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The main purpose of the present paper is to define a derivation DKXY determined by
a tensor field KXY ∈ ℑ

1
1(Mn), where

(KXY )Z = LX(∇Y Z) −∇Y (LXZ) −∇[X,Y ]Z

and to discuss relations between lifts of DKXY and lifts of already known.
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1. Introduction

Let Mn be n− dimensional differentiable manifold of class C∞ , T
p
q (Mn)

its tensor bundle of type (p, q) , and π the natural projection T
p
q (Mn) → Mn.

Let xj , j = 1, ..., n be local coordinates in neighborhood U of a point x of

Mn. Then a tensor t of type (p, q) at x ∈ Mn which is an element of T
p
q (Mn) is

expressible in the form (xj , t
i1...ip
j1...jq

) = (xj , xj̄), xj̄ = t
i1...ip
j1...jq

, j̄ = n+1, ..., n+np+q,

whose t
i1...ip
j1...jq

are components of t with respect to the natural frame ∂j . We may

consider (xj , xj̄) as local coordinates in a neighborhood π−1(U) of T
p
q (Mn) .

To a transformation of local coordinates of Mn : xj′ = xj′(xj) , there

corresponds in T
p
q (Mn) the coordinates transformation

(1.1)







xj′ = xj′(xj)

xj̄′ = t
i′1...i′p
j′1...j′q

= A
i′1
i1

...A
i′p
ip

A
j1
j′1

...A
jq

j′q
t
i1...ip
j1...jq

= A
(i′)
(i) A

(j)
(j′)x

j̄ ,
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where

A
(i′)
(i) A

(j)
(j′) = A

i′1
i1

...A
i′p
ip

A
j1
j′1

...A
jq

j′q
, A

i′1
i1

=
∂xi′

∂xi
, A

j1
j′1

=
∂xj

∂xj′

The Jacobian of (1.1) is given by the matrix

(1.2)

(

∂xJ ′

∂xJ

)

=





∂xj′

∂xj
∂xj′

∂xj̄

∂xj̄′

∂xj
∂xj̄′

∂xj̄



 =





A
j′

j 0

t
(i)
(k)∂j(A

(i′)
(i) A

(k)
(j′)) A

(i′)
(i) A

(j)
(j′)



 ,

where J = (j, j̄), J = 1, ..., n + np+q, t
(i)
(k) = t

i1...ip
k1...kq

.

We denote by ℑ
p
q(Mn) the module over F (Mn) of C∞ tensor fields of type

(p, q) ( F (Mn) is a ring of real-valued C∞ functions on Mn ). If α ∈ ℑ
q
p(Mn)

, it is regarded, in a natural way, by contraction, as a function in T
p
q (Mn) ,

which we denote by ıα . If α has the local expression α = α
j1...jq

i1...ip
∂j1 ⊗ ...⊗ ∂jq ⊗

dxi1 ⊗ ...⊗ dxip in a coordinate neighborhood U(xi) ⊂ Mn , then ıα = α(t) has

the local expression ıα = α
j1...jq

i1...ip
t
i1...ip
j1...jq

with respect to the coordinates (xi, xı̄) in

π−1(U) .

2. Complete Lifts of Derivations

Let A ∈ ℑ
p
q(Mn) . Then there is a unique vector field V A ∈ ℑ1

0(T
p
q (Mn))

such that for α ∈ ℑ
q
p(Mn)

V A(ıα) = α(A)oπ = V (α(A)),

where V (α(A)) is the vertical lift of the function α(A) ∈ F (Mn) . We call V A

the vertical lift of A ∈ ℑ
p
q(Mn) to T

p
q (Mn) (see [1] ). The vertical lift V A has

components of the form

V A =

(

V Aj

V Aj̄

)

=





0

A
i1...ip
j1...jq





with respect to the coordinates (xj , xj̄) in T
p
q (Mn) .

Let ϕ ∈ ℑ1
1(Mn) . We define a vector field γϕ in π−1(U) by [2]

(2.1)























γϕ =

( p
∑

λ=1

t
i1...m...ip
j1...jq

ϕiλ
m

)

∂

∂xj̄
, (p ≥ 1, q ≥ 0)

γ̃ϕ =

( q
∑

µ=1

t
i1...ip
j1...m...jq

ϕm
jµ

)

∂

∂xj̄
, (p ≥ 0, q ≥ 1)
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with respect to the coordinates (xj , xj̄) in T
p
q (Mn) . From (1.2) we easily see

that the vector fields γϕ and γ̃ϕ defined in each π−1(U) determine respectively

global vertical vector fields in T
p
q (Mn) . We call γϕ (or γ̃ϕ ) the vertical-vector

lift of the tensor field ϕ ∈ ℑ1
1(Mn) to T

p
q (Mn) . From (2.1), we see that, γϕ and

γ̃ϕ have respectively components

(2.2) γϕ =







0
p
∑

λ=1

t
i1...m...ip
j1...jq

ϕiλ
m







(2.3) γ̃ϕ =







0
q
∑

µ=1

t
i1...ip
j1...m...jq

ϕm
jµ







with respect to the coordinates (xj , xj̄) in π−1(U) ⊂ T
p
q (Mn) .

