Mathematica
Balkanica

New Series Vol. 21, 2007, Fasc. 3-4

Open Images of Metrizable Families !

FEkaterina P. Mihaylova

Presented by St. Nedev

First countable families and complete A-families are defined. It is shown that they
are the open images of metrizable families (defined by M. Choban) and complete metrizable
families, respectively. Selection theorems for set-valued mappings 6 : Y — 2% are derived, for
the case when the family of all images of the points of Y by 6 constitute a complete A-family
in X.

AMS Subj. Classification: 54C10, 54C60, 54C65, 54E99.

Key Words: first countable family, complete A-family, metrizable family, set-valued
mapping, selection.

1. Metrizable families

Let X be a topological space and p be a pseudometric on X. Denote
by X/p the set of all equivalence classes of X of the type H(x,p) = {y € X :
p(x,y) = 0} and by p a metric on X/p such that p(hy, hy) = p(ﬂgl(hl), ﬂ,jl(hg))
for every hi,hs € X/p where m, : X — X/p is the natural projection. Notice
that if the pseudometric p is continuous then 7, is a continuous mapping onto
the metric space (X/p, p) .

Put Oy(z,e) ={y € X : p(y,z) < e} for e > 0.

Definition 1.1. Let A be a family of subsets of X. The triple (X, A, p)
1s called a metrizable family if the following conditions are valid:

MF1) H(z,p) L = {x} for every L € A and x € L;

MF2) For every Ly € A, xy € Ly and an open subset U of X such that
xg € U, there exist € > 0 and an open subset V of X such that xo € V and
O,(xo,e) VL C U provided LNV #0, L € A.

'Partially supported by contract from 2007 with SR of Sofia University
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Proposition 1.2.  Let the triple (X, A, p) satisfies condition MF1 of
Definition 1.1. Then it is a metrizable family if and only if it satisfies the
following condition:

MF2%*) For every Lo € A, xy € Ly and an open subset U of X such that
xg € U, there exist € > 0 and an open subset V of X such that xo € V and
O,(x,e)NL C U provided x € LNV, L€ A.

Proof. Suppose first, that the triple (X, A, p) is a metrizable family,
Ly € A, g € Ly and U is an open subset of X such that xg € U. Thus, there
exist € > 0 and an open subset V' of X such that zo € V and O,(xg,e) L C U
provided LNV # 0, L € A. Put e; = £ and Vi = V(1 O,(xg,€1). Suppose
L' € Aand 2/ € I'NVi. Take z1 € Op(2’,e1)NL". Then p(a’,21) < &1 and
p(x',z0) < €1, hence p(x1,x0) < 261 < e. From 2’ € L'V} and V5 C V follows
that L'V # 0. MF2 implies z1 € O,(zg,e) L' C U. Thus O,(z',e1) L' C
U. Therefore, MF2* holds for the triple (X, A, p).

Suppose now, that the triple (X, A, p) satisfies MF2*, Ly € A, 29 € Lo
and U is an open subset of X such that xp € U. Thus, there exist ¢ > 0
and an open subset V' of X such that zp € V and O,(z,e)(VL C U provided
re LNV, Le A Pute =5 and V3 = VN Op(zo,€1). Then €1 and V; are
the satisfying condition MF2 ones. [

Remark 1.3. Proposition 1.2 shows that Definition 1.1 for metrizable
family is equivalent to the original one, given by M. M. Choban in [1], which is
a generalization of the one given by Geiler in [5] for a uniform space X.

Definition 1.4. (see [1]) Let (X, A, p) be a metrizable family of subsets
of a space X. The set L € A is complete if the metric space (L,p) is complete.
The metrizable family (X, A, p) is called complete if every L € A is complete.

Proposition 1.5. Let (X,,, An,pn) be metrizable families, where the
pseudometrics py, are bounded by 1, formn € N, X = [[{X,, :n € N}, p: X x
X — R" be a pseudometric on X such that p(z,y) = Y {5 pn(Tn,yn) : n € N}
for every x = {x,, :n e N} € X,y ={yp, : n € N} € X and A = {[[{L,, :
n € N} : L, € A, for everyn € N}. Then (X, A, p) is a metrizable family.
Moreover, the family (X, A, p) is complete provided all families (X,,, An, pn) are
complete.

Proof. To prove that MF1 holds take L = [[{L,, : n € N} € A, z =
{zp:mneN} e Land y={y,:ne€ N} e H(z,p)\ L. Hence py(n,yn) =0
for every n € N. Thus y, € H(zy, pn)( Ly = {z,} for every n € N.

To prove that MF2 holds take L = [[{L, :n e N} € A, x = {z, :n €
N} € Land U = [[{U, : n € N} an open subset of X where z;, € U;, and Uj, is
an open subset of X, fori € {1,...,r} and U,, = X,, for n € N\{j, ..., 5, }. Thus
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there exist &; > 0 and Vj;, an open subset of X, such that x;, € Vj, for every
ie{l,..,r} asin MF2. Pute = min{w%-sl, oy =&t and V = [[{V, : n € N}
where V,, = X, forn € N\{j1,...,J-}. Then V is an open subset of X and x € V.
Take L' = [[{L}, : n € N} € A such that L'V # 0 and y € O,(z,e) L.
Then V;, L, # 0 for i € {1,..,r} and y;; € O, (xj,,&) L}, € Uy, for
i €{1,...,r} therefore y € U.

Since the Cartezian product of complete metric spaces is a complete
metric space, the proof is complete. |

2. Special families of subsets

2.1. Definitions and notations

Let A be a family of subsets of the topological space X such that A =
X. Let (v,p) ={m ={Ua :a € Ap}, pn: Apt1 — Ay, i n € N} be an wA-sieve
of X (i.e. 7, is an open cover of X and U, = U{Us : B € p,'(a)} for every
a € A, and n € N).

Definition 2.1. A sequence a = {a, € A, : n € N} is called an
s-sequence if pp(ant1) = oy for every n € N.

Definition 2.2. An s-sequence a = {ay, € Ay, : n € N} is called a b-
sequence of X at the couple (Lo, o) where Ly € A and xo € Lg if the following
hold:

BS]) {xo} = ﬂ{LO N Uan nec N},

BS2) for every open subset V' of X such that xog € V there exist m € N
and an open subset W of X such that xg € W and L\U,,, C V provided
WNOL#0, LeA

Condition 2.3. (For a quartet (X,A,v,p).) For every L € A, m €
N, B € Ay, and x € L(\Ug there exists a b-sequence a = {ay, : n € N} of X at
(L,x) such that a,, = [3.

Condition 2.4. (For a quartet (X, A,~,p).) For every L € A, