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In this paper, we consider certain embedding problems with kernel a cyclic 2-group.
Our goal is to compute the obstructions in specific cases to realizability of the modular group
Myn+s and the group Coni2 X Ca (n > 1) over an arbitrary field with characteristic not 2. Also,
we give a description of all Galois extensions realizing these groups over a quadratic extension,
containing a primitive (2"*2)*® root of unity ¢.
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1. Introduction

Let K/k be a Galois extension with Galois group H, and let

(1.1) 1-A—-G—-H-—1

be a finite group extension. The embedding problem given by K/k and (1.1)
then consists of determining whether there exists a Galois extension L/k, such
that K C L, G = Gal(L/k) and the homomorphism of restriction to K of the
automorphisms from G coincides with 7. The group A is called the kernel of
the embedding problem. The problem we denote by (K/k, G, A). The existence
of a Galois algebra with the above properties is also known as ‘weak’ solvability.
When a Galois extension is available it is also called a “proper’ solution.

Let k& be of characteristic not 2, let ( be a primitive 2"th root of unity
in K, and let uon be the cyclic group generated by (. If A is a cyclic group of
order 2" such that A and pon have the same H-module structure, we call the
embedding problem Brauer. Assume that we have the Brauer problem given by
K /k and the group extension

(1.2) 1 —pgn - G— H — 1.
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Then we have the map H?(H, pon) — H?(H, K*) = Br(K/k), induced by the
inclusion map pon <— K*. Thus we can consider the 2-coclass ¢ of the extension
(1.2) as an element of the relative Brauer group Br(K/k). Let I' = (K, H,c¢)
be the crossed product algebra, corresponding to the extension (1.2). Then
the equivalence class [I'] = [K, H, ¢] € Br(K/k) is called the obstruction, and its
splitting in the absolute Brauer group Br(k), i.e., [['] = 1, gives us the solvability
condition of the Brauer problem. A necessary condition for solvability is the
solvability of the associated embedding problem given by K/k and the group
extension
1 — pon—1 — G/Cy - H—1,

which has as obstruction [[)?> € Br(k). If [[]> = 1 € Br(k), then by the
Merkuriev theorem [10] follows that I' may be decomposed into quaternion and
matrix algebras. We will use the standard notation (a,b) for the equivalence
class of the quaternion algebra (a,b/k) generated over k by the elements i and
4, such that i = a,j2 = b and ij = —ji. Information about Brauer groups and
quaternion algebras can be found for example in [7].

We apply the following main results in order to investigate cyclic and
modular embedding problems.

Theorem 1.1. Let K/k be a finite Galois extension with Galois group
H, and let ¢ € K be a primitive 2"th root of unity (n > 1), such that (+¢~1 € k
and i(¢ — ¢ 1) € k. Let N = Gal(K/k(i)) and H act trivially on Con. Then the
embedding problem (K/k,G,Can) given by

(1.3) 1—-Cypn —G— H —1,
™

is solvable, if and only if the embedding problems (K /k(i), 7= *(N), pon) and
(K/k,G/Con-1, pi2), given by

(1.4) 1 — pon —» 71 Y(N) = N — 1,
and
(1.5) 1 —py— G/Cynr — H — 1,

are solvable.

Proof. Let k be the algebraic separable closure of k with profinite Galois
group H. Denote by ¢ € H?(H,Cy),c; € H*(N,pugn) and ca € H?(H, po)
the cohomology classes respectively of (1.3), (1.4) and (1.5). Denote also by
¢ € H?(H,Cqn),é € H*(N, pgn) and ¢ € H?(H, po) the rise of ¢, ¢; and co,
respectively, where H = Gal(k/k), N = Gal(k/k(i)).
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Assume the embedding problems
(K/k(i), 7 Y(N), pgn) and (K/k,G/Cqyn-1, ji2)

are solvable. Then ¢; = 1 and ¢ = 1 by [4], Theorem 3.13.2. But from [12], §4,5,
follows that ¢ = pué and ¢ = vé, where the homomorphism p : H?(H,Con) —
H?(N, pgn) is the restriction map and the homomorphism v : H?(H,Con) —
H?(H,ps) is induced by the epimorphism Cyn» — Cs. It remains to apply
[1], Lemma 2 to obtain ¢ = 1, hence the embedding problem (K/k,G,Can) is
solvable. [

Corollary 1.2. Let K/k be a finite Galois extension with Galois group
H, and let ¢ be a primitive 2"th root of unity (n > 1), such that { + (7! €
ki(C—¢ Y ekandid¢ K. Let

1-Cp -—G—H—1
s

be a group extension. The embedding problem (K/k,G,Can) is solvable, if and
only if the embedding problems (K (i)/k(i), G, pan) and (K/k,G/Can-1, u2) given
by

1— pgon - G— H —1,

and
1—pe — G/Con1 — H — 1,
ﬂ'/

are solvable.

Our intention at first was to compute the obstructions to several embed-
ding problems in connection with the modular and cyclic 2-groups. This is done
in Sections 2 and 3. The main reason to work with these groups is because,
in our view, the modular group is often unregarded in the publications of the
authors, who discuss 2-groups as Galois groups. The recent publication [5] gave
us the idea to describe all Myn+3 and Cont2 X Cy (n > 1) extensions, containing
a quadratic extension, which in turn, contains a primitive (27L+2)th root of unity
(. This is done in Sections 6 and 7.

2. The cyclic group

We denote by Con the cyclic group of order 2" generated by the element
o. First consider the problem given by the quadratic extension k(\/a)/k for
a € k* \ k*? and the group extension

(2.1) 1—>CQZ{:E1}‘—>C4—>CQ — 1.
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The obstruction is well known: (a,a) € Br(k). Now let (a,a) =1 € Br(k). We
can assume that a = 1 + ¢, ¢ € k*. The full set of solutions of (2.1) is given by
{k(\/r(a+ +/a)) | r € k*}. Indeed, if we set ¢ = \/r(a + va), v = \/r(a — /a)
and K = k(p) then Gal(K/k) is generated by the element o : ¢ — 1,9 — —¢,
where @) = rey/a.

