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1. Introduction

There is a well-known problem of the inverse matrix updating when the
initial matrix takes low-rank increment. According to the famous Woodbury
formula

(1) (A+BTC)y ' =4t —A'BT (I, + cA™'BT)"lcA™,

where A € R, xn; B, C € Rpxn; I is the identity matrix of order k. The formula
(1) is worth using when k < n, because of O(kn?) computation complexity
instead of usual O(n?). In the current work we apply this speed-up technique to
updating the inverse matrix of determinants, appearing in one inhomogeneous
network flow programming problem.

However, instead of applying the general formula we build special problem-
related recurrences for elements of the inverse matrix of determinants.
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2. Problem statement

Let S = {I,U} be a finite oriented connected network, where I is the set
of nodes and U is the set of arcs, U C I x I, |I| < oo, |U| < co. We also introduce
the connected networks S* = {I*¥ U ’“} 1 K C I,U* C U, each corresponding to
some flow type (product) k € K,|K| < oo. Let K(i) ={k € K :i € I"},i €I,
K(i,j) ={k € K : (i,j) € U*}, (i,5) € U.

The elements of every network S* have the following characteristics: a¥ —
the intensity of the node i € I* for the product k; dfj — the capacity of the arc
(i,5) € ﬁk ﬁk for the product k; :ck» — the flow of the product k through the
arc (i,7) € U k — the cost of transportation of one unit of product k through
the arc (i,7) € Uk k € K; a; = (a¥,k € K(i)) is the vector of intensities of
the node i € I; d;; = (dw,k € Ki(i,7)) is the vector of capacities of the arc
(i,5) € U, K1(i,5) = {k € K(i,7) : (i,j) € UF}; d?j is the overall capacity
of the arc (i,7) € Uy, Uy C U, Uy is a given set, ZkEKo(z N k < dgj,(i,j) €
U, Kol ) = K (i ) \ Ka(iod), 1Kol ) > 1; 5 = (2o k € K(iy ) is the
flow through the arc (i,j) € U; ¢;; = (c U,k € K(i,j)) is the vector of costs of
unitary flow transportation, (i,7) € U. Thus, every arc (i,j) € U corresponds
to |K (i, )| arcs (i,5)* having the flow xfy, the cost cfj, the capacity dk of the
arc (i,j) € ﬁf The given network S = (I, U) is an union of |K| networks Sk =
{I* U*},U* = {(i,5)* : (i,j) € U}, k € K. These networks are interrelated by
overall capacity constraints for the arcs (i,7)*, k € Ko(i,4), (i,j) € Uy and by

the additional constraints >, > )\Zp zy; = ap,p=1,1.
(1,5)€U kEK (i,5)
Consider the mathematical model of an extremal inhomogeneous network
flow programming problem (2)-(7):

@) Y Y ik —min,

(4,7)eU keK (i,5)

(3) Yooafi— > ahi=af, foriclMkeK;
Jjer (Ur) JEI;7 (U¥)

(4) Z Z )\kp k G =ap, forp=11;

(4,7)€U keK (i,5)

(5) Yo <dy,af; >0, for k€ Ko(i, §), (i, §) € Up;
keKo(i,5)
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(6) 0<af; <df

177

for k € Kl(%])u(la.]) € Ua

(7) {L‘k»zo, fOI"kEK(i,j)\Kl(i,j),(i,j) EU\U07

)

LNUR) ={jel*: (i) e UM I; (U) = {j e I*: (1) € U*}.

The vector = (i, (i,j) € U) — is a plan (flow), if it satisfies the con-
strains (3)—(7). The plan 2° € X (X is the set of plans) is optimal if ¢’'20 =
minclz,Vz € X, e = (¢, (i,j) € U).

