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We consider perturbations of the simple exponential series in the form

oo

S@)=>_ An(-2)"/nl,
n=0
where the perturbation coefficients A, satisfy the condition A, — 1 as n — oco. When
|arg z| < %71’, the presence of the A, can destroy the cancellation that takes place in the
negative exponential series, thereby yielding a behaviour that is significantly different from

that of e™”. We determine the behaviour of S(z) as |z| — oo for some particular forms of A,,.

1. Introduction

‘We shall be concerned with the determination of the dominant behaviour
for large |z| of perturbations of the exponential series for e~* in the form

(1) s = > a4,
n=0 :

where the perturbing coefficients A,, possess the property that A, — 1 asn —
oo. For large negative x, the growth of the terms when A, = 1 is characterised
by a peaked distribution, with the maximum term occurring when n = [—x]
and of value approximately el /(2r|z|)'/2. When z is positive, the individual
terms in the negative exponential series have the same absolute values, but now
an extreme cancellation takes place to yield the sum of the series as e”™®. A
similar cancellation of terms — although not as extreme — occurs when z is pure
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imaginary to yield the sum of the series with unit modulus. The presence of
the perturbing coefficients A, in (1.1) can destroy the cancellation that occurs
when |arg x| < 7 to produce a behaviour of S(z) that is significantly different
from that of the unperturbed function e™*.

Such a significant cancellation of terms does not take place in the sector
|arg(—z)| < %ﬂ' and so we would expect the perturbed exponential series in
(1.1) to behave essentially like the unperturbed series for large |z| in this sector.
A problem of this nature has been considered by Ramanujan [3, pp. 58-65] for
the function defined by f(z) = e™* > o2y x"p(n)/n!, where the function ¢(n)

possesses at most polynomial growth in n. Ramanujan showed that! [3, p. 58]

(1.2) f(x) ~ o(x) + Z xlkok(a:) (r — 400),
k=2

where
2k—2 LG
23 o) (1
j=k o

with the bg; being computable integer coefficients satisfying b = b3z = 1,
bsa = 3,.... The result in (1.2) shows that in the case of S(z) we have the
leading behaviour S(—x) ~ Age® as & — +o0, thereby confirming the above
statement.

A particularly simple example of (1.1) is furnished by A, = 1+ (8e)",
where § and ¢ are constants with 0 < 6 < 1 and ¢ real, so that

S(x) = e™* + exp(—Pze').

When z > 0, the dominant behaviour of S(z) for large = is determined by the

second term exp(—pBze'®), which is of slower exponential decay when |¢| < %TF;
1

2
x — +00. Another example, although of a much more recondite character, is
given by A, = exp{l/(n + a)}, where a > 0 is a constant. The function (1.1)
in this case is one of the many integral functions studied by Barnes [2] in 1906;

from page 281 of this reference, we consequently obtain the leading behaviour

we note that when 57 < |¢p| < m, this term becomes exponentially large as

given by
F(a)z™®
S ~N —
(z) 2y/m(log x)3/2

exp(2+/log x)

!The proof given in [3] only deals with © — +o00; it is probable that this expansion holds
in the sector Re(z) > 0.
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as r — oo in |arg z| < %w. With this form of perturbing coefficients, it is seen
that S(z) possesses a much slower algebraic-logarithmic decay as |x| — oo in
the right-half plane.

Another interesting example of a sum of type (1.1) is given by the Riesz
function Sy, ,(x) defined by
o (=a)"

Smp ) = nz:% n!¢(p + mn)

(m >0, p>0)

which has the coefficients A,, = 1/{(p+mn), where ¢ denotes the Riemann zeta
function. The case m = 2, p = 2 was discussed by Riesz [13], who showed that
a necessary and sufficient condition for the truth of the Riemann hypothesis is
that Syo(x) = O(x_%+5) as ¥ — +o00, where € is an arbitrarily small positive
quantity. An analogous result when m = 2, p = 1 was given by Hardy and
Littlewood [5] in their famous memoir on the distribution of prime numbers;
see also [15, p. 382]. In this case the Riemann hypothesis follows if Sy 1(z) =
O(JF%*E) as © — +o0o. A numerical investigation of the Riesz function has
been given in [9]. However, all attempts to establish these growth estimates
have failed since knowledge of the singularities of the above form of A,, depends,
among other things, on the location of the complex zeros of the zeta function
itself.