It is also known that the obstruction to the embedding problem
(K/k,Cs,Cs) given by the group extension

(2.2) 1—-Cy={£1} - Cs — Cy — 1.

is (a,2)(—1,r) € Br(k). In terms of norm maps the problem is solvable if and
only if —1 € Nk (K*). If i € k then the embedding problem given by k(y/a)/k
and (2.1) is always solvable and all solutions are described as K/k = k(v/a')/k,
where a’ = [2r(1—ic)]?a. In this case the obstruction to the embedding problem
given by K/k and (2.2) is (a,2)(—1,7) = (a,2) = (a,i) € Br(k).

Now, let ¢ € k be a primitive 2"th root of unity (n > 1), let K/k =
k(/a)/k be a Cy extension, and let o € Cy be given by o(¥/a) = iv/a.

Lemma 2.1. For the embedding problem (K /k,Coni2, pan) given by the
group extension

(2.3) 1— Hon — C2n+2 — C4 —1

to be solvable (n > 1), it is necessary that there exist o, 3 € k,a # 0, such that
a? —aB? = (. In that case the obstruction is (a,a)(¢, aB3) € Br(k).

Proof. We proceed by induction. For n = 1 we have i> = —1 = ( so we
can let & =i, 3 = 0 to get the obstruction (a,i) € Br(k).

Now, assume that the embedding problem given by K/k and
1 — ,U/2n71 — CQ’VLJrl — C4 — 1

is solvable. Then we let a = ¢, 3 = 0, so the obstruction is (a, ¢)(¢?,0) = (a,() €
Br(k). We note that when elements j and k # 0 with relations j2 = ¢?, k% = 0
and jk = —kj show up in a centralizer, they demonstrate that it is split, even
though they do not generate it. But the solvability of the associated prob-
lem (K/k,Cy, pgn-1) is necessary for the solvability of the embedding prob-
lem (K/k,Coyn+2, uon). Hence we must have (a,() = 1 € Br(k), so there exist
a, € k, such that a® — a8? = (. We can always obtain a # 0 in the fol-
lowing manner: Since i € k, we have ( = z? + y?, for some z,y € k,y # 0.
If —af? = ¢ then we let o/ = y(1 4+ 22/y?) # 0 and B’ = iBz/y, and get
o? —af”? =y} (1422 /y*)? + a2 y? = C(L+ 22/y?) — Ca? [y = ¢
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Now consider the algebra I' = k[Va,u],u* = (,ux = o(z)u,Vr € K,
representing the obstruction. We have the following two quaternion subalgebras
in I':

Ql :il = \/av jl = (oz+[3\/5+zu2)u,

Q2 ix =1 jo = Vala+iBva+u?).
We have i1j1 = —j1i1, 4272 = —j2ia, i3 = a,j? = ((a + iu?)? — aB?)u? = (a® +
20iu? — ut — aB?)u? = 20iC,i% = (, 72 = Va((a +ifyva)? —ut) = Va(a® +

203iv/a — 3%a — ¢) = 2afia. Clearly iy commutes with Q2 and i3 commutes
with Q1. Finally, verify joj1 = j1jo:

joji = Va(a? + aBva + aiu® + afiva +ifta — Bvau® + au® + fvau? +iQ)u
— Ya(a? + afya(l + i) + a(l +i)u? + i(af® + ¢))u
= Va(a® + apva+ au?)(1 +i)u

and

jrje=(a + Bva + iw?) Vai(a —ifva+ u?)u = Va(a + va — iv®) (a — ifyVa+
u?)iu = Ya(a? — afiva + au® + afva — i2a + fvau? — aiu® — Byv/au*—
iQ)iu = Vala® —if%a —i¢ + afva(l —i) + au?(1 —i))iu = Va(a+
aBva+ au?)(1 —i)iu = Va(a? + afva+ au?) (1 +i)u.

Thus the quaternion algebras commute, so we get

[I] = [@1][Q2] = (a, 20:()(C, 2aBia) = (a,a)((, ) € Br(k).

[

We now turn our attention to the case when ( is a primitive 2"th root

of unity such that ¢ + ¢! and (¢ — ¢~') are both in k. It turns out that the

obstructions play an important role not only for the cyclic and modular groups,

but as well for the dihedral, semidihedral and quaternion groups considered in

[11]. We will investigate the three possible cases according to the location of
in K(7):

1. i € k. We can then write K/k = k(V/a)/k,a € k*. As we saw in
Lemma 2.1 the obstruction to the embedding problem (K/k,Con+2, pion)
is (a,a)(¢,ap) € Br(k), where the existence of «, § € k,a # 0, such that
a? — af? = ( is necessary for solvability. In particular the quadratic ex-
tension k(y/a)/k can be embedded in a Cont2 extension, if and only if
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k(v/r2a)/k can be embedded in a Cyni2 extension for some r € k*. Hence
the embedding problem given by k(y/a)/k and the group extension

1— CQn+1 — an+2 — CQ —1

is solvable, if and only if (a,() = 1 € Br(k) and (a, o) (¢, raf) =1 € Br(k).

.a = —1. We must have —1 = u® + v? for some uw,v € k and K =

k(y/r(1 —iu)), r € k*. By Theorem 1.1 for a’ = 7(1 — iu) the embedding
problem
(E(Va')/k, Cons2, Can) related to the group extension

(2.4) 1— an — an+2 — C4 —1

is solvable, if and only if the embedding problems (k(v/a’)/k(i), Con+1, Can)
and (K/k,Csg, Cy) related to

(2.5) 1— an — 02n+1 — CQ — 1

and (2.2) are solvable. But the embedding problem related to (2.5) is
solvable, if and only if the embedding problem (k(V72a’)/k, Cont1, Cyn—1)
is solvable for some 7/ € k*. Since o/? — a/r?4? = (? is satisfied for
o = (¢, B =0, by Lemma 2.1 the obstruction is (a’,o/)((?, &/f) =
(', ) = (d/,¢) = (r(1 —iu),{) € Br(k(¢)). Respectively, the obstruction
to the embbedding problem related to (2.2) is (—1,r) € Br(k). Hence
the embbedding problem (k(v/a’)/k, Con+2,Can) is solvable, if and only if
(—1,7) =1 € Br(k) and (r(1 —iu),() =1 € Br(k(i)).

