =m+p(m+p—1)...(m+p—i+1)

where

Proof. In [6] Theorem 2.1 we established the equality:

m+pz k4«
S0 = s DY ) r(=5)

Taking the above identity into account and applying the method of parametric
extensions [8] yields the desired equality (2.6). [

Corollary 2.1. For any integers i,l satisfying the conditions 1 < i <
m+p, 1 <1 < n+q the operator (1.3) satisfies:

m~+p—i n+q—I

m+p)ll (n+
DiLG1B1,02,0) £ (4 _ p)" g)! i Z Z '
P f(@y) (m+ p1) n—l—ﬁQ

k+oq k+i+ o

2 B | TIB WA
(2.7) Pm—ik(@)Pn—ja (W) | 5 itlday
n+pfe’ 7 n+ B

Proof. One applies Theorem 2.1 taking the following identity

k+ o k—+ay+1

m+p1 m+ B 7l =
7+ as j—i—OéQ—i-l’

n+pGy" 7 n+fo
(m+ B1) (n+ B) A

Z' l' m+,81 n+ﬁ2

k+oar j+oe
m—l—ﬁ1’n+,32
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into account. ]
We are now ready to prove the main result of the paper, which is the
following

Theorem 2.2. Let i,l be two given integers satisfying 0 <1 < m + p,
0<I1<n+gq. Forany f € C"([0,1+p]x[0,1+q]) the sequence

.7l N( 76 7 75
(pseer)

converges to DV f uniformly on [0,1] x [0,1].
Proof. For i =1 =0 the assertion was proved ([6], Theorem 3.2).
Fori=0,1>1orl=0,3:>1 the assertion follows from Theorem 3.1
[5], applied to the partial function f(x,x) and respectively f(o,y).
If ¢ > 1,1 > 1, using the symbol of Landau (see for example [1]) the

1 1
relations lim p<—> =0, lim ’y(—) = 0, can be expressed under the form

m—o0 m n—0o0 n
1 . 1
| — ) = o(1) and respectively v —) = o(1).
m n
Taking the above remarks into account, we can write

k+ap j+a2>

(m+p)(n+qliait, f<

wrEr A \m+ B1 n+ B
k+ ap k+1i+om
— i ! 2| m+BT m+p .
(2.8) (m+p)'(n+q)'{l+o(1)}ll! it o i+t i f
n+62" n+ P

Next, using the mean theorem for bivariate devided differences, from
(2.8) follows that there exists

G ,)e]k‘—l-oq k+a1+i[x}j+a2 j+a2+l[
o 1l m+ 51’ m+ B n+By’ n+
such that ’
, . k+ar j+as
+ [z] + [Z]AZ,Z < , ) =
(m +p)(n+q) ﬁﬁl,m‘f m+ 51 n+ B2
(2.9) = (1+0(1))* D" f (&, mj) -

On the other hand, we have

il N [ pid N il (Etoa Jta
D f<fk,m>—(D f(€m) - D f<m+5l,n+52>>+

. k+ar j+as il k+ar j+
+ DM , = o(1) + D ,
f<m+51 n+62> o(l) / m+ 1 n+ P
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because k+aq 1 J+as l
Ek - < y T —
m+ [ m + 1 n + B2 n + B2

and f € C¥ ([0,1+p] x [0,1+ q]).
This way follows the identity:

. ; k+ar j+a
2.10 14 0(1))2 DU f (&, n;) = D , +0(1).
210) (1 +o(D)? DY (gmy) = DS (S5 282 ) o)

Applying next Theorem 2.1 and taking into account that

(Eom) € kton ktaitifl Jj+as j+astl
o1l m+p1’ m+ B n+f’ n+p |
we get

(2.11) DM G028 f (g y) = ST ) DilE(z ) 4 o(1).

§(a1,51,a2,52) }
m~+p—i,n+q—I mtp>intq>l

[0,1] x [0,1] for any g € C'([0,1+ p] x [0,1+ p]), from (2.11) we arrive to the

desired result. |

Because the sequence { converges to g, uniformly on

Corollary 2.2. For any f € C* (]0,14p] x [0,1+q]), the sequence
{Di’lémm,p,qf} y converges to DL f uniformly on [0,1]x[0, 1], where Bu.pnp.q
m,ne

is the bivariate Schurer operator, defined by

m+p ntq k J
(2.12) (Bm n,qu> = > Pus(@bni(y)f < ) .

k=0 j=0

Proof. Because Em,mp,q = 553;2;212), the assertion follows from Theorem
2.2. u

Corollary 2.3. For any f € C* ([0,1] x [0,1]) the sequence
{Dile(OCIWBLQQWBQ)f}
m,n m,neN

converges to DU f uniformly on [0,1] x [0,1], where Pr(nofﬁl’ﬁl’a%&) denotes the
bivariate Stancu operator, defined by

k—l—al j—i—ag
(a1,61,02,82)
(2.13) (P f) kZOJX;pmk pn,j f<m+51 7n+52> .
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Proof. Clearly that PT(,LO,‘}L’[BI’O‘Q’BQ) = SleBrazfa) g one applies

m,n,0,0

Theorem 2.2. [

Corollary 2.4. For any f € C¥ ([0,1] x [0,1]) the sequence {Dilem,nf}m neN

converges to DU f | uniformly on [0, 1] x [0, 1], where By, ,, is the bivariate Bern-
stein operator, defined by

(2.14) Bunf) @5) = 35 Pk (0 f(k 9)

k=0 j5=0

§(0,0,0,0) the assertion follows from Theorem 2.2. u

Proof. Because By, ,, = .00 3

Remark 2.1. In Corollary 2.1 the integers ¢,[ satisfy the conditions
0<i<m+p, 0 <[] <n+q while in Corollary 2.2 and Corollary 2.3 the integers
7 and [ satisfy the conditions 0 <¢<m, 0 <[ < n.

The polynomials py, (), pn,;(y) from (2.13), and respectively (2.14) are
the fundamental Bernstein polynomials defined respectively by:

(2.15) P k() = <Tz> (1= 2)" 7, pn(y) = <Zl) y(1—y)" .
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