The problem we treat in this paper is the investigation of the dominant
behaviour of S(z) in (1.1) as |z| — oo in |arg z| < 37 for a given choice of the
perturbing coefficients A,,. We shall be primarily concerned, however, with the
asymptotic behaviour of the associated sums S(z) as * — 400, as it is along
the positive real axis, where the cancellation between terms in the negative
exponential series is greatest, that the most significant change in the behaviour
of S(x) can be expected to occur. It will be shown that the behaviour of S(x)
depends on the singularity structure of the perturbing coefficients A,, = A(n)
considered as a function of a complex variable. In particular, it will be found
that different types of perturbation result in different degrees of cancellation
between the terms of the series, and hence different growth properties.

2. An integral representation for S(x)

An integral representation for S(z) is given by the Mellin-Barnes integral
1 —c+o0t
(2.1) S(z) = x°T'(—s)A(s) ds,

27 J —c—coi

where ¢ > 0 and the coefficients A,, = A(n) are expressed of a function of the
complex variable s. The integration path lies to the left of the poles of I'(—s)
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situated at s = 0,1,2,... but may be indented (if necessary) to lie to the right
of all the singularities of A(s). The function A(s) is bounded as |s| — oo so
that, since |I'(s)| behaves like exp(—2|Im (s)|) as Im (s) — =oo, the integral
(2.1) defines S() in the sector |arg x| < 4m. The result in (1.1) follows from
(2.1) by straightforward deformation of the path into a loop surrounding the
positive real axis and application of Cauchy’s theorem, using the fact that the
residue of I'(—s) at s =k (k=0,1,2,...) is (—)*1 /KL

The integration path may be displaced to the left to coincide with the
line s = —/¢, where ¢ is an arbitrary positive quantity, so as to pass over the
poles and branch points of A(s). Let us suppose that A(s) possesses branch
points at s = a, (r =1,2,..., M) and poles at s = b, (r =1,2,...,N). Then
we find

(ar ) N
L/ ' z°T'(—s)A(s) ds—i—z Res [2°T(—5) A(8)]s=p, +O (|| %),

27 J oo

M
(B2) =Y
r=1

r=1

where the term O(|z|~*) can be made as small as we please when |z is large in
|arg z| < %7‘(’. In the case of branch points, the integration path can be deformed
into a series of loops surrounding the points a, in the positive sense and passing
to infinity parallel® to the real s-axis; see Fig. 1.

L
. by @bl

o a > a

2. ——Y

Figure 1: The integration paths in the complex s-plane. The heavy dots denote poles
and branch points.

To evaluate the contribution from a branch point s = a,, we suppose
that A(s) has an expansion of the form

A=Y Po(s—ay)t

k=0

2Tt is also possible to select branch cuts that are inclined at an acute angle to the negative
real axis.
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valid in some circle about the point s = a,, where the coefficients by = by (a,).
Then the expansion of A(s)['(—s) can be written in the form

(2:3) A()D(=8) = Y ()M (s = an) 7,

where the coefficients ¢, = ci(a,) are specified by

F k
(2.4) ck:§:@q"<n>mr@"n—%y

n=0

The radius of convergence of the expansion (2.4) is determined by the nearest
singularity of either A(s) or I'(—s) to s = a,.

The contribution from the branch points can be evaluated by making the
change of variable s = a, — u and appealing to Watson’s lemma [7, p. 112]. We

obtain
1 plart) o (D)fep @ OO
- ST ~ 0 NI _ —0Br ,—ulog x
57 /_OO 2°T(—s)A(s)ds ~ x 2 o /OO (—u)* Pre du
=0
> (_)k i r(0+)
_ o (log o)1 S ()G L/ RV —
@ (log z) kz:;)k!(loga;)k 27 Joo (mw)™ e dw
ar Br—1 o0 _
(2.5) oz (log x) c(1 = Bk

LB = K(log x)*’

where use has been made of Hankel’s representation for 1/I'(z) [16, p. 103; 18,
p. 245] and (a); = I'(a + k)/T'(a) is Pochhammer’s symbol. The expansion of
S(z) for |z| — oo in |arg z| < 37 then follows from (2.2) and (2.5).