Definition 1.  The plan (flow) 2° = (z5;, (i,j) € U),zj; = (x k ke
K(i,7)) is suboptimal (e-optimal) if

Z Z ZJU_Z Z Z?Jk—

keK(i,5) (i,)keU* keK (i,5) (i,j)keUk

3. Network support. Matrix of determinants

Consider the structure of support U, = {Uk . k € K;U*}, Uk c U* k ¢
K;U* C Ug,Uo = {(i,§) € Uy : |KQ,| > 1}, Kon(4,5) = {k € K(i,5) : (i,5)*
Uk Y, (i,§) € U KS,(i,5) = Kon(i, §) N Ko(i, 4), (i, j) € Up. Let the new set UE,
contain I arcs (4,7)* such that removing them from the set U¥, gives the set
U¥ with no cycles while every set U¥ (J(i,7)* contains a cycle. Let us denote
Ur=Uk\Uk ke K.

Definition 2. The elements of the set U, = |J UF are cycle arcs.

keK

Let K be theset {1,2,...,|K|}. Let U}, contain (k) independent cycles,
k € K. The cycles Jy, Jo, ..., Jn of the network S are called independent if every
cycle has at least one edge that does not belong to other cycles and the unitary
circulations [3,5] form a linearly-independent system of vectors.

Every arc (i,7) € U} ¥ belongs to some cycle Lk from the set Uk If the set
Uk, is connected then the cycles Z = {L”,( ke Uf, k € K} introduced the
same way form the fundamental set of cycles. Let us mark every arc (4,5)* € UF

k—1 k K

with the number t = (i, )%, S I(s) +1 <t < Y I(s). We denote t = ‘Z| I(s).
s=1 s=1

Let us consider an arbitrary cycle L¥, ¢ = ¢(i,7)*. We choose the dlrectlon of
cycle detour such that the arc (i,§)* is a forward one. Let Lf *,Lf’ be sets of
forward and backward arcs of the cycle LF correspondingly.
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Definition 3. The number R,(Lf) = )\f]]»osign(i,j)Lic is called
(i-)ELf
the determinant of the cycle L¥ with respect to the additional restriction (3)
with the number p, where

1, (i,5)F € Ly
Slgn(%])Lt = _17 (’ij)k € Lf_;
0, (i,5)F ¢ L}.

Let us put the arcs of the set U* in an arbitrary order. Let 7 = 7(3, j)
be the serial number of the arc (,7) in the set U*,1 < 7 < m,m = |U*|.

~—

We build the matrix D = (gl), where Dy = (R,(L¥),p = 1,1,t =
2

is an [ x t-matrix consisting of arc determinants R,(L¥) with respect to the
k-1 k

restrictions (3), t € R(k),R(k) = {t : DY l(s)+1 <t < > Il(s)},k € K;

s=1

s=1

Dy = (57(1-7]-)(1/,{“),7'(1',‘7') =T1,m,t = 1,t) is an m x t-matrix that consists of the
following elements:

1, (i,5) VLK # 0, (i, §)* € L™,
S (L) =S =1, (L, )NLF#0,3,5)F € LF~;
0, (i,5) NV LE # 0,k € K,(,4), (5, §) € U

7 =1(i,7),(i,j) € U", t € R(k),k € K.

If t # 1 +m,m = |U*| we supply the matrix D with zeros to make it a
square matrix of order max{t,! + |U*|}. Let R(U,,) = det D.

The set of arcs U, = {UX k€ K,U*},Ur, c U* k€ K;U* c Uy, Ug =
{(i,7) € Uo : |Ko,| > 1}, Kon(iyj) = {k € K(i,j) : (i,))* € UL}, (i,)) €
U, K9 (i,7) = Kon(i,5) ) Ko(i, ), (i,5) € Up is a support of the network S iff
the following conditions are met:

1. I(Uk) =TI* k € K;
2. Uk is a connected set, k € K;

3. R(Uyn) # 0.



Inverse Matrix Updating in One Inhomogeneous ... 333

Let D = D(U,,) be the matrix of determinants that corresponds to the support
Ump = {Uk k € K,U*}. Let D = D(U,,) be the matrix of determinants

on?
b ke K,U"}. Let us denote

on’

corresponding to the support U,, = {U

1,t);

D™ = [D(Uon)] ™" = (vpg,p = L1+ U, q

—1 — S —

D :[D(Uon)]*l:(@pq,pzl,l—l—]U*\,qzl, ).

Let D1 = [D((?On)]*1 = (Upg,p = 1,14+ |U*|,q¢ = 1,t) be the inverse support
matrix, that can be obtained through elementary transformations (the definition
of elementary transformations is given further).

