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The aim of the present paper is to introduce a new kind of integral called ¢-fuzzy
integral for multi-functions on lattice. Various kind of properties are shown for ¢-fuzzy integral
of multi-functions.
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1. Introduction

Sugeno [5] had introduced the concept of Fuzzy measures and Fuzzy
integrals in 1974; subsequently other authors [4, 6-8] contributed a lot to the
theory. However, they dealt with integrands which were all point-functions
(point-valued).

Aumann [1] introduced integrals for multi-function with respect to Lebes-
gue measure in 1965. Using the approaches of Aumann et al., Zhanand Wang
[8] extended fuzzy integrals of Sugeno to integrals involving multi-functions and
discussed many properties thereof.

In this paper, we introduce a kind of integrals, called ¢-Fuzzy integrals
of multifunction with respect to ¢-fuzzy measure. These integrals are lattice-
valued. We generalized almost all results of [4] in the weaker setting of a com-
plete lattice with universal bounds.

2. Preliminaries

Since we proposed to discuss fuzzy integrals in the backdrop of lattice, it
is quite in order to recall some definitions and results from the theory of lattice.
a lattice L is a partially ordered set in which every pair of elements z and y
have a least upper bound x V y and a greatest lower bound =z A y. It is
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called an order-complete lattice if every set M C L, has a least upper bound
and a greatest lower bound in L. If there exist two elements I, u € L such that
[ <z <wufor every x € L, then [ and u are called universal bounds; they are
usually denoted respectively by 0 and 1. We assume that if S C L and sup
sup S = s exists, there exists a sequence {s,} C S such that 0 — lirrlnsn =5

(definition follows). The set R is a lattice of this type.
Let {x,} C L be a sequence; then we define

oo 0

li;bn sup z, = /\( \/ Tm)

n=1 m=n

and
oo oo

liyrln inf z, = \/(/\wm)7

n=1 m=n
provided sup(‘V’) and inf(‘A’) exist.
Clearly lim inf z, < lim sup z,. When equality occurs we say that
n n

{z,,} order-converges and write
0 —limz, = lim inf z, =lim sup z, = x.
n n

Then x is called the order-limit of {z,}. If x = 0 — 1irrlnxn, then there

exists sequences {uy} and {v,} in L such that
upToeqx  and v loogx,

and u, < z, < v, for every n and conversely; u,T,—;2z means u, < upy; for
o0

every n and \/ up, = x; and vy, |;2;x means the dual statement,([2], Chapter 8,
n=1
§9, p. 244).
Among intrinsic topologies of an arbitrary lattice L (topologies born out
of order-structure), mention must be made of order-topology and interval topol-
ogy. In order-topology a subset S C L is closed if and only if

({xn}CS, O—lirrlnzx) = ze€f.

On the other hand, in a lattice with universal bounds 0 and 1, interval
topology is defined by taking closed intervals [a,b], a, b € L as sub-basis of
closed sets.

In this connection we mention a theorem.
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Theorem A. ([2], Th. 21, P. 251): Every subset of a bidirected set
which s closed in the interval topology is also closed in the order-topology.

Obviously this results also holds in a lattice.
We mention another theorem due to Frink.

Theorem B. ([2], Th. 20, P. 250): A lattice is compact in its
interval topology if and only if it is order-complete.

3. /-Fuzzy measure, measurable multi-functions

Let L be an order-complete lattice with universal bounds throughout the
paper, if not stated otherwise.
We consider interval topology on L.

Definition 3.1. Let Q be a non-empty set, A be a o-algebra of subsets
of 2 and (©2,A) be a measurable space. Let 1 : A— L be a function satisfying
the following properties:

(i) p(@) =0;
(i1) p(A) < u(B) whenever A, B € A and A C B;
(iii) If {A,} C A, A, C Appy, n=1,2,..., then

M(UzozlAn) =0- liyrlnM(An) ;

(iv) If {A,} C A, A, D Apt1, n=1,2,..., then

,U/(m?zozlAn) =0- hﬁnu(An) :

We call p lattice-fuzzy measure (or, in short, ¢ fuzzy measure).

Definition 3.2. A function F : Q — 2 —{¢} is called a
(i) multifunction; and a function o : Q — L is called a
(ii) selection of F if for every t € Q, o(t) € F(t).

Definition 3.3. F is called a measurable function if for every closed
set U (or equivalently for every open set U)of L,

Fy={tcQ|FO)NU #¢} cA.