In particular k(i)/k can be embedded in a Cynt2 extension, if and only
if (-1,-1) =1 € Br(k), (-1,7) =1 € Br(k) and (r(1 —iu),{) =1 €
Br(k(i)) for some r € k*, where u,v € k* are such that —1 = u? + v2.

. a and —1 are quadratically independent. Here K = k(\/r(a+ va))

and K(i) = k(i,vd) for / = [2r(1 — ic)]?a. By Corollary 1.2 the
embed-ding problem (K/k, Con+2,Can) is solvable, if and only if the em-
bedding problems (K (i)/k(i), Con+2, an) and (K/k,Cs, Cy) are solvable.
Hence the embedding problem (K/k,Contz2,Can) is solvable, if and only
if (a,2)(—=1,7) = 1 € Br(k) and (a,d’)((,a/3") = 1 € Br(k(i)),where
o € k(i)*, 8 € k, such that o/* — a/3"* = (.

In particular the quadratic extension k(y/a)/k can be embedded in a Cyn+2
extension, if and only if (a,a) =1, (a,2)(—1,r) =1 € Br(k) and
(a,d’)((,a/B") =1 € Br(k(i)) for some r € k*, where z,y € k*, such that
a=22+y?and o € k(i)*, 3 € k(i), such that o/* — [2r(z —iy)]2aB"* = C.
Here K (i) = k(i, va") for a” = [2r(z — iy))%a.
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In this way we obtained the following theorem.

Theorem 2.2. Let ( be a primitive 2™th root of unity, such that (+(~! €
k and i(( — (') € k. Let K/k = k(\/r(a+/a))/k be a Cy extension for
a=1+c% r €k*. Then the embedding problem given by K/k and the group
extension (2.4) has the following obstructions for n > 2 :

1.1 € k (ie, ¢ € k) : (a,0)((,raf) € Br(k), where we must have o €
k*,3 € k, such that o® — aB? = (.

2.a=—-1:(=1,r) € Br(k) and (r(1 —iu),{) € Br(k(i)), where we must
have —1 = u? + v? for some u,v € k and K = k(y/r(1 — iu)).

3. a and —1 are quadratically independent : (a,2)(—1,r) € Br(k) and

(a,)(¢,r(1 —ic)af) € Br(k(i)), where we must have « € k(i)*, 8 € k(i),
such that o — aB? = (.

Similarly to the case n = 2, considered in [9], one can show that the
embedding problem related to (2.4) is solvable if and only if —1 € Ny, (K*)
and ¢ € Ng(iy/k(s) (K (i)*) — a particular case of [1], Theorem 3.

3. The modular group

The modular group of order 2™, n > 4, is given by the presentation:

n—2
2 +1y>.

Let K = k() and let L/k = k(p,Vb)/k be a Cy x Cy extension, where ¢ =
Vr(a++/a),y = \/r(a—+/a) and a = 1 + ¢ a,b,c,r € k*. Let Gal(L/k) be

generated by the elements o and 7, such that o : ¢ — ), Vb — Vb; 7 : ¢ —
@, \/6 — _\/B

Lemma 3.1. The obstruction to the embedding problem (L/k, Mg, Ca)
related to the group extension

My = (z,y | 2?7 =2 =lyz ==

(31) 1—>C2:<$4>‘—>M16—>C4X02—>1

is (a,2b)(—1,7) € Br(k).

Proof. The obstruction is represented by the cyclic algebra I' = (L, Cy x
Co,—1) = L[u,v], where u* = —1,v? = 1,ou = —uv,ur = o(x)u and vr =
7(x)v, € L. We have the following three quaternion subalgebras in I':

lelil:\/&u j1:u+u3,
QQ : i2 == ’LL2, j2 = (90 + wuz)\/&a
Qs iz = Vb, j3=av.
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It is not hard to see that Q1, Q2 and QX3 centralize each other, so
[F] = [Ql][QQHQ?)] = (a, —2)(—1,27’0,2)(b, a) = (a,2b)(—1,r) € Br(k). u

In terms of norm maps the embedding problem (L/k, Mg, C5) is solvable,
if and only if —1/b® € N, (K*) (see [8], Example 3.3).

As we did before we will investigate embedding problems with cyclic 2-
kernel. For the following theorem we introduce some notations : Let ( € k be a
primitive 2”th root of unity (n > 2), let K = k(/a) and let L/k = k({/a, Vb)/k
be a Cy x Cs extension, where Cy is generated by o and C5 is generated by T,
such that o/a = i/a, avb =b; Tva = Ya, Vb = —/b.

Lemma 3.2. For the embedding problem (L/k, Man+s, pon) related to
the group extension

(3.2) 1— Mon = <334> — M2n+3 — 04 X CQ —1
to be solvable, it is necessary that there exist o € k*, 3 € k, such that o —a3? =

¢. In that case the obstruction is (a,ab)(¢,af) € Br(k).

Proof. If the embedding problem related to (3.2) is solvable then the
associated problem given by L/k and

1—>u2n—1‘—>02n+1><02—>04><02—>1

is also solvable. Since ¢? is a primitive 2" 'th root of unity, the obstruction is
(a,¢) € Br(k) by Lemma 2.1. Therefore we must have a® — a3? = ¢ for some
a € k*and (€ k.

The obstruction to the initial problem is represented by the algebra I' =
(L,Cy x Co,¢) = k[¥/a, Vb, u,v], where u* = ¢,v? = 1,vu = —uv,ur = o(z)u
and vz = 7(x)v, Vo € L. We have the following three quaternion subalgebras
in I

Q1:i1=Va, j1=(a+pVa+iu*)u,
Q2 iz =u?  jo=Vala+iBVa+u?)
Qs iz = Vb, js=+av.

