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Boundedness of Some Pseudodifferential Operators
on Bessel-Sobolev Space !
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We study the continuity of generalized pseudodifferential operator Ba,. on Sobolev-
Bessel space, with a > —1/2 and o in the class of symbols. Also, we give the analogous result
related to the commutator [Ba,s , I, | where I, = Fg' (pF5(-)) and ¢ is being a suitable
function.
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1. Introduction

The continuity of the pseudodifferential operators on Sobolev space has
been introduced in literature by using the classical Fourier transform on R™.
Throughout this paper we fix & > —1/2, the weight function

va (2) = 2&F(1a+1)51”2(Hl

and we define the generalized pseudodifferential operator B, », on [0,400[, by
the formula

Boof (a) = /0 " o (@6) 0 (2,€) Fisf () va (€) d,

for all f € S, (R), where:
e S, (R) is the Schwartz’s subspace of even functions.
e j. are the normalized Bessel functions of first kind and order « given by

1
. o' (a+1 a—1/2
Ja (A) = 7ﬂ1/zr((‘; +1)/2) /0 (1—¢%) cos(At)dt.

'Research of the third author was supported partially by “Acc. Prog. 02 MDU 543”.
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(See for example [4]).
e o belongs to Si’m; the class of even symbols with respect to the second
variable and satisfying, for all a, 8,7 € N,

NEm (o) = sup L 1(12)° (12)7 6 (2,6)| < co.

o8,y I’Ezo(l_,'_gz)mfw

e Fp is the Fourier-Bessel transform given by

Fof (\) = / T jaa) f (@ va @) de,  (fES(R)AER).

It has been proved in [5] that F is an isomorphism from S, (R) into itself and
its inverse is ]—"gl = Fp.

In this work we shall be interested in the continuity of B, , and of the com-
mutator [B,,,, I,] on the Bessel-Sobolev space E5”, where I, = F' (0F5 (-))
with ¢ is a differentiable even function adequately chosen. We recall here that
E3" is the set of even distributions f on R satisfying

1/p

1llpes = ( [ lasey sar @ v dg) < .

For more details, we refer to the works of M. Assal and M. Nessibi [1]. See also
Pathak and Pandey ([2], [3]. Our results are the following:

Theorem 1. Lets,r € R, 1 <p,q < o0 and o € Shm. If one of the
following assertions holds

(i) r<—aTH, s>m+(a—|—1)(1—%> and p>1,
(ii) s—r>m+(a+1)(1—%> and %#—%Sl,
(iii) S—r>m+aT+1 and p=1,

then By, is a bounded operator from ESP to ERY.

Theorem 2. Let s,7, A € R, 1 < p,q < 00 and o € SH™ Let
@x € CHR) such that |p) (&) < (1+ €)™ If one of the following assertions
holds

—"T“, s>m—/\+1+(04+1)<1_;lo> and p>1,

N

(i) r <
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(ii) S—r>m—%+(a+1)(1—%> and -+ <1,

1.1
qg P

(iii) S—r>m—%+aT+1 and p=1,

then [By,o, 1y, ] is a bounded operator from E3' to Eqf.

This paper is organized as follows. In Section 2 we collect some harmonic
analysis results related to the Bessel operator. Section 3 is devoted to the proof
of Theorems 1 and 2. Some remarks concerning the continuity from E35” to
itself are also given in this section.

2. Preparations

In this section we recall some basic results in harmonic analysis related
to the Bessel operators (see [5]). All functions and spaces are defined on R. For
a Banach space E let ||-|| ; denotes its norm. We set C¥(R) = C*, LP(R) = LP,
etc... C* denotes the space of even functions of class k... The spaces Sy, SH™ and
EP will be as defined above. We denote L5 ([0, +00[) the space of all functions
f defined on [0, +-oo[ such that || f[|;» < co, where

oo 1/p
(/0 |f(m)\pva($)dx> if 1<p<oo,

esssup |f (z)] if p=o0.
z€[0,+00]

1Fllzy =

We recall that the Bessel operator is given by L, = 1:20%% (wQQH%) and
satisfies the following properties

(1) (_La)k (ja ()‘x)) = )‘%ja ()‘x) )

2K 1dY°
2 —Lo)" =) Cua ( ——) |
2) Lt =320 (1)
where (; € R and «; € N with o; < i. For instance
1d\? 1d\? 1d\*
—L,)? =4 2 n(=— 4 2) (=— =) .
( ) (a+2) (o + )(xdx) +4(a+ )<xdac> +z <:Udac>

Noting that, we can obtain (2) by induction on k.
Next, we shall need the generalized translation operator T defined, for all
x,y € [0, 00[ and suitable function f by

T f(y) = %/0 f (\/302 + 92 + 22y cos 0) (sin 0)* db;
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The above translation operator satisfies the following properties (see [5])

. T (o (0)) (4) = o (A) Ja (A)

. 178 fle < Ifllpe for1<p< oo,

. 120 0) - [ T () Wa 2y, 8) 2,
0

where t — W, (z,y,t) is supported on [|z — y|,z + y] and

o
/ Wy (z,y,t) t**Tat = 1.
0

As usual “C” denotes the constant with many vary from line to line. If

1 < p < oo then its conjugate is given by p’ = ]%.