We assume that every measurable multifunction F'(w) admits a measurable se-
lection function o(w) such that

o(w) € F(w).
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Let S(F') denote the class of all measurable selections of F' and let

glw)=sup o(w).
o(w)eS(F)

4. Integrals of multifunctions and their properties

Definition 4.1. For, A € A and a measurable multifunction
F: Q-2 {¢},

we define

/Aqu: \/ {a/\,u(AﬂFa)}

where F,, = {w €eQ| Flw)n {oz, 1} # qb}.
We call / Fdy — the ¢-fuzzy integral of F' on A and instead of / Fdy,
A Q
we will write [ Fdpu.

Definition 4.2. For A € A and a measurable single valued function
F :Q — L, we define

where f, = {w eQ| flw)> a}.
We call [, fdp - the ¢-fuzzy integral of f on A.

Lemma 4.1. Let L be an order-complete lattice with universal bounds.
Then

@) [ Fan=\ [ann(ra)];

acl
(ii) /A Fdp =0, if u(A) = 0;
(111) If A C B, then [, Fdu < [z Fdu;
(iv) Let F and H be two multifunctions with closed-values such that

F(w) C H(w) for every w € Q, then /qu < /Hd,u;
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(v) If f and f, be point-functions for every n and
fu 22 £ o 532 D), then [ fudpa 152y [ gl ([ fudp 1320 [ s

(vi) IfO—li};nfn:f, then ffd,u:O—liTrlnffndu.

Proof. (i) — (iv) follow immediately from the definition (4.1).
(v) If f and f,, be point-functions for every n and

Fu 1520 o 12 /s then [ fudi 32y [ g ([ fudie 1220 [ san):

Proof. Since f, 192, f,

(1) [ i < [ f di
(2) and [ fudp< [ £ dn

for every n. Moreover, if g be a point-function such that f, < g for every n,
then
fn < f < g holds for every n

Accordingly,
/fn dug/gdu ,n=1,2 3,... and

[ s [gdn

From (2) and (3) it follows that

[ a2z [ s

Identically we can show that if f, |22 f, then [ fndp [52, [ fdp.
(vi) If O —limf, = f, then [ fdu =0 —lim [ fndp.
Proof. There exist sequences {h,} such that

3)

hyn 1oz and gn Ip2q

and h, < f, < g, for every n, where h,, = A\;2,, fi and g, = V52, fi.
From (v) above,

[ dutizy [ 1apand [godplie, [ 1 ap.
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However, /hn du < /fn dp < /fn dpt.
Therefore, 0 — li7rln/fnd,u = /fd,u.

Theorem 4.1. For measurable multifunction F,

/FdM:/XA.qu, AcA
A Q

where
Fw), if we A
(XA-F>(W) = { {0}, if  w ; A
Proof.
/Fd,u = {oz/\u(AﬂFa)};
A a€ L
=\ |eas@AnF)|v[oamAnF))
a€ L*{O}
=V Jenu((aF))] v [0Au((eaF)o)]
a€ Lf{O}
=V [aAu((XA-F)a)]
ac€ L
_ / xa.F dp.
Q
This completes the proof. ]

5. Properties of integrals

Theorem 5.1. Let F' be a measurable multifunction with closed values;
then

(i) /F dp = BN u(EFg), for some B € L,
and
(i) 9w) > B A p(Ep), wen.
Proof. (i)We have [ F dp =\ cr, {a A ,u(Fa)}, where

Fa:{wGQ:F(u})ﬂ {a,l} ;égb}
Let [ F' dp =t. Then there exists{a,} C L such that

0 —tim{a, A p(Fa)} =t.
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Since L is compact [vide theorem B], we can choose a monotone subse-
quence {ay, } of {a,} such that 0 — h]?lank = (3, for some [ € L.

Suppose ay,, 172, B, so that ay, < ap,., < 8 for every k.

This ensures that Fjg C Fank+1 C Fy,, for every k.

Accordingly, Fjg = ﬁioleank, and Fj is a closed set and Fank Loy Fa.
By definition 3.1 (iii),

0 — limp(Fy,, ) = p(Fp) = p(OFZ1 Foy,, ) -

On the other hand, if oy, |72, G, then Foénlc T Fz and Fa”k C Fg, Vk;
and Fg = UpZ  Fo,,
Hence
0 —limu(Fa,,) = m(Upt1 o, ) < p(Fp) -
Therefore,

0 = limu(Fa,,)) < p(Fp).