Since @1, Q2 and Q3 centralize each other, we get

] = [@1][Q2][@s] = (a, 2ai¢)(C, 2a8ia) (b, a) = (a, ab)(, a3) € Br(k).

Note that the newly found obstruction agrees with Lemma 3.1 for n =1 : we
let i € k,a=1i,0=0,(=—1 and get (a,ab)(¢,af) = (a,ib) = (a,2b) € Br(k).
[

Now, let ¢ + ¢~ and i(¢ — (') be in k. We will consider five cases
according to the location of ¢ in L(7). The elements o and 7 act trivially on the
generator of the kernel 2, so we can apply Theorem 1.1.
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1. 7 € k. By Lemma 3.2 the obstruction to the embedding problem given by
L/k = k({/a,Vb)/k and (3.2) is (a, ab)(¢, af) € Br(k), where a®—a3? = ¢
for some o € k* and (8 € k.

a = —1. We must have —1 = u? + v? for some u,v € k* and L =
k(va',/b), where a’ = r(1 — iu), r € k*. Then the embedding problem
(L/k, Man+s,Can) related to

(33) 1— an — M2n+3 — C4 X CQ — 1

is solvable, if and only if the embedding problems (L/k(i), Cont+1 x Ca, pion)
and (L/k,Cg x Cq,C5) are solvable. The obstructions are: (r(1—iu),() €
Br(k(i)) and (—1,7) € Br(k).

3. b = —1. We can then write L/k = k(\/r(a+ v/a),i)/k and L/k(i) =
k(va',i)/k(i), where a’ = [2r(1 — ic)]?a. Then the embedding problem
given by L/k and (3.3) is solvable, if and only if the embedding problems
(L/k(i), Con+2, pan) and (L/k,Cg x Cy, C3) are solvable. The obstructions
are: (a,a/)(¢,o/3) € Br(k(i)) and (a,2)(—1,r) € Br(k), where o/ —
/3% = ¢ for some o/ € k(i)* and (' € k(i).

4. ab = —1. We can again write L/k = k(\/r(a+ +v/a),i)/k and L/k(i) =
k(va',i)/k(i), where a’ = [2r(1 — ic)]?a. Tt is not hard to see that the
obstructions are the same as in the previous case.

5. a,b and —1 are quadratically independent. By Corollary 1.2 the embed-
ding problem given by L/k and (3.3) is solvable, if and only if the em-
bedding problems (L()/k(7), Mon+s, Can) and (L/k,Cs x Co, Cy) are solv-
able. The obstructions are: (a,a’'d)(¢,a’s’) € Br(k(i)) and (a,2)(—1,r) €
Br(k), where o/ —a/3"* = ¢ for some o/ € k(i)* and 3’ € k(i). Here denote
L(i)/k(i) = k(Vd',i)/k(i), where o’ = [2r(1 — ic)]?a and K = k(p).

We can summarize the obstructions to the embedding problem related
to (3.3) in the following theorem.

Theorem 3.3. Let ( be a primitive 2™ th root of unity, such that (+(~1 €

kand ((—¢ V) /i€ k. Let L)k = k(\/r(a+ /a), Vb)/k be a Cy x Cy extension
fora =1+c% br € k*. Then the embedding problem given by L/k and the

group extension (3.3) has the following obstructions for n > 2 :

1. i €k (ie, ¢ € k) : (a,ab)((,raf) € Br(k), where we must have a €
k*, 3 € k, such that o® — aB? = (.
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2.a=-1:(=1,r) € Br(k) and (r(1 —iu),() € Br(k(i)), where we must
have —1 = u? +v? for some u,v € k and L = k(;\/r(1 —iu), Vb).

3.b=—1orab=—-1: (a,2)(—1,7) € Br(k) and (a,a)((,r(1 —ic)ap) €
Br(k(i)), where we must have o € k(i)*, 3 € k(i), such that o* —a3? = (.

4. a,b and —1 are quadratically independent : (a,2)(—1,r) € Br(k) and
(a,ab)(¢,r(1 —ic)af) € Br(k(i)), where we must have a € k(i)*, 5 € k(i),
such that o® — afB? = (.

Example . . Let ¢ € k be a primitive (271)*™® root of unity. Then we
canset « = (, =0 : a’®—aB? = (2, so the obstruction to the embedding
problem related to (3.3) is (a,ab)(¢?,raB) = (a,Cb) € Br(k). If b = ¢ ¢ k?
then the embedding problem related to (3.3) is solvable and k( 2"*V/a, /<) is a
solution.

The special case v/C € k is discussed in the following proposition.

Proposition 3.4. Let ¢ = (ont2 € k be a primitive (2772)™ root of unity.
Then the obstruction to solvability of the embedding problem (K /k, Mon+s, pion)
is (a,b) € Br(k). Let (a,b) =1 € Br(k) and assume 7,6 € k* are such that
72— b02 =a. Letw =+ vVbS and 6 = Ya/w? . Then M/k = K(*/0)/k is
a Galois extension and a solution to (K/k, Mon+s, pion).

Proof. From the example follows that the obstruction is (a,b) € Br(k),
since the primitive (27+1)'™ root of unity ¢2 is in k2. Now, let (a,b) = 1 € Br(k)
and assume 7,0 € k* are such that 72 — b0%? = a. Let w = v + Vbd and
9= Ya/w? . We have

o(0)/0 =i ="

and ) A
7(0)/0 = w =a2",

(y + Vb8)>"
where a, = /a/(y + Vbd) € K. Now we can set for the generators = and y of
Maynss : z( 2V0) = 2/0¢ and y( 2V/0) = *V0a,, so that z|x = o and y|x = .
Then 2" (%/6) = V0 and 32( */0) = /6, whence |z| = 22 and |y| = 2.
Furthermore, yz( %V/0) = *V0a.¢ and 22" T1(V/0) = z(— V0) = — VOC(,
whence 22" Hly(2/0) = V0a,C, so yx = 22" Ty, Therefore M/k is a Galois
extension, that is a solution to the embedding problem (K/k, Myn+s, pign). m
In the latter proposition we gave one particular modular extension of
degree 2"*3 over k, where a primitive (2712)™ root of unity is contained in k.
In Sections 6 and 7 we will describe all Myn+s and Con+2 X Cy extensions that
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contain a quadratic extension L/F, such that a primitive (2"%2)* root of unity
¢ isin L (F is an arbitrary field with characteristic not 2).

