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Numerical Solution of Monge-Ampere Equation

M. Bouchiba and F. Ben Belgacem

Presented by V. Kiryakova

We show that the numerical solution, of the fully non linear Monge-Ampre equation in
two dimension, can be obtained by resolving an optimisation problem implying the resolution
of a quasilinear Dirichlet problem. A gradient method is used. We give a no classical method
to compute the gradient.
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1. Introduction

In this paper we give a numerical solution of the following Monge-Ampre
problem :

P1) { det|D?u] = f?(x,u) z €

wr = 0,u convex on ().
Where  is a smooth convex and bounded domain in R?, [D?u] is the Hessian
of uand f € C3(Q xR), f >00n Q x R, and %(z,s)zo.
s

The problem (P;) has a unique strictly convex solution u; € C2(Q) N WL (Q)(
see(l] ).

We propose a variationnal method for the approximation of the solution
ur of (Pr) as in [2]. We show that (P;) is equivalent to the following problem :

(Prr) I;g‘r} J(9),

with
1) = 5 [ [detlD?u(a)) = P, u(o)) P
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where u(g) is solution of the Dirichlet problem

P —Au+2f(.,u)=—g
g ’LL|F:0

and we show that u; = u(g), where g = Arg(minJ(g))

In section 2 we prove the equivalence between (Py) and (P;) and we use
a Galerkin-finite elements to approximize the solution u(g) of (Pg). In section
3 we give a non classical method to compute the gradient of the functional J.
In the end we give a numerical test.

2. An equivalent problem

Let us consider the following assumptions

(Hy) f € C2(Q x R) N W22 (0 x R).

(H3) f(z,5) > ap>0,Vs e R_, Vo € Q.

0
(Hs) 8_£

(Hy) s — f(.,s) is convex Vs € R_.

(r,s) >0,Vs e R_, Vo € Q.

2.1. The Problem (P;;)
Let A; and Ay be the eigenvalues of the matrix [D?u]. We have

{ AL+ X = Aul,
A1 Ao = f(.,ul).

Then A\; and Ay are the solutions of
X% - AugX + f2(.,ur) = 0.

So
(Aug)® —4f2(.,ur) > 0.

Since uy is convex and f > 0 we should have
Auy—2f > 0.

If we put
(2.1) g=Aur—2f,
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it is clear that uy is solution of the following problem

~ _Au+2f(7u) =-g
(2.2) P; { wr =0
To compute g, we consider the functional

1 2 2 2
(2.3) J(9) =3 Q[det[D u(g)] — f*(x,u(g))] dx

where u(g) is the solution of the Dirichlet problem

(2.4) (P,) { —Au+2f(.,u) = —g

U|F =0.
We remark that J is well-defined if u(g) € W24(Q) and f2(.,u(g)) € L?().
We recall the following result:

Theorem 2.1. Under assumptions (H3) and g € L*(Q) the quasilinear
elliptic problem (Py) has a unique solution u(g) € Hg (). (see[4]).

We have the following result:

Theorem 2.2. Problems (Pr) and (Prr). are equivalents

Proof. By (2.2) we have u; = u(g) so J(g) = 0.
Let g a solution of (Prr) then J(g) = 0 so

{ det[D*u(g)] = f,

u(g);r = 0.
Since Au(g) = 2f + g > 0 and det[D?u(g) > 0 we have u(g) is strictly convex
and from the uniqueness of solution for (Pr) we get u(g) = uy. [

Remark 2.3 From the previous section we can deduce that the com-
putation by finite elements method of u; is possible by resolving (Pj) if one has
g for this purpose we resolve (Pyy).

3. The numerical resolution of (P;y)

To numerical resolve (Prr) we start linearizing (P,) by considering a
sequence of linear problems which are resolved by finite elements method. To
compute g we use a gradient method.

3.1. Resolution of the problem (P,)
3.1.1. Linearisation of the problem (Pyg) We assume that

g€ HL(Q) = {ve H(Q)/v>0}
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We consider a sequence of linear problems : Let u° a solution of

~Au = —g
(3.1) Po { “|0F —0

We have, since g > 0 , by standard maximum principle : ©% < 0 and we have
(3.2) ||U0”H3(Q) < Cllgll-

Let us consider, for k =1,---n--- , the problem (Pj) given by :

of _ _
Ak 4922 N E = gl
(3‘3) Py u” + 88( y U )u (u )7

k _
u|F—0,

where

P = —g 4 290 byt = ap( )

Assume that u* < 0 and u* € H&(Q) for 1 < k < n, where u* is the solution of
(Pr)i<k<n-s
We consider the problem in "1 :

of

_ n+1 ZJ ny, n+l _ n

(3.4) Poit ,ﬁ? + 283 (L, u™)u F(u")
up =

where of

(3.5) ) = =g+ 250 ()" = 2f(,u")

Remark 3.1.

i) Since —g < 0, "™ < 0, and f(.,u") > 0 we have with (Hs) and (Hj):
F(u"™) < 0. So by the maximum principle "t <0 .

ii) Since Q is a bounded domain of R?, by Sobolev imbedding theorem we
have u" and g € L*(Q). By assumption (H;) we have F(u") € L*(). So
ut e WEA(Q) N Wyt (Q).

iii) Using the coercivity of the variational formulation of (P,+1) we have :

(36) (" g < CIF @2 < CQ llgllzs [1fllsos 105 llso)-
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3.1.2 The Convergence  We need the following lemma

Lemma 3.2. Let L, be the linear operator
of
55
if we note w, = u(g) —u", where u" is the solution of (Py) and u(g) of (Py).
Then 3 6 €]0,1[ such that

Ln(w) =—Aw+2—

n)w

0*f

82( u” —|—9wn)

(37) Ln(wnJrl)

Proof. We have
—Au(g) + f(,ulg) = —g
—Ayntl 4 g_i(.?un)urﬂrl — F(un)

subtracting, with Taylor formula and 6 €]0, 1], gives

of

0
B 422 oy = 200, u") 27 u(g) 290 (o
(92f
= % 5 (u” + Ouwy )w?

Consider now the sequence (u"),en. We have the following:

Proposition 3.3.

(3.8) u(g) < - <u" <t << <0,

Proof.

(1) We first show that u" ™! — 4™ < 0 Let wg = u' — u°, we have

{ A 1 +28f( 0)u1 —_ F(UO)
Os
—Aul = —g

subtracting gives

—Awp + 2g—f(.,u0)w0 =-2f(.,u’) <0,
s
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then by the maximum principle wy < 0. Subtracting (P,41) and (P,,) we
obtain under assumption (H4) and Lemma3.3

—Awn+2g( n)wn = ——

By maximum principle we have w, < 0.

(2) We show now that, u(g) < u™,V n.
By Lemma3.3, we see that the function w, 1 = u(g) — u™! satisfy

52
—Awpi1 + 2g(.,u”)wn+1 f( u" 4 Qwp)w? <0
Js 9s?

and then w,41 <0.

]
Remark 3.4. Assumption Hz with(3.6) and (3.8) implies that P, has
a solution which is giving by

u(g) = Inf(u").

Remark 3.5. Let &,.1 = v — u(g) the error between the solution
of (Pn+1) and the solution of (P(g)). By Lemma3.3, we have

f

of
~A&n1 + 2&(-77/1)571—&—1 = @(.,u

T —0E,)EL,
so we obtain

(3.9) IEn+1llz < CllE T,

which implies that the convergence is quadratic.

3.2. Computation of the gradient of J.

To compute the gradient of the functional J considered in (2.3), we con-
sider the weak solution of (Py), and we assume that 73 is a triangulation of €.
Thus J can be written

(3.10) Z /K [det[D?u(g)] — f2(z,u(g)))?dz

where N is the number of triangles K, and u(g) is given by :

Ny
(3.11) u(g) =Y Elg)ei
=1
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with (¢i);—1.... No the basic functions of Galerkin-finite elements of order two .
If

(3.12)  wir(x,y) = awa® + Buy® + Yiewy + Sz + gy +Tie ,i=1---6

are the basic functions on Ky, we have :

6 6 6
(3.13) det[D*u(g)]x, = 40> Ei(9)eie) O Ei(9)Bse) — O Exl9)vae)?
i—1 j=1 k=1
and
1 N
(3.14) J(g) = 52 A¢D7(g) — 2Bi(9)De(g) + Ci(g))
=
where
Ay = Area(Ky), By(g) = . f (@, u(g(x))d
and
Dy(g) = det[D*u(g))ix,, Celg) = i F (@, ulg(x))da

So if we write

Np
(3.15) 9= gmPm

m=1
we have :
(3.10) 5 - Z{ (4eDilg) - Bilg) T2 — D) 52 g) + 2010y
with )
(3.17) A [ S ula)

4
(3.18) 85;:’) -/ %(.,u(g))opm,gdx.
Where
6 .

(3.19) Dy () = Z ag;ff) Pit(x)
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and
0D¢(9) : 9&i(g) :
Igm 4(; g 0‘”) (;%(9)5@
V(e )
(3.20) + (X tgan) (X5 P o)
i=1 j=1 7"
6
- 2( Ek(g)%e)( 82;@(9)%4)
k=1 =1 “9m
So to compute the gradient of J we need

0&i(g)

(3.21) 5,

i=1,---,Np, m=1,---,N,

We consider then equation (2.4) and after partial derivation we have by
(3.15)

of
wmlr =0.
3}
Where w,,, = u(g) Note too using (3.11) that
IGm

and (3.22) give
N

(3.23) Wi = anngoi.
=1

So resolving (3.22) by the use of the finite elements method we obtain with
(3.23)

(3.24)

= Z':L...’ng m=1,---,Np.

4. Numerical test

In order to test this method, we have shosen, an example of problem
(Pr) which we know its explicet solution. The latter is shosen in order to be
compared to the computed solution.
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Example Example 4.1. We take 2 the unit disque and
F((z,y),u) = 4(3+2Log (1+w)) (1 +u)*.

It’s clear that f verifies all assuptions (H1), (H2,) (Hs) and (Hy4). The solution
of (Pr) is the following

ur(z,y) = ele®+v?=1) _q.

In Fig. 4.1 and Fig. 4.2 we present the computed solution obtained by applying
this method at 10 iterations compared to the exact solution uj.
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Computed solution

Exact solution

LY
LA
LA ]
L AL
.%%%h..ﬂw«#nﬂu«uu:\s@

PR T
L7 {
WAy Oy 0h g by, Y
o 00y b g, 1
AL

i

FIGURE 4.1. Graphs of u; and the computed solution

u=u(z,y).

Computed solution

Exact solution

FIGURE 4.2. The contour plot of u; and the computed solution.