We consider three different cases of the perturbation coefficients A,, given
by

np/?
(2.6) (a) 1+ (n+a)?, (b)

V1+nr

where, for simplicity in presentation, we take the parameters a, 8 and A to be

(¢) tanhA(n+a),

fixed positive constants and p to be a positive integer. When viewed as functions
of a complex variable, these coefficients consist of a single branch point, multiple
branch points and an infinite number of simple poles, respectively.

As stated in Section 1, we shall be primarily concerned with the asymp-
totic behaviour of the associated sums S(z) as x — +oo, as it is along the
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positive real axis that the most significant change in the behaviour of S(z) will
take place. A deficiency of the Mellin-Barnes integral approach in (2.1) is its
restriction to the sector |arg x| < %ﬂ', which precludes the case of purely imagi-
nary values of z. Although it is possible in certain cases to use the Mellin-Barnes
integral representation to extract the asymptotic behaviour of a function out-
side its sector of definition [11, §5.4; 12, pp. 367-371], it is generally necessary to
resort to other integral definitions. We carry out such a procedure in the case of
(2.6a) to obtain the full asymptotic expansion in the sector | arg x| < m, which
thereby enables us to confirm the fact that the greatest change in S(z) in this
case does indeed occur for positive x.

3. The coefficients A,, in Case (a)

For the coefficients A,, specified in (2.6a), we have®) has been investigated
by Barnes in [2, p. 259 et seq.], where it is called Gg(—x;a), and also in [4]. from
(1.1) and (2.1)
o~ (=2)"

3.1 Sa)—e® =5 —

(3:-1) (x) —e nz:% nl(n + a)f
1 [metool 57 (—s)

— —d

2mi /—c—ooi (s+a)s s (0<e<a)

valid in the sector |arg x| < %71’. The integrand has a single branch point at

s = —a, so that from (2.4) the coefficients ¢;, = I'®)(a). Then, from (2.2) and

(2.5) and neglecting the exponentially small term on the left-hand side of (3.1),

we obtain the expansion

z7%(log )71 & (1 — ﬁ)kF(k)(a)
T = Hiog )

as |z| — oo in |arg x| < $m. The derivatives of I'(a) can be expressed in terms

(3.2) S(x) ~

of the more familiar digamma function v (a) as
I'(a) = ¢¥(@)I'(a), T"(a) = {¢'(a) +¥*(a)}T(a),
I"(a) = {¢"(a) + 3¢(a)¥'(a) + ¢*(a)}T(a), ... .

To obtain an expansion valid in a wider sector, we employ the standard

Laplace transform

(n+a)~ = r(lg) /OO e~ lgr (4 >0, §>0)
0

3The sum on the right-hand side of (3.1
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for n > 0. Substitution of this result in the sum in (3.1) then yields

S(z)—e* = F(lﬂ) /OOO tP Lexp(—ze™t — at) dt
(3.3) = 1?:‘(_;) /Om e “u Y(log x/u)’ tdu,

where the change of variable u = xe™ has been made. If this last integral is
now written as the difference between the integrals over the intervals [0, c0) and
[x,00), we obtain

. a%(log 5)! [ e logu>ﬁ-1
S(x)—e ¥ = T(3) ; e "u 1 Tog = du

e T %) u a—1 | 1 ﬁ—ld
— N (N T
xrw)/o ¢ (%) <°g1+t/x) "

where in the second integral the variable u has been replaced by u + z. In

the first integral we employ the binomial expansion of the factor involving the
logarithms and in the second integral the expansion [12, p. 239]

a1 LV L (5 ka bt

(1-7) log - = Z T By (a) (I7] < 1),
T = K

where B,(QV) (a) denotes the generalised Bernoulli function [14, p. 4]. Then, upon

application of Watson’s lemma, we obtain [2; 12, p. 417]

z(log )P & (1= )W), 5 (0B ()
S~ =13 ,;0 Mog 2)F ¢ {H(_”C) kz; ol }
(3.4)
valid for |z| — oo in 0 < |arg x| < 7.