4. Updating the inverse matrix

Definition 4. Let us define the elementary transformation of the
matrix D~ as the transfer from the matrix D~! to some matrix D! that
corresponds to such a modifications of the matrix D as:

1) rank-1 increment: rankD = rankD;
2) edging: rankD = rankD + 1;
3) truncation: rankD = rankD — 1;

We obtain the matrix D from D! through elementary transforma-
tions performed in a suitable order.

Now we are going to get the recurrence relations connecting the matrices
[D(Uyn)]™! and [D(U,,)]™ met on the adaptive method iterations [3] when
searching for an optimal inhomogeneous flow. Let us suppose that while building
the new flow T = x + Ax the maximal admissible step 6y is achieved either on
the arc (ig, jo)* or (ig,jo). The step #y is computed using standard rules [3].
The maximal dual step o is computed according to [3] and is achieved either
on the arc (i*,j*)l or (is, jx).

If one is searching for the arc (i, jx«) while building the co-flow increment
0 = (6i5,(1,7) € U), 65 = (55, k € K(i,j)), several cases are possible:

a) By = gk

10J0

b) 0o = biyj,
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Let us consider the case a). Wlog ko = 1. Let (ig,jo) ¢ U*. The non-
support components of d, according to the formula

ook = —(Auf — Aub +ZAW ke K(i,j),(,5) €U,
p=1

depend on the potential increments Auf,i el* keK; Ap,p= 1,1, vij, (3,5) €
U*, that are obtained from the system

—(Auf — Aubo + Z AROP Ay Y = g

20J0
—(Auf — Auk + Z APAR) =
(i,5)" € UL\U U(lo,JO) °).k € K;
—(Au Aum + Z )\kpATp A’Yzya

(4,7) EU*,kEK,aozl.

Now let us suppose that (ig,jo) € U*. The potential increments are
computed from the system

—(Au® — Auf® + Z AP Ag) = = Aigie + 1;

2070

k
—(Auf — Aul + Z Aif Arp) = —A

10J0
ke K (10, J0);

(Au —Au —f—Z)\ Arp ) =0,
p=1
ke K(i,j),(i,7) € U\(U*\(ioajo));

(Au —Au —I—Z)\ PAr,) = —Avyj,
p=1
ke K(Zvj)a (’La]) € U*\(207JO)
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Similarly to (8),(9) we build a system to compute the potential incre-
ments for the case b) putting ap = —1.

The effective algorithms for solving (8), (9), based on variable decompo-
sition principles, are considered in [6].

Thus, (ig, jo)* is the arc excluded from the support, (i, j.)" is the arc
introduced into the support, Lfo jo 18 the cycle corresponding to the arc (i, jo)ko,
(i0, jo)* € U,. Let us denote the cycle generated by the arc (i, j«)* as Lf*j*.

Wlog we put | =k = 1.

Let us consider the case
1) rankD = rankD. We consider the following subcases:

1. If (ig, jo)! € UL then U, = (U, \ (i0, jo)") U(ix, jx)', UK = Uk k € K,U* =
U*. Let u be the serial number of a cycle that corresponds to the arc
(i0,70)'. The elements ¥, of the matrix [D(Uyy)] ™! may be evaluated the
following way

- Ar - —
Vgp = Ugp — (Sl—pyqvq = 17l+ ’U*‘aq #Map: 17t7

i*vj*
(10) ! U~
yq = Z Rp(Lil*yj*)qu + Z 5l+T(L’}*7j*)Uq’l+T7
p=1 =1

T = 7—(17‘7)7(27.]) € U*a

(11) Dup = Arp/6), 5.0 =1,1.

2. If (io,jo)' € Up, (io,jo)' € Lj,;, then UL = (Ub\ (i0,40)") Ulis, i)
Uk =Ub. ke K\ {1};UF = UF, k € K,U* = U*. If the arc (ig, jo)" does
not belong to any support cycle then [D(Upp,)] ™! = [D(Uyy)]~". Otherwise
the elements v, are evaluated using the relations (10) for ¢ = 1,1+ |U*|.