We now put F (Mn) =

∞
∑

p,q=0

ℑp
q(Mn), which is the direct sum of all tensor

modules in Mn . A map D : F (Mn) → F (Mn) is a derivation in Mn , if

a) D is linear with respect to constant coefficients,

b) For all p, q , Dℑ
p
q(Mn) ⊂ ℑ

p
q(Mn) ,

c) For all tensor fields T1 and T2 in Mn ,

D(T1 ⊗ T2) = (DT1) ⊗ T2 + T1 ⊗ (DT2),

d) D commutes with contraction.

For a derivation D in Mn , there exists a vector field P in Mn such that

(2.4) Pf = Df, f ∈ F (Mn)

If we put

D(∂i) = Qh
i ∂h

in each coordinate neighborhood U of Mn , then the pair (P h, Qh
i ) is called the

components of the derivation D in U [3, p.26].

Let α be an element of ℑ
q
p(Mn) with local expression α = α

j1...jq

i1...ip
∂j1 ⊗

...⊗ ∂jq ⊗ dxi1 ⊗ ...⊗ dxip . Then we see that Dα have components of the form

Dα : (Pm∂mα
j1...jq

i1...ip
+

q
∑

µ=1

α
j1...m...jq

i1...ip
Q

jµ
m −

q
∑

µ=1

α
j1...jq

i1...m...ip
Qm

iλ
)
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in Mn , P h being the components of P ∈ ℑ1
0(Mn) given by (2.4).

Let D be a derivation in Mn . Then there is a unique vector field cD ∈

ℑ1
0(T

p
q (Mn)) such that for α ∈ ℑ

q
p(Mn) [1] .

cD(ıα) = ı(Dα).

We call cD the complete lift of D to T
p
q (Mn) . cD has components

(2.5) cD =









pj

q
∑

µ=1

t
i1...ip
j1...m...jq

ϕm
jµ

−

p
∑

λ=1

t
i1...m...ip
j1...jq

ϕiλ
m









with respect to the coordinates (xj , xj̄) in T
p
q (Mn) [2] .

Let LV denote Lie derivation with respect to V . Then, from

LV α
j1...jq

i1...ip
= V m∂mα

j1...jq

i1...ip
−

q
∑

λ=1

(∂mV iλ)α
j1...m...jq

i1...ip
+

p
∑

µ=1

(∂iµV m)α
j1...jq

i1...m...ip

we see that the Lie derivation LV is having components LV : (V h,−∂iV
h).

Using (2.5), we have
c(LV ) = cV

where cV is the complete lift of vector field V to T
p
q (Mn) [4] :

(2.6) cV =

(

cV j

cV j̄

)

=









V j

p
∑

λ=1

t
i1...m...ip
j1...jq

∂mV iλ −

q
∑

µ=1

t
i1...ip
j1...m...jq

∂jµV m









.

Let now ∇ be affine connection in Mn and ∇V denote covariant derivation

with respect to V . By similar devices, we see that the derivation ∇V having

components

∇V : (V h, V sΓh
si)

and
c(∇V ) = cV − γ(∇̆V ) + γ̃(∇̆V )

where ∇̆ is a new affine connection in Mn defined by

(2.7) ∇̆V W = ∇W V + [V, W ] , ∀V, W ∈ ℑ1
0(Mn).
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In particular, if ∇ is a symmetric affine connection, then

(2.8) c(∇V ) = HV,

where HV is the horizontal lift of the vector field V ∈ ℑ1
0(Mn) to T

p
q (Mn) [4] :

HV =















V J

V s(

q
∑

µ=1

Γm
sjµ

t
i1...ip
j1...m...jq

−

p
∑

λ=1

Γiλ
smt

i1...m...ip
j1...jq

)















.

3. Derivations DKXY and Formulas on Lie Derivations

When a derivation D in Mn satisfies the condition Df = 0 for any f ∈

F (Mn) , D determines an element ϕ ∈ ℑ1
1(Mn) in such a way that DX = ϕX

, ∀X ∈ ℑ1
0(Mn) . In such a case, D is denoted by Dϕ and called the derivation

determined by ϕ . From Dϕf = 0 and DϕX = ϕX , we easily verify that the

Dϕ has local components

(3.1) Dϕ : (0, ϕh
i ), P h = 0, Qh

i = ϕh
i ,

where ϕh
i are local components of ϕ in Mn . Then from (2.2), (2.3), (2.5) and

(3.1), we have

c(Dϕ) =









0
q
∑

µ=1

t
i1...ip
j1...m...jq

ϕm
jµ

−

q
∑

µ=1

t
i1...m...ip
j1...jq

ϕiλ
m









= γ̃ϕ − γϕ

or
c(Dϕ) = γ̃ϕ − γϕ

The Lie derivative LX∇ of symmetric affine connection ∇ with respect

to X ∈ ℑ1
0(Mn) is, by definition, an element of ℑ1

2(Mn) such that

(LX∇)(Y, Z) = LX(∇Y Z) −∇Y (LXZ) −∇[X,Y ]Z

for any Y, Z ∈ ℑ1
0(Mn) . We now denote by KXY the tensor field of type (1.1),

defined by

(3.2) (KxY )Z = (LX∇)(Y, Z) = [LX ,∇Y ] Z −∇[X,Y ]Z
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This (3.2) reduces to