From (3.2) and (3.4), the leading behaviour of S(x) when the coefficients
A,, are defined by (2.6a) is given by

S(x) = O(z™"(log 2)7 1) + e (1 + O(z™7))

as || — oo in |arg z| < 1m. Asremarked in Section 1, the greatest change in the
behaviour of S(z) occurs for large positive values of x. Results of computations
with z > 0 are presented in Table 1 where the leading two terms in (3.2) are
compared with the exact values of the sum S(z) obtained from (1.1). In Table
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B=2
S(x)

a=1
Asymptotic

5=3
S(x)

a=2
Asymptotic

10
15
20
25

0.4442983216
0.2880258914
0.2190180316
0.1786473990
0.1518436596

0.4373307155
0.2879800758
0.2190177244
0.1786473969
0.1518436596

0.0477467259
0.0209382796
0.0130389150
0.0090812460
0.0067704494

0.0410616156
0.0208929248
0.0130386092
0.0090812440
0.0067704493

B=05
S(x)

a=1
Asymptotic

3=15
S(x)

a=2
Asymptotic

10
15
20
25

0.0962804747
0.0359236131
0.0219260052
0.0156190834
0.0120542753

0.0984659199
0.0377223878
0.0227323167
0.0160753317
0.0123513537

0.0525771199
0.0151534298
0.0074659891
0.0044711325
0.0029886848

0.0474632582
0.0152178844
0.0074927075
0.0044819986
0.0029942116

Table 1: Values of S(z) and its asymptotic value in (3.2) for different z, 8 and a when
the coefficients A,, have the form (2.6a).

X

S(x)

Asymptotic

1)

107
207
307
407
507

+0.59364843 + 0.483587614
—0.67323677 + 0.25149539:
+0.48549415 — 1.089371664
+0.20647667 + 0.85431678:¢
—0.62726343 — 0.85129004:
+0.99599837 + 0.172477514

+0.59414636 + 0.48096729¢
—0.67305716 + 0.251439901
+0.48548755 — 1.08936129¢
+0.20647653 + 0.85431433:
—0.62726296 — 0.85128942¢
+0.99599807 + 0.172477413

Table 2: Values of S(z) and its asymptotic value in (3.5) for different imaginary values
of x when the coefficients A,, have the form (2.6a) with =2, a = 1.

2 we show results when x is pure imaginary for the particular case § = 2, where,
from (3.4), we obtain the estimate?

(3.5) S(z) =

I'(a)

e (10g x —(a) +O(1/ log x)) +e® (1 + % +

2a — 3
T

s+ O(a:_4)).

“In deriving (3.5) we have employed the values of the generalised Bernoulli functions

B (a) =1, B{’(a) =a— 3.

2
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It may be remarked that the case § = 1 is particularly simple, since the
sum in (3.1) can be evaluated in terms of the incomplete gamma function 7(a, )
to yield

S(x)=e*+ a2 %(a,x) (B=1).
Use of the identity v(a,z) = I'(a) — I'(a, z), where I'(a, z) denotes the comple-
mentary incomplete gamma function, together with the standard asymptotics
of I'(a,z) for large x [1, p. 263] readily shows that the expansion of S(z) in
this case reduces to that given in (3.4). Extension to the perturbing coefficients
A, = n?%/(n? + a?), for example, then follows from this result by a straightfor-
ward partial-fraction decomposition.

We note that by binomial expansion of the logarithmic term in the inte-
grand in (3.3) when = m, a positive integer, we find the exact result

m-! Ve~ (R (q, 2
S(z)=e % +z %log z)"™ ! ,; I ((’/T)L jk:)((l(;g )l’)k (|arg x| < ),

where the derivatives of the incomplete gamma function are with respect to the
parameter a. However, extraction of the asymptotic form of the exponential
contribution from this expansion to produce the second series on the right-hand
side of (3.4) is not simple and involves considerable cancellation of terms.

4. The coefficients A,, in Case (b)

When the perturbing coefficients are defined by A,, = n?/2 /v 1+ nP for
positive integer p, we have upon rearrangement of (2.1)

s 1 petooi v $p/2-1 ; )
(4.1) (x)——%/c_(mx ( —s)\/ﬁs (cosm/p < c<1).

When p = 2m is an even integer, the integrand has branch points at s =
wr = exp{(2r — V)mi/p} (1 < r < m) in the upper half-plane, together with a
conjugate set of points in the lower half-plane. When p = 2m + 1 is an odd
integer, the integrand has a similar array of branch points together with two
additional branch points at s =0 and s = —1.