3. Proofs

3.1. Some estimates
The following propositions are useful:

Proposition 1. Let1 < p < q < co0. Then there exists a constant
C > 0, such that for all function f defined on [0, +o0o[x [0, +-00| with f (-,y) € L%
and f (x,-) € L&, one has

@ ([ T1rel w dy); <o ([T @l v @ dx)’l’ .

Proof. Consider the operator

T({z =11 @)l }) < {y =17 Gl )

Then we obtain (3) by interpolation on 7. Then it suffices, and is not difficult,
to prove (3) for p =1 and for p = q. [

Proposition 2. Let o € Shm. Then, for oll k € N, there exists a
constant C = Cy, j, > 0 such that

(4) Felo (LOLBI < C(L+2) " (1+6)™.
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Proof. Using (1) and (2) together with [j, (xt)| < 1, we obtain, for all
t>1,

|75 [0 (zkf)] (t)]
< or®yiel [ e (22) o @) v @) do
i=1 0
< O (14 mi/ 142%)2 72 (12
: (12) o (@,6)| 1
i=170
2k
< CF )"y Em+a+§]++m()
i=1 2

Here [:z:]+ denotes the greatest integer less than or equal to . On the other
hand, for all 0 < ¢ < 1, we have

Felo (L OI (M) < 2* (1+t2)k/0m|0(x,§)\va (z) da
= C<2k [a+ " +1,00 (U)> (1+t2)7k (1+€)"

which ends the proof. ]

3.2. Proof of Theorem 1.

e The case (i). Using Fubini’s theorem and the properties of the trans-
lation operators we obtain

/Ooo o ($,§) Ja (l‘f) Ja (1;77) Vo, (l’) da

_ /OO xf(/ W, (61, )ja(xt)thﬂdt) o (z) dz

= / W 57771 (tag) t2a+1dt>
where A, (t,£) = Fglo (-, €)] (t). This leads to
5) Baal) ) = [ Ff (€[22 40 (&) ()] va (€) €

Therefore, (5) and Holder’s inequality yield

1/

+oo - ,
175 (Ba,af) ()| < [l gy </0 (1+&) " T A () ()] va (€) df)
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Applying (4), we obtain

m (ST Lk
6 |TE4 (O <C(1+8) /ls ‘ (L+2) " Wa (& m,t) > dt
-n
=C(1+&)"TEq (),

where g1 (1) = (1 + t2)’k, Since || T991| ;00 < Cllg1] 0 , then
o0 N 1/q
1Baoflgzs < Clifligar </ (1+2)" et d77> x
0

> 2\ (m=3)p" ;2041 1
i (1+¢&%) grotlqe .

e The case (ii). Using (5) together with Holder’s inequality, we obtain

[e'e] +oo ’ /
IBao fllfra < ||f||j§3,p/ [/ (1+)77 (1+7)"7 x
0 0

1T 40 (&) I v (€) ] " v () i

Combining (6) and Peetre’s inequality, we get
r m+r ||
(1) (1+0%) T84, (€) ()] < 2 (1 +€3)™" (1 (e 77)2) T¢g1 (n)] -

We take into account that W, (¢,n,.) is supported on [|£ —n|,& + 7], then
|€ —n| <t, implies the lift-hand side of (7) is bounded by

o2 (14 €)™ 1892 ()

where g5 (t) = (1 4 t?) Iri=k , with k is at our disposal. Taking k > |r|+ QTH then
Proposition 2 leads to
[ 2\ (m=s+7)p" /e P 2041 o 2a-+1
(1+¢%) (Tega ()" g77Hdg| n™Fdn
0 0

/

> 2\ (m=s+1)p" |10 1P £2041 v
< ([T are)r T renl e

/'