So, t=0— lillgn [ank A p(F,

ank

)} <0- liin [ank A ,u(Fg)] (by monotonicity of u)

= (0 —limay, ) A u(Fa)

= BAu(Fp) < \ [anu(Fa)] =t
a€cl

Thus t = 8 A u(Fg) for some 3 A pu(Fg) for some 3 € L. This proves (i).

(i) In view of (i) above,

/F dp = B A p(Fg), for somes € L.

L is assumed to bear the interval topology.
Let F'(w) be a closed set, w € Q with respect to interval topology so that,

(1) F(w) = MyerCy,

where every C7 is a finite union of closed intervals of the form {a, b}, a, be L,

corresponding to w.
Let o(w) € F(w) be a selection of F. Then

(2) o(w) € F(w) CCy

for every v € I'.
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However, for every v, C = ufﬁl) {a;’y, b%}’ where p(7v) is a positive
integer depending upon -, a:’?, b‘;;z €L, aly < b‘;:z, n; are positive integers

for every v and i.
From (2), o(w) > a?y, for some i and 7.
As ~y varies over T, Uz(w) > a2y > 32BN u(Fp).
Therefore, g(w) = (SU]Z?Ues(F)O')(W) > o(w) > B A p(Fs).
Hence, g(w) > B A u(Fp), w € €.

This proves (i) [

Theorem 5.2. Let L be lattice and F be as in the preceding theorem.

Then
/F du:/g di .

Proof. We shall firstly show that [ g du < [ F dpu.

Let A, = {w € Llglw) > a), a € L}. For w € A,, we can choose a
sequence {O‘n} in S(F) such that 0 — lignan(w) = g(w).

However, o, (w) € F(w), since o, (w) is a selection and F(w) is closed.

So, g(w) € F(w); however,g(w) > «, and so, F'(w)N {a, 1} # ¢
ie., w e F,.

Hence A, C F,, for each o € L.

Therefore, [¢g du < [ F du, by Lemma 1.4.1 (iv).

Next we shall show the reverse inequality.
By Theorem 5.1 (i), there exists § € L such that

/F dp = B A p(Fp).
We have
(3) {wlglw) > 8} > Fy

Therefore,

Jodu =V [onn{els@ =a})]

acl

B A n({wlglw) = B})

Y

\Y]

BAuEFs) = [ Fdu by (3),
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Hence JFdu=[gdu.
The proof of theorem is complete. [

Theorem 5.3. Let F be as in the preceding theorem; then

/Fd,u:t, t>0

if and only if
(i) BA(Fg) <t, f€L and
(it) there exists By € L such that B, A u(Fp,) =

Proof. Let [F du =t. We have, /F dp = \/ {a/\u(Fa)} =1, so
acl
that @A pu(Fg) <tforall 3€ L.

On the other hand, by theorem 1.5.1 (i), there exists 8, € L such that
JF dp = Bo A p(Fp,).

Therefore, 8, A 1(Fp,) = t. Conversely, if (i) holds, then [ F du <t. In
addition,

tzﬂoAM(Fﬂo)S\/ aAu /qu
acl
Hence, / F dyp = t. This proves the theorem. ]

Theorem 5.4. If L be a distributive lattice, then for ¢ € L
/(c\/F) du:/c d,u\//F du,

(cV F)w) = {eV f(@)|f(w) € Fw)}

where

for every w € Q.
Proof.
/(ch) d ="\ [oAp((ev F))]

a€el
However, (¢ V/ F)o = {w € Q|(cV F)(w) > af
= {we eV f@)w) > a, fw) € Fw)}
D{weQ]cZa}U{ Q]f(w( ) > a, f(w)eF(w)}
:>(c\/F)aD{w€Q|c>a}
and (cV F)o D {w € Qf(@)w) > a, f(w) € Fw)},
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and so, pu((cV F)q) > u({w € Qle > a}), (monotonicity of u)

= Vaer[o A n((eV F)a)| = Vaer[a Au({w € 0le > a})]
= [(eVF)du> [cdp.

Similarly, [(c¢V F) du > [ F dp.

Therefore,

(4) /(c\/F)duZ/cd,u\//qu.
On the other hand,

/c d,u,\//F dp > |aAp@)]V]anu(Fa)l,
= [(@nm@) va] A l(anm@) v pF)| by distributivity
= A [(@Ap@)V p(Fa)], (since a = (aAp(©)Va)
= [(anm@)] Vv |anuF,)], Distributivity
= @A |p(Q)Vp(F,)|, Distributivity
a A p(Q)
aAp{weQ|(eV fw) > a, f(w) € Fw)}.