The expansion of A(s)/s about s = w, takes the form

sp/2-1 — by, k—1
== s w) e,
V1itdsP = k!

where the first few coefficients by = by (w,) are given by

- “12 3= _ 2 —30p + 65
1/2, bl = —(pr) 1/2 M b2 — (er) 1/2 (p P )

by =
0 (er) 4wT ; 48(4}3 )
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_1y2 (PP + Tp? — 133p + 245)
57 N

by = — (wrp)

Then, from (2.2) and a slight modification of the argument leading to (2.5)
(with 3, = 1), the contribution to S(z) from the branch point s = w, has the
expansion

4.2
(42) wlogmlﬁzk' log:c -
as |z| — oo in |arg x| < m. The coefficients ¢ = cj(w;) are defined as in (2.4),

but with the argument of the gamma function replaced by 1 — w,; that is

(4.3) ok = (wrp) T2 (1 = w,) Cy,
where
Co =1 Cr=gV)+ 34;;”, Ca =g () + %9(”(5) + Zwa
Oy = g<3>(§)+3<fT;zﬂ)g<z>(£) L@ —1?229; 65) ,0 ¢y +p3+71926—4;§3p+245,”_
and . I‘(")(g)
g () = T E=1—-w,.

When p = 2m+1 there is an additional contribution I(x) from the branch
points at s = 0 and s = —1 given by

, 1 (=14,04) oT(1 gp/2-1 p
(33)*—%/ z°T( _8)7’71—1—31’ S,

where the phase of s?/271/,/(1+ sP) at the point where s crosses the positive
real axis is zero. By taking the loop to be along the negative real axis with van-
ishingly small circular indentations around the branch points (see, for example,
[17, p. 171]), we find that

p/2—1
I(x) = _Smi/ I( 1+u);ﬁ e"ulos T gy,
= _M i/ uk+p/27167ulog du
I(3p) & dil(3
(4.4) — (_)(p+1)/2 (3p) Z k(3P)k P(k—i—%p, log )

T = K!(log x)k+p/2
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and that the contributions from [~1, —o00) on either side of the cut cancel®. The
coefficients dj, appear in the Maclaurin expansion of I'(1 4+ u)/y/1 — uP, valid in
|lu| < 1, and P denotes the normalised incomplete gamma function P(a,z) =
v(a,z)/T'(a). The series in (4.4) is an example of a Hadamard expansion; see
[10] for further details on the computation of such series.

For large positive z, the contribution to S(z) from the branch points
s =w, and s = W, is, from (4.2),

9.:C08 (7/p) |Ck| .
J(wy) ~ 7rlog SITE Z RN log COS{SIH(?T/p) log = + wk} (1<r<m)
(4.5)
where ¢y, = i (w,) = arg cx. It then follows that we have the expansion
(4.6) S(:L‘)Nit](w)%—é I(x) Op = 0 p=2m
“~ T p ’ p 1 p= 29m 41

valid for z — 400. When p > 2, the dominant contribution to S(x) arises from
the branch points with the greatest real part corresponding to r = 1. If we let
[(~@;) = T(e™P~1/P) = M, where M, and ¢, denote the modulus and
phase, then we find from (4.3) and (4.6) that S(x) has the leading behaviour

) MPICOS(W/p)

(4.7) S(x) ~ (mplog 7)1/

cos{sin(w/p) log = + = qﬁp}
2p

for © — +o0. It is then evident that the perturbation (2.6b) with p > 3 results
in |S(z)] — oo as © — 400, where the growth of S(z) is seen to consist of a slow
oscillation with an amplitude that is controlled by the factor z°°5("/P) /(log z)'/2.

When p = 2, the sum S(z) is associated with a pair of branch points in the
integrand in (4.1) at s = =i, which results in a decay controlled by (log z)~/2
with no algebraic dependence. However, if the perturbation coefficients are
modified to

(4.8) A, = "

L+ (n—a)?
for example, where « is real, then this has the effect of displacing the branch
points to s = a £ 7. The expansion of S(z) in this case is easily shown to be

/2 a)|(3 7
(4.9)S(x) ~ M(a) (ﬂfgm) 2 W cos{log 24— m(a)}
k=0 :

5The contour of integration is effectively replaced by a dumbbell contour surrounding the
branch points.
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as x — +00, where
M(a) = [T(~a+)VITa®  éla) = arg{Ch(@)T(~a + i)} + arctana
and
Cofe) =1, Cile) =g + 1i, Calo) = 9™ + bigV() ~ .