< q > 1 2\ (m—s+r)p’ 20:+1 g I
<loally ([ (+) g1 g
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Hence we have the desired result.
e The case (iii). We shall proceed as above. So, using Peetre’s inequality,

we obtain

1Bl < [ OO[ / T+ P) 1Fsf O[T A (26 ()] va (€) dg} va (n) dy < 21

of oo (14¢2)° Is| . a
«f [/0 e (1) |f5f<5>\TEAg<-,5)<n>rva<5)d§]vam)dn

Now, as in (6) and since Wy, (§,7,.) is supported on [|§ — n|,£ + 1], we obtain
by Peetre’s inequality

(1 )" frzas o )
< / 1+t 2\ |s|—k a({,n,t)t2a+1dt

< C2m (1+ )" Tegs (n),

s|—k+m

where g3 (t) = (1 + t2)| . Hence for k > |s| + m, it holds

o0
—s+
Bor (Pl < Clanll W [ (1) gy,
o 0
| |

Remark 1. Under the hypotheses of Theorem 1, with m < — (a+1).
B, becomes a bounded operator on Eg”

3.3. Proof of Theorem 2.

We shall give the proof first for the case A = 1.
e The case (i). The use of (5) gives

+oo
Fs Boal,, f) (n) = /0 o (€) Fisf (€) [T Ao (-, €) ()] va (€) de
and

F5 (IorBoaf) (n) = ¢x (n) ; Fif () [Te Ao (€) ()] va (&) dE.

Then, it holds
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—+00 1
/0 ) /0 (£ — 1) + m) dtFsf (€) [T Ay (€) ()] v (€) dE.

The elementary estimate

A+p+tE—n) ' <@+n)" Q+tlE—nl)

(for 0 <t < 1,€ > 0,n > 0) together with Hoélder’s inequality imply that
|\ FB ([Bo,as 1p,] f) (n)| is bounded by

(8)
L T Jenl” ! o ! 20 1/p'
ez 9, {/0 ey A+ €= [TEA (O )] & Hagh

Next, the same argument given in the proof of Theorem 1 yields
(9) €=l (L + 16 =) |[TEA; (&) ()] < C (1+€°)" [Tega ()

where g4 (t) =t (1 +1) (14 t?) . The contraction property of the translation
operator leads to estimate (8) by the desired term, i.e.

1/p’

o0 /
Clflzr ™ ([ (14 i)
e The case (ii). Combining relations (8) and (9), we obtain

|7 [Ba,a,lcp] f“%gtz <CV ||fH?;;p )

where

/

/ ’ /P
+o00 400 14¢2 (m—s)p 14n2)"P / 1
V = /0 [/0 ( ) (14+n%) }ngzl (n)}p g2otlye 772a+1d77-

(1+n)?’
On the other hand, Peetrs’s inequality and the estimate
(4™ <A+ 1+ € —nl)
lead to

L+ A+ Tega )| <C(1+€) A+ 7" |Tfgs ()],
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where g5 (t) = t(1+1t)? (1 +t2)|r|7k. Now, Proposition 1 and the choice of

k>|r|+2+ O‘TH give the correct bound, i.e.

/ /v
* oy (m—s+r)p’ 1 © o q 2a+1 )p/q 20+1 !
V<{/O (1+¢) axe” </0 \T¢gs (n)|" > dn) ¢ Hldg

/'

00 , , q
< Cllgslly [ | aee) ar g g?a“dg}

e The case (iii). It is easy to obtain the following estimates

175 ([Bo.ay 1)) f (n)]

m—s

+oo
<C@1+n" [/O (1+€%)° | Faf (&) (1 +¢€?) ‘ng4<n>-£2““d§}<

1 27’",—8 +OO 28
] G / ( 1+ Fs () (©) | Tega (m)] €20+ de

1+ —|m—s|
(e 1+ (€= n)?)
< O lgoll e /1l gz (L+77)" " (@ +m) 7"

|m—s|—k

where gg (t) =t (1 +1¢) (1+t?) . The choice of k > 2 + |m — s| together
with the conditions in (iii) give the desired result. [

Remark 2. The proof of the case A # 1 is similar to the above one
with adequately changes by using the following inequality

A+ p+tE—n)) ™ <2+ )™ (1 +t]e—qh.
We omit the details.

Remark 3. Let A < 0. If @) satisfies the property

o (&) — ox ()| < A€ —n| ™,

then Theorem 2 is also valid. For example ¢, belongs to the Lipschitz space
Ay
Remark 4. Under the hypotheses of Theorem 2. Define

a=43—a—-1, b=A—a-3 and c=35—(a+1)p.
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If one of the following holds:

(1) A>1, m<a and p>1,
(ii) A<l, m<b and p>1,
(iii) A<l, b<m<e p=1 and p>2,
(iv) A<1l, m>max(bc) and p=1,

then [By,s, I, ] is a bounded operator on E5”.
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