4. An embedding criterion

Let H be a 2-group and let
(4.1) 1—-Cp -G — HxCy—1
s

be a non-split group extension with characteristic 2-coclass v € H?(H x Cy, Can).
By respgy we denote the 2-coclass of the group extension

(4.2) 1 — Con — 7 YH) — H — 1.

Lemmas 2.1 and 3.2 inspired the following criterion, where we express the ob-
struction to the Brauer problem related to (4.1) as a product of the obstruction
to the Brauer problem related to (4.2) with the equivalence class of a quaternion
algebra.

First, we introduce some notation. Let 01,09, ..., 0y, be a minimal gen-
erating set for the maximal elementary abelian factorgroup of H; and let 7 be
the generator of Cy. Denote by —1 the element of order 2 in Con. Finally, let
51,582,...,5m,t € G be preimages of o1, 09,...,0m,,T such that t* = (—1)/ and
ts; = (—1)%s;t, where i € {1,2,...,m};j,d; € {0,1}.

Theorem 4.1. Let L/k = K(v/b)/k be a Galois extension with Galois
group H x Cy. Let (4.1) be a non-split group extension with the properties given
above. Choose ay,az,...,am € k* such that op./a; = (—1)5ik\/672- (0ix is the
Kronecker delta). Then the obstruction to the Brauer problem (L/k,G,Can) is

m
(K, H,resgy] - (VY Hafi,b) € Br(k).
i=1

Proof. The crossed product algebra B = (K, H,resy~y) is included in
A = (L, HxCy,7), therefore A is a tensor product of B with the centralizer of B

in A: A= B®;,Ca(B). Now, consider the algebra k[v/b, VB | @dit] C A.
Since t? = (—1)7, we have

(\[bj ﬁ \/a—idit)Q _ (_1)jbj ﬁa?itQ = ﬁagi.
i=1 i=1 i=1

tvb = —/bt, hence k[v/b, \/Ej I, \/(Tidit] is a quaternion algebra isomorphic
to (b, b7 I, a%i /k).

i=1"
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We will show that C4(B) = (b,%’ [[2, a; a?i/k). Indeed, from spVb =
Vbsy, follows that v/b is in C4(B). Finally,

seVb H\F t—WH« 1) Ja;) st

=1
Z\/EjH« 105 @) (—1) by, = (1) T ()% 4 V8 T vaititsy
i=1 i1 pale

= (_1>dk(_1)22’;1 6ikdi\/gj H @ditsk _ \[bj H @ditsk’
=1 =1

since Z”il 0;xd; = di. Since B is generated by K and 51, ..., Sm, we have that
B commutes with the quaternion algebra (b, b’ [T\~ af ali/ k:) n

Consider again the embedding problem (L/k, Mynys, jign). Since 72 = 1
and To = —oT we once again obtain that the obstruction is (a, a)(¢, af)(a,b) =
(a,ab)(¢, aB) € Br(k), where a € k*, 3 € k, are such that a® — a? = (. Note
that solvability of the cyclic and modular embedding problems is in terms of
Galois extensions since the kernels are contained in the Frattini subgroup.

If n =1 and H is the elementary abelian 2-group, we obtain as a corollary
the well known criterion [8], Cor. 2.6.

5. Preliminaries for a description of Galois extensions

Let F' be an arbitrary field with char # 2. Let n > 1 be an integer,
let m = 2"*2 and assume that ¢ is a primitive m'™ root of unity, contained
in a quadratic extension L = F(y/a) of F. Our goal is to describe all Galois
extensions M, realizing the groups Ms,, and C,, x Cy as Galois groups over F,
such that L C M and M is cyclic over L. We will make an extensive use of the
notations and results from [5]. Let M be a cyclic extension of degree m over L.
Then M = L(a/™) for some a € L* by Kummer theory. If Gal(L/F) = {1,0}
then M is Galois over F just when o(a) = of8™, where 3 € L* and t*> = 1
(mod m). In order to construct explicitly all such Galois extensions M/F, we
have to give a detailed description of all elements «, satisfying o(a) = a!3™.

Now, let G be a group generated by elements ¢ and 7 such that

D) |l =m, o ¢ (7);
(5.1) 2) ot =17, 02 = 7I;
3) 72 =1 (mod m) and I(j — 1) = 0 (mod m).

In fact, each group of order 2m that contain a cyclic subgroup of order m is
defined in this way. For example, if j = m/2 + 1 and [ = 0, we obtain the
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modular group Mas,,; if j = 1 and [ = 0, we obtain the group C,, x Cs. It is well
known that there are four such non abelian groups — the modular, the dihedral,
the semidihedral and the quaternion groups, and two abelian groups — C,,, x Cs
and Cay,,.

Let us denote by (G, j,1) the group described by (5.1). There is only one
group with exactness to an isomorphism for j = m/2+ 1 — the group My,,, and
two groups for j =1 — Cy, X C2 and Cay,. The goup C)y, x Cy occurs just when
[ is even and the group Cs,, occurs just when [ is odd.

Remark. Some of the statements mentioned in this section are not at
all obvious, but are thoroughly discussed in [5]. A good monograph on group
theory, for example [2], can be very useful to the reader.