Cs(a) = g® (&) + 3ig? (&) — FgM (&) — &i,...,

with g(®)(€) defined at (4.3) and € = 1 —a+i. For a > 0, which corresponds to a
non-monotonic growth of the A,, (4.9) shows that |S(x)| — oo as * — +oo. In
Fig. 2 we show the approximate behaviour of S(z) for two values of p compared
with the exact behaviour computed from (1.1). In each case we have employed
the first two terms in the asymptotic expansions (4.5) and (4.9); the behaviour
consists of a slow oscillation with a growing or decaying amplitude.

105 ___ approximate 5 __ approximate
X X
W %9 >
0.75 exact
: X

0.5 20 40 60 100 120
0.25 -1
X 2
2040760 80 100 120 140
025 |
— exact -3
@ (b)
X — roximate
005 10 20 0.005 P
' SX)  0.004
0.1
-0.15 0.008 exact
SX  -0.2 0.002
0.001
-0.25 ___— approximate
-0.3 70 50 g0 100 120
(© (d)

Figure 2: Comparison of the exact and asymptotic behaviour of S(z): (a) when A,
are given by (2.6b) with p = 3, and when A,, are given by (4.8) with (b) a = 3/4, (¢)
a=-1,0<z<20and (d) a=-1,20 <z < 120.

To conclude this section, we note that the logarithmic dependence of
the behaviour of S(x) in (4.7) can be modified by allowing the perturbation
coeflicients to have the form

np/a

(1 —+ np)l/Q’

n
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where p and ¢ are positive integers. By the same procedure as described above,
the dominant behaviour as x — +oo when p > 2 is then found to be

oap—1/apf peos(n/p)
S(x) d pe cos{sin(ﬂ/p) log = + T gbp},

" T(1/q)(log )@= D/a P

where we recall that M, and ¢, are defined at (4.7). This result shows that
increasing the value of ¢ strengthens the logarithmic dependence in S(z).

5. The coefficients A4,, in Case (c)

Our final example has the perturbing coefficients given by A,, = tanh A\(n+
a), where a > 0 and A > 0. From the Mellin-Barnes integral for S(z) in (2.1)
(with 0 < ¢ < a), the integrand possesses an infinite string of simple poles sit-
uated at s = —a + (k + %)m’/)\, k =0,£1,42,.... Evaluation of the residues
in (2.2) then yields the expansion

—a

A

x ™

> a7 T(a+iK), K=(k+31)~

(5.1) S(x) ~ y

k=—00

as |x| — oo in |arg x| < %71'. The terms in this expansion decay rapidly when
Re(x) > 0 on account of the exponential decay of the Gamma function: if we let
0 = arg x, then use of Stirling’s formula shows that the late terms are controlled
by exp{0K — im|K|} as k — foo. We then obtain

(5.2) S(z) ~ 21;\_& i IT'(a+iK)] cos{Klog x — wk}
k=0

as © — 400, where ¢, = arg I'(a+iK). In Table 3 we show results of numerical
calculations for > 0 using (5.2) with k& <5.

A representation for S(x) in |arg x| < m can be obtained by expressing
the coefficients A(n) in the form

Aln) = 1 A(s)

21 s—n

ds,

by Cauchy’s integral theorem, where the path is a closed contour surrounding the
point s = n that does not enclose or lie on any singularity of A(s). Substitution
of this representation into (1.1) then produces

i

(5.3)  S(x) = 217”]214(3) Z n'((;x_y;)ds = %fgxsfy(_s,l')A(S)dS
n=0 """
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x S(z) Asymptotic

10 | —8.8722453596 x 1073 —8.8268454341 x 103
20 | —1.9917003282 x 10~%  —1.9916982674 x 103
30 | —2.5570991725 x 10~*  —2.5570991770 x 10~*
40 | +1.4832260291 x 10~*  +1.4832260303 x 10~
50 | +2.1569016284 x 10~%  42.1569016292 x 10~4

Table 3: Values of S(x) and its asymptotic value for different positive « when A,, are
given by (2.6¢) with a =2, A = 1.

valid in the sector |arg x| < w. The infinite sum in the integrand has been
expressed in terms of the incomplete gamma function v(«, z) through use of the
definitions [1, Egs. (6.5.12) and (6.5.29)]

Ga) s =ay D T p
. —s,x) == =— i 1l—sx
7 — nl(n — s) s 1
n=0
and S denotes a ‘sausage contour’ surrounding the points s = 0,1,2,... in the

positive sense.