(3.3) KXY = [LX ,∇Y ] −∇[X,Y ]

which is an equation in terms of derivations. If we take the complete lifts of

both sides in (3.3), we have

(3.4) γ̃(KXY ) − γ(KXY ) = c(DKXY ) = c [LX ,∇Y ] − c(∇[X,Y ])

Taking account of [2]

[cD1,
cD2] = c [D1, D2]

for any derivations D1 and D2 . From (3.4), we have

γ̃(KXY ) − γ(KXY ) = c(DKXY ) = [c(LX), c(∇Y )] − c(∇[X,Y ])

=
[

cX, HY
]

− H [X, Y ]

Thus we have

Theorem 1.

[

cX, HY
]

= H [X, Y ] + γ̃(KXY ) − γ(KXY )

for any X, Y ∈ ℑ1
0(Mn), where KXY denotes the tensor field of type(1.1) defined

by (3.2).

An infinitesimal transformation defined by vector field X ∈ ℑ1
0(Mn) is

said to be an infinitesimal affine transformation with affine connection ∇ , if

LX∇ = 0 . Then, from (3.2) and Theorem 1 we have

Theorem 2. Let X be an infinitesimal affine transformation in Mn.

Then
[

cX, HY
]

= H [X, Y ] .

Let ∇ is a Riemannian connection in Mn and ∇X = 0 . Then LXg = 0

, i.e. X is a infinitesimal isometry or a Killing vector field. We next have

LX∇ = 0 as a consequence of LXg = 0 . Since cX = HX (∇X = 0), we have

Theorem 3. Let X be a vector field with vanishing Riemannian covari-

ant derivative. Then

[

HX, HY
]

= H [X, Y ] ,
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i.e. the operation of taking the horizontal lift H : ℑ1
0(Mn) → ℑ1

0(T
p
q (Mn)) is a

homomorphism.

Theorem 4. Let X, Y ∈ ℑ1
0(Mn) and F, G ∈ ℑ1

1(Mn), let R and KXY

denote the curvature tensor field of the connection ∇ and the tensor field of type

(1.1) defined by (3.2), respectively. Then

(a). [γ̃F − γF, γ̃G − γG] = γ̃ [F, G] − γ [F, G]

(b). [cX, γ̃F − γF ] = γ̃(LXF ) − γ(LXF )

(c).
[

HX, γ̃F − γF
]

= γ̃(LXF+(∇X)F−F (∇X))−γ(LXF+(∇X)F−F (∇X))

P r o o f. (a). We can easily verify that

(3.5) [DF , DG] = D[F,G]

for any F, G ∈ ℑ1
1(Mn) , where [F, G] = FoG − GoF . If we take the complete

lift of both sides of (3.5), we have

[γ̃F − γF, γ̃G − γG] = [c(DF ), c(DG)] = c [DF , DG]

= c(D[F,G]) = γ̃ [F, G] − γ [F, G]

(b). We consider a derivative [LX , DF ] = LXDF − DF LX . Since

[LX , DF ] f = LXDF f − DF LXf = −DF (Xf) = 0

for any f ∈ F (Mn), we denote by D[LX ,DF ] the derivation defined by [LX , DF ] ∈

ℑ1
1(Mn) . Then from equation

[LX , DF ] = D[LX ,DF ]

We have

(3.6) [cX, γ̃F − γF ] = c [LX , DF ] = c(D[LX ,DF ])

Taking account of

(LXF )Y = Lx(DF Y ) − DF (LXY ) = LX(FY ) − F (LXY ) ,

we have LXF = [LX , DF ] . Then from (3.6) we have

[cX, γ̃F − γF ] = c(D[LX ,DF ]) = c(DLXF ) = γ̃(LXF ) − γ(LXF )
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(c). From (a), (b), (2.7) and (2.8), we have

[

HX, γ̃F − γF
]

= [cX + γ̃(∇X) − γ(∇X), γ̃F − γF ]

= [cX, γ̃F − γF ] + [γ̃(∇X) − γ(∇X), γ̃F − γF ]

= [cX, c(DF )] +
[

c(D(∇X)),
c(DF )

]

= γ̃(LXF ) − γ(LXF ) + γ̃ [(∇X), F ] − γ [(∇X), F ]

= γ̃(LXF + (∇X)F − F (∇X)) − γ(LXF + (∇X)F − F (∇X))
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