When we write a!/™ or Wa, for a € L*, we will assume some specified
m™ root of « has been selected and fixed. Since L contains a primitive m™® root
of unity ¢, M = L( {/«) is a splitting field of 2™ — « over L and hence M/L
is a Galois extension. If [M : L] = m, then Gal(M/L) = C,,. Furthermore,
o(¢) = (", where r is an integer, such that ged(r,m) = 1. This equation defines
r (mod m), such that 2 = 1, since ( = 02(¢) = CTZ.

If L ¢ M, we will say that M/F realizes (G, j,1) if M/F is a Galois
extension with Galois group (G, j,1) = (7,0), where Gal(M/L) = (1), o denotes
an extension of o € Gal(L/F) to an authomorphism in Gal(M/F),oro~!
and 0% = 7.

Now, we give several lemmas, which are special cases of [5], Lemma 4.1,
Theorem 3.4, Propositions 4.4, 4.5 and 4.8. We suggest to the reader to prove
them directly.

Lemma 5.1. If §,0' € L* and 0(8)/d = o(&')/d, then §' = bd with
beF.

:7'-]7

Lemma 5.2. Assume ( € L. Let M = L(%/«a), where o € L, and
assume [M : L] = m. Then the following statements are equivalent.

1. M/F realizes (G, j,1).
2. o(a) = 8™, with t = jr (mod m) and a~V/mgte(8) = ¢, where
l1 =1 (mod ged(j + 1,m)).
Lemma 5.3. Ifa ¢ —F? (ie., L = F(y/a) # F(v/-1)), then FNL™ =
Fmuya™?Fm,

Lemma 5.4. Let L = F(v/—1), and assume ¢ € L is a primitive (27+2)t
root of unity, n > 0. Then F'N L2 =ty 2t
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Lemma 5.5. L # F(v/—1) (i.e. V=1 € F) if and only if r = 1 (mod
27+tL) - When this occurs, (2 € F; furthermore, ¢ € F if and only if r = 1 (mod
2n+2)'

We can restrict the values of ¢, j and 7 on the set {1, —1, 27141, 27+l 1},
The modular group Ma,, then appears just when j = 2"t +1 (n > 1),t2 =1
and ¢t = jr. Namely, the values of ¢t and r are:

1. t=1r=2"" 41,
2. t=—1,r=2""—1;
J.t=2"" 41, r=1,;
4. t=2"" —1.r=—1.

The group C,, x Cy occurs just when j =1 (i.e., t =r) and [ is even.

6. L #F(v/-1)

Lemma 5.5 implies that L # F(y/—1) if and only if r = 1 (mod 2"*1),
so the modular group occurs just when ¢t = 1 and r = 2"t! + 1, or t = 2"t + 1
and 7 = 1.

As always, when working with Galois extensions, norm maps play a key
role. The norm map N = Ny p : L — F* is defined by N(x) = zo(z),Vr € L*.
The following theorem gives an explicit description of all My, extensions in the
casse a #9 —1.

Theorem 6.1. Let « € L*. Then M/F = L({/«)/F is an Moy, exten-
sion for a #9 —1 if and only if

c(1+fym)7ifTE2n+1+1;C€F*,’}/EL*yN(f)/)m:1?1+7m:b527
be F*,§ € L*, and bc ¢ F? UaF?,

N(6)n*

o if r=1;6,n€ L*,ne€ FU/aF, and N(6) ¢ F?>UaF?.

Proof. Assume that « is given by the formula in the statement of this
theorem. If o = ¢(1 +~™), then /a = +vbed, so L(y/a) = F(vbe, /a) is a
biquadratic extension over F. It is not hard now to verify that [M : L] = m.
Furthermore, o(a)/a = 1/y™ = ™ # —1 for 8 = 1/7. Therefore, o(a) = af™,
so M/F = L(%/a)/F is an My, extension.
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2 SN
If a = N@n then /o = :t](;ggfs)n, so L(y/a) = F(\/N(9),+/a) is a

52n+1 )
biquadratic extension over F. Here again [M : L] = m. Furthermore,

J(a)/a2n+l _ a522n+2 /0_(627L+2 )772n+2

=af"™,
where 8 = 02" /o(6)n. Therefore, o(a) = o 1™ so M/F is an May,
extension.

Now, assume that M/F = L( /a)/F is an Ma,, extension. Ifr = 27141
and o(a) = —a, then o(a) = —a = af™ for § € L. Therefore, —1 = g™ € L™
and since o(y/a) = —/a, Lemma 5.1 implies o = by/a,b € F*. Then L(y/a) =
F(y/by/a,+/a) is a cyclic extension over F. But L(y/a) is the fixed field of 72,
which must be a biquadratic extension over F', a contradiction.

If r = 2" + 1 and o(a) # —a, then t = 1 and o(a) = a8™, where
14+ 0™ #0. Let v = 0(8), so 1 ++™ # 0. From ™ = o(«a)/a follows that
BMo (™) = N(f™) = N(y™) = 1. Furthermore,

om LB o(149™)
ol)fa=F"= o my = Tram

)

hence by Lemma 5.1, a = ¢(1 + ™), where ¢ € F*.

If r =1, then t = 2"t + 1 and o(a) = o 182" for B € L. Let
k= 2"F1(k > 4, since n > 1). Then o(a) = o1 5% and o(a)/a = (aB?)F. Let
w = N(af?). Then w* = N(o(a)/a) = 1, so w is a power of (2. Since ¢ € F
when 7 = 1, we obtain in particular that w € F2. Let v = o/3%. Then

0(ar?) = arfa (/%) = ay" AN (1)*/? = anMEk 2,
From wF = 1 follows that w¥/2 = +1. If w¥/2 = —1, we get
ok’ € \JaF,N(ay"'?) € —aF?,N(a) € —aF? N(af?) € —aF?,

and w € —aF? = aF? # F? (since —1 = ¢¥ € F?), a contradiction. Therefore,
wk/?2 = 1. Now, from o(an*/?) = ay*/? follows that ay*/? = b € F* and af? =
b32y k2 = b§2, where § = 3/~*/%. Since b’ N ()% = N (b3?) = N(af?) = w, we
have that b* N (6%) = w¥/2 = 1. Hence

o(a)/a = (af®)" = " IN(8)" = 6 /o (8)"

and o(ad¥) = ad®, so ad® = d € F. Now, from o(a)/a = (§/a(6))* follows
that a3? = w'6/0(8) = w'c/a()?, where (w')¥ =1 and ¢ = N(6). Furthermore,
a/d = 6% € L? and a/c = ' /(0(6)?8%) € L?, hence d/c € L> N F. Let
n?=d/cc [’NF =F?UalF? sonc FUyaF, and a = cn?/5~.
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The remaining follows from the fact that the fixed field F(y/a, /a) of 72
must be a biquadratic extension over F'. ]
The following theorem gives us a description of all C,, x Cy extensions.