If we now expand the contour S into the infinite circle surrounding the
origin (with the radius R chosen to pass between the poles parallel to the imag-
inary axis), we find that the contribution round the circle vanishes. This follows
because as R — oo the integrand in (5.3) behaves like® —e~%A(s)/s ~ Fe~%/s
in the right- and left-hand half planes, respectively. Evaluation of the residues
at the simple poles s; then leads to

S oK y(atik,x)  (Jarg o] < 7).

k=—o0

:E—a

A

(5.5) S(x) =

Since y(a, z) = I'(a) = I'(e, 2), it is seen that the expansions in (5.1) and
(5.5) differ by the sum

—a

A

x = ~
Z 7T (a +iK, x).

k=—o00

(5.6)

To estimate this difference in the sector |arg x| < %7‘(’, we appeal to the asymp-
totics of I'(av, 2) for |z| — oo in Re(z) > 0 uniformly valid in the parameter «

5The behaviour of the confluent hypergeometric function in the second expression in (5.4)
satisfies 1 F1 ~ 1 for |s| — oo in |arg(—s)| < =.
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away from the transition point z = a. The required uniform approximation is
8, Eq. (4.2)] I'(a,2) ~ 2% #/(2 — a) when Re(z — «) > 0. This yields the
leading estimate for the sum in (5.6) given by

e T o0 1 ¢~ T o] (.fC—a) »
N e iK% laeape R ¢ AT

see [6, p. 342, Ex. 30]. Since this expression decays exponentially for large |x|
in Re(z) > 0, we see that (5.5) agrees with (5.1) up to an exponentially small
contribution as |z| — oo in |arg z| < 7.

The behaviour of S(x) when arg = = :E%?T is more complicated and would
necessitate, in part, the use of the uniform asymptotics of v(a, z) valid in the
vicinity of the transition point z = «; see [8, Eq. (3.4)]. We do not discuss this
case any further here.

6. Concluding remarks

We have seen that the perturbed exponential series S(z) in (1.1), with
the three examples chosen for the coefficients A,, in (2.6), possesses a radically
different behaviour as * — 400 than that of the unperturbed function e 7.
The modification to S(z) becomes less pronounced as |arg x| increases, with
no change to leading order when |arg x| = %7’[’, as would be expected from the
general considerations described in Section 1.

If we take the coefficients A, = 1+ (n + a)~”, we have from (3.2) the

dominant behaviour

7 %(log )8!
I'(3)

The coefficients A,, — 1 more rapidly as n increases the larger the value of
B. Naively, therefore, one might be led to expect that S(z) would also decay
more rapidly the larger the value of 3. However, this is clearly seen not to be
the case, since the above leading behaviour indicates that, for sufficiently large

(x — +00).

x > 0, S(z) decays more slowly with increasing §. Manifestly, the principal
mechanism in operation is the degree of cancellation between the terms of S(x),
not just simply the rate of decay of the perturbing coefficients A,,.

The forms of the coefficients chosen in (2.6a,c) with the parameter a > 0
result in S(z) decaying as * — 400, although much more slowly than the
unperturbed function e=*. However, for the coefficients in (2.6b) the interference
between the cancellation of the terms when p > 3 is such that S(z) grows with
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increasing x. In the particular case p = 3, for example, we have from (4.7) the
result

1
15 ) o (Lo 2 7 )
() <3W - :E) D) cos (L log o+ 7~ 6 (z — +o0),

where ¢ = arg I'(e2™/3). In this case, the growth of S(z) consists of a slow oscil-
lation with an increasing amplitude that is controlled by the factor (x/log x)'/2.
Even when p = 2, which is associated with a slow logarithmic decay of S(z),
a modification of the coefficients A, as in (4.8) can result in |S(z)| — oo as
T — +00.
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