Y

Therefore,

Jeduv [FauzV[anpfoeqieviw)>a fw eFw)]

acl

(5) = [tevF)du.
From (4) and (5),

/(c\/F) du:/cdu\//qu.

This completes the proof. ]

6. Convergence Theorems

For a sequence of multi-functions {F,}, we define lim sup F,, and
n

lim inf F, pointwise i.e.,
n

(lim sup Fp,)(w) = (lim sup) F,, w e
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and
(ligln inf F,)(w) = (lign inf) F,,, we Q.
where
liﬁn sup Fy (w) = n?}i:l U;L.O:m Fn(w)
and

lim inf By (@) = Uiy (M5 Fa(@))
It is easy to see that
lim sup F), = {aEL\a = O—Iilgn Qnys Qny, € Fpyy {ni} C {ng}isa subsequence}
n
and

lim inf Fn:{aEL|a:0—liman, anan}.
n n

Theorem 6.1. Let {Fn} be a sequence of closed valued multi-functions

from Q to 2 — {QS} with lign sup F, and lién inf F, as closed set (with respect
to the order topology). Then the following hold:

(i) liTIln sup /Fn du < /li}bn sup F, du
and

(i1) fli}ln inf F, dyp < lim inf /Fn du .

Proof. (i) Lett, = [F,du € Landt = liérn sup /Fn dp = lign sup tn.
There exists, therefore, a subsequence {t,,} of {t,} [tn, | t] such that

t=0-— hignt”’“ .
By theorem 5.2,
(1) /fnkd,u:/Fnkd,u:tnka

where f,, = Sup{ank € S(Fnk)} € S(Fy,).
However, {f,,} C LY and L% is compact with respect to the interval

topology of L, since L is complete. So, {f,,} possesses a convergent subse-
quences, say, {fn, }, m=1, 2, 3,...

g <NMpgy <o <ng, <o
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The same is, therefore, a subsequence of {f,} and the corresponding sequence
{Fn,,, } is a subsequence of {F},, }. Now,

(2) /fnkm dp = /Fnkm dp = ty,, ~forall m,
and {t,, } is a subsequence of {t,, }.
Accordingly,
t=0-1limt,, = O—lim/Fnk du
m m m

= O—lim/fnkm du, by (2)
= /(O - h,gnfnkm) du, by [Lemma 4.1.(vi)]
< /O —lim sup F), du, by [Lemma 4.1.(iv)]
Therefore, ligl sup /Fn du < /O — h{“ sup Fy, du.

(ii) Let
(3) E,=nN<;n=1,2 3,...
Then FE,, is closed and

E, T?LO:I U’?Loil (mfian) = hTILn inf Fy.

Which is a closed set by supposition.
By theorem 5.2,

(4) /En du:/gn dy

(5) /(lim inf F,) du = /h dp

9n SuP{fn | fn € S(En)}
h = Sup{fn | fo € S(lim inf Fn)}.

However, {En} monotonically increases to lim inf F), and as such g, 152, h.
n

Thus we obtain, in view of Lemma 4.1.(v)
/hdu = lim /gn duzliglinf/gn du
n

() =[G ingF) du, by 5)



{-Fuzzy Integrals of Multifunctions on Lattice

it follows from (iv) of the lemma 4.1, that

and so

/Eid,uS/FidM,iZn

inf /EZ dp < inf /E dup, 1 >n.
>n >n

This gives

Therefore, /F du = lirlln inf/Fn dyp = liTan sup/Fn du = lign /Fn du .

sup (inf [ F; du) > sup (inf [ E; du)

n>1 =2n n>1 =2n

= 117131 inf /Fn du > liTILn inf /En du
= liTILn inf /gn dup, by (4)

= /h du

_ / (lim inf F,) di, by (6)

= /(lign inf F,) dp < lim inf /Fn) du.

19

Theorem 6.2. Let {F,} be sequence of closed-valued multi-functions
from Q to 2L — {¢}. If F be a closed-valued multi-functions from Q to 2 — {4}
such that liTILn F,=F. Then

lim /Fn du:/F di .
n
Proof. By the given condition,

F =1lim F,, =lim inf F, =lim sup F,.
n n n

/Fd,u = /ligbn inf F, du
< lirrln inf / F, du, by the preceding theorem
< lign sup/Fn du

< /lim sup Fj, d,u:/F du.
n

This concludes the proof.
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