Theorem 6.2. Let o« € L*. Then M/F = L(%/«a)/F is a Cy, x Cy
extension for a #9 —1 if and only if

by™, if r=1;b€ F*,y€ L*, and b¢ F?UaF?,
a= N(5)772/62n+1, if r=2"" 4 1;6,n € L*,n € FU/aF, and
N(6) ¢ F2UaF?.

Proof. Assume that « is given by the formula in the statement of
this theorem. If o = by™, where b € F*,v € L* and r = 1, then /a =
Vby™?, so L(y/a) is biquadratic over F and [M : L] = m. Furthermore,
ola)/a= (a(y)/y)™, ie., o(a) = af™, where = o(v)/v. Therefore, M/F =
L(%/a)/F is either a C, x Cy or a Oy, extension. Lemma 5.2 implies that
oP=D/mgts(3) = ¢l where Iy = | (mod ged(j + 1,m)). In this case, t =
1,60(8) =1 and I = 0 (mod ged(j + 1,m)), therefore [ is even, so M/F is a
Cyn x Cy extension.

If o = N(&)n?/62"" 6 € L*,np € FU/aF and r = 2" + 1, then we
obtain by identical argument to Theorem 6.1 that M/F is Galois and [M :
L] = m. Furthermore, () = 2" 132" where 8 = 62" /o(8)n, therefore
t =2 4 1 and j = 1. From (1 = 2" P12+ 10 (8) = n/o(n) = £1 € (¢2)
follows that M/F' is a C, x Cy extension.

Now, assume that M/F = L( %/«)/F is a Cy, X Cs extension. If r = 1,
then t = 1, so o(a) = o™, B € L*. Furthermore, ¢"* = po(B) = ¢%, for
some s > 1. Then $/(°c(5/¢®) = 1 and from Hilbert Theorem 90 follows that
B/C° = o(v)/v, for some v € L*. Therefore, /™ = o(y™)/y™ = o(a)/a and
Lemma 5.1 implies that o = by™, for some b € F*.

If r =271 4+ 1, then t = 2" - 1. Let k = 2"*!. Then o(a) = oF*+1 3%k,
for some 3 € L*(k > 4), hence o(a)/a = (aB?)*. Let w = N(aB?). Then
wk = N(o(a)/a) = 1. Since w is a power of (2, we have w € L?NF = F2UaF?.
Let p = a*=D/mgte(8) = ¢, where Iy = I (mod ged(j+1,m)). Since [ is even,
p € (¢2). Hence p = ab/2H13H15(3) and N(a) = ok 28% = p?/N(@?) € F2,
since (2 € LN F = F2UaF? and ¢* € F?. Now, w* = 1 implies w"/? = +1.
If w™/? = —1, we obtain similarly to Theorem 6.1 that N(a) € aF? # F?, a
contradiction. Therefore, w™'2 = 1. The rest of the proof is again similar to
Theorem 6.1.

(]
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7. L=F(v-1)

Lemma 5.5 implies that L = F/(v/—1) just when r = —1 (mod 2"*1), i.e.,
r = —1 (mod m) or r = 2" — 1 (mod m), so the modular group occurs just
whent=—landr=2"t'—1 ort=2"t'—1 and r = —1.

Theorem 7.1. Let « € L*. Then M/F = L(%/«)/F is an Ma,, exten-
sion for a =9 —1 if and only if

+0"2N(y) /4%, if r=2"t —1;b € F*,y € L* and N(v) ¢ F2U —F?,

A5 i r=—lice FYoe L, N(§) = +cand ¢ ¢ F2U—F?.

Proof. Assume that « is given by the formula in the statement of
this theorem. If a = £b™/2N(y)/4? b € F*,y € L* and r = 2" — 1, then
Va = £b™4 /N(y)/y or £ib™*\/N(7)/7v, so L(y/a) is biquadratic over F
and [M : L] = m. Furthermore, N(a) = b™, i.e., o(a) = a~'b™. Therefore,
M/F = L(%/a)/F is an Ma,, extension.

If a =c®"*t1/6% c€ F*,N(§) = £c and r = —1, then again [M : L] =m
and

o(a)/a® " =a 1 (5/F ).
Let 3=6/c2""". Then o(a) = o' ~13™ hence M/F = L( %/a)/F is an Mo,
extension.

Now, assume that M/F = L(%/a)/F is an My, extension. If r =
2"+tl _ 1, then t = —1, so o(a) = a~'F™, for some 3 € L*. Then N(a) =
g™ € F. From N(a) = o(N(«)) = [o(B)]™ follows that [o(8)]™ = 8™, so
o(B) = Pw, where w™ = 1, i.e., w € (¢). Furthermore, 0?(3) = = fwo(w),
hence wo(w) = 1. Now, from o(¢) = (" follows that 1 = wo(w) = W' =
Ww™? =1, ie., w € (¢?). We then have o(37/?) = gm™/2u™/2 = gm/2 € F| so
(o)™ *)o(a/3™?) = N(a/3™/?) = 1. Hilbert Theorem 90 then implies that
a/f™? = o(v)/y, for some v € L*, hence a = F™/2N(y)/4% It remains
to find the specific values of 3 € L*. We have that w = (?*,s > 1, and