3. If (io,jo)t € Ub, (io,jo)' & L, then U} = (UL \ (&,m)") Ulix, jo)*,
(7]13 = (UH\ (io,jo)")U(&,m)!, where (£1,m)! is the cycle arc of the
support cycle that includes the arc (ig, jo)! (it is easy to prove the existence
of such a cycle). The process of excluding the arc (ig, jo)! from the set U},
has 2 stages. At the first stage we perform the following transformations
of the support sets:

Uy = U €m0, Jo) s U, = U0 = (UB (i jo) ) U €nm)'-
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At the second stage we get:

~ ~1 -~ - ~k
Uy = (Ua \ (i0,50))U(is, )" U = Uik € K\ {1}, U = Up,k €
K,U* = U*. We use the relations (10), (11) to evaluate the elements of
[D(Uon)] ™"

4. Tf (ig,jo) € U*, (ix,js) € U* then UF = UK UL = Uk k € K;U* =
(U*\ (i9;0)) U(ix, jx). To transform the matrix D(U,y,) into D(U,y,) we
replace the row that corresponds to the arc (ig,jo) (and to the restriction

> ooak o = dy, jo) by the row that corresponds to the arc (ix, j«) (and
ke€Ko(io,j0)

. . _k _ 0 . .
to the restriction > Ty 0 = i jo)’ It is easy to prove the following
ke Ko (i0,j0)
relations:

Ugp = Ugp — ziqjq/ziujwq =1,t,q # wp=1,1+|U*;
Upp = Vpu/ Zipj, 0 = 1,1 + |U*|, 2T =b" D!

where b7 = (8, j.)(L}), ... ,5T(i*7j*)(L§)), p is the number of the replaced
row.

Now let us consider the case B B
2) rankD = 1+ rankD. Let us denote U* = U*J(io, jo), Uy = Uy U(ix, js)".
To obtain the matrix D(U,,), we add a column, that corresponds to the cycle

1 Sl k — 0
Li*j*, and a row, that corresponds to the restriction > Tii = diojo’
ke Ko (io,j0)
to the matrix D(U,,). In this case the recurrence relations that connect the
elements of the matrices [D(U,,)]~! and [D(U,,)]~! are the following:

- A _— —
Ygp = Vgp — ﬁyq’q: LI+ |U*,p=1¢

~ Ar -~
Ui4|U*|+1,p = 3T ? =11
i jx

~ A —
Vgi+1 = _ﬁyqvq =11+ [U*];
~ _ Arpg
Vir1f+1 = 5L,
! . U~ )
Yq = 21 UQPRP(LZ'*]'*) + Zl Uq,l+T5T(Li*j*)’
p= T=

Here Arp, is the increment of the potential 7, corresponding to the restriction
> ak jo = g, jo- The numbers Ary, 6 ;. are evaluated using (8),(9).
keKo(io,jo)
Finally, we consider the case
3) rankD = rankD — 1. There are the following subcases:
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L. (io,jo)' € Uy, (ix, jx) € U*. B B
Ul = UM\ (ig,50),UF = Uk € K\{l},Ug = Ug,k € K,U* =U*\
(ix, 7). To obtain the matrix D(U,,) we exclude a column with the serial
number 7, corresponding to the cycle L} and a row with the serial

1070’
number (I +7), 7 = 7(4, ), (i,j) € U*, that corresponds to the restriction
> af; = d);. The elements of the matrices [D(Uyy)]™" and

ke Ko(ix,jx)
[D(U,y,)] ! are connected with the following recurrence relations

- Ar
(12) Ugp = vgp — Ar—p

47

Vgirrs q=LI+[U,q#np=1tp#1+T

2. In this case the arc (ig, jo)* is included into at least one support cycle. Let

(i, o) € L, (&,m)" € U} where U} C U} Then U} = Ul\(&1,m)", UF =
Uk k€ K\ {13,055 = Ub,k € K,Ub = (Ub\ (io. o)) U(€a,m)". Here
(&1,m)" is an arbitrary arc from the set Uy, U* = U*\(ix, ji). The elements
of the matrix [D(U,,)]~! are evaluated using (12).
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