o(B) = Bw = B¢?*. Then
Bo(B) = B2¢* = (B¢ e LPNF = F? U —F?,

hence 32¢%* = +b?,b € F. Therefore, /2 = p"™/2(¢*)™/? = £p™/2,

Now, if 7 = —1, then t = 2"t — 1. Let k = 2"*! (n > 1). We then have
o(a) = * 1% and N(a) = (af?)F € FNLF = F*¥ U —F* by Lemma 5.4. If
(af?)k € F*, then af? = cw, where w* = 1,c € F, so w € (¢?). If we replace
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S by Bw /2, the equation o(a) = o1 3% will not change, so we will assume
that a2 =c e F. Let § = ¢*/43. Then

o= cf§? = H(FRE%) = 2

and
N(6%) = N(#/?8%) = FN(c/a) = ¢,

hence N(6) = +c. If (a3?)F € —FF, then 3% = (cw, where ¢ € F and w* = 1.
Again, we can replace 3 by fw™1/2 and assume af? = (c. Then N(a) =
(af?)F = —ckF € —F? # F?, therefore N(af?) € —F?, but N(Cc) = N(c) € F?,
a contradiction. Thus, if r = —1 it remains that o = ck/2+1/52,c € F and
N(0) = *ec.

The remaining follows from the fact that the fixed field F(y/a,/—1) of
72 must be a biquadratic extension over F. This proves the theorem. ]

Finally, the following theorem gives us a description of all (), x Cs ex-
tensions.

Theorem 7.2. Let a« € L*. Then M/F = L(%/«a)/F is a Cy x Cy

extension for a =9 —1 if and only if
07PN (p1) /72, if r=—1;b) € F*,y € L* and N(y1) ¢ F2U —F2,
a=4q c2"Tl/y2 if r=2"" —1;ce F*,y € L*, N(y) = £c and

c¢ F?U—F2

Proof. Assume that « is given by the formula in the statement of this
theorem. If o = :l:bT/QN(yl)/fy%, where by € F*,v1 € L* and r = —1, then
[M : L] = m as before and also N(a) = bj* = 8™, where = b;. Therefore,
o(a) =a~ 1™, so M/F = L(%/a)/F is either a C,,, x Cy or a Coa,, extension.
Let p = o= D/m3ts(8) = (I where I} = I (mod ged(j + 1,m)). We then have
p=o0c(B)/B =1, hence [ is even and M/F is a C,, x C3 extension.

If @ = 2" t1/42, where ¢ € F*,yv € L*, N(y) = +c and r = 2" — 1,
then [M : L] = m and also (o) = o*~18%, where k = 2"t and 3 = ~/c*/*.
Since t =k —1, M/F = L( {/«a)/F is either a C, x Cy or a Cy,, extension. We
then have t> — 1 =k/2 — 1 and

p =P 1o(8) = (aB*)F 2N (B)/(af?) = £1 € (¢?),

hence M/F is a Cy, x Cy extension.
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Now, assume that M/F = L( t/a)/F is a Cp, x Co extension. If r = —1,
then t = —1 and o(a) = a~13™, where 3 € L*. Hence N(a) = 3™ € L™ N F.
Clearly, o(8™) = [o(8)]™ = 8™, hence o(f) = fw, where w™ =1, i.e., w € (().
Since 0(¢) = ¢" = ¢!, we get N(w) = 1. We then have w2 = 1. If w™/2 =1,
we obtain similarly to Theorem 7.1 that o = j:b;n/ °N (71)/~73, where by € F*
and v, € L*. If w"/2 = —1, then w ¢ (¢?) and ¢(8™/2?) = —3"/2, hence 3™/ =
bsy/—1, for some b3 € F*. Then N(a/B™?) = —1, N(a?/B™) = 1 and Hilbert
Theorem 90 implies that a?/8™ = o(y2) /72, for some 75 € L*. Therefore, a? =
B0 (V2)/v2 = BTN (72) /73, 50 N(y2) € LN F = F?U—F? ie., N(y2) = £62,
for some § € F*. Thus, « = £8™25/7,, where 7o € L* and N(y2) = £42.
Now, we must specify the values of 3, such that ™2 = byy/—1,bs € F* and
N(a) € L™. We have that N(a) = b262/N(v2), so we consider two cases.
If N(y2) = 42, then N(a) = b3 = —3™ € L™, hence —1 € L™. Therefore,
V=1 € L"™/? and bs/—1 € L"/2, 50 by € L"/2NF = F"™/2U —F™/2 by Lemma
5.4, i.e., by = j:b;nﬂ, for some by € F*. Thus, a = ibgl/zmé/yg. If N(y2) =
—62, then N(a) = —b3 = 8™ € L™. Furthermore, p = a(t2*1)/mﬁta(ﬂ) =
o(B)/8 = 1, therefore p/2 = o(37™/2)/3™/? = —1 = (¢")"™/2, hence 1 is odd,
a contradiction. Now, from the fact that L(y/«) is biquadratic over F follows
that o must look in the same way as in the case w”/2 = 1.

Finally, if » = 2"*! — 1, then t = 2"*! — 1. Let k = 2"*!. We then have
ola) = a7 18% so N(a) = (af?)F € FNLF = FFU—FF. If (a3?)* € F*, then
we obtain identically to Theorem 7.1, that o = ¢*/?>t1/4% and N(v) = +c. If
(ap?)F € —F%, then af? = Ccw, where ¢ € F*,w* = 1 and we can again replace
B by Bw /2 and assume that a8? = Cc. Furthermore, p = ak/Q_lﬂk_la(ﬂ) =
¢, Let v = #*3. Then p = (af?)*?0(8)/(aB) = ¢*/?>7IN(y)/c. From
N(~?) = ¢ follows that N () = +c. Therefore, p = £¢¥/2~1 = ¢h so0 Iy is odd,
a contradiction.

The remaining again follows from the fact that the fixed field F'(y/ar, v/—1)
of 72 must be a biquadratic extension over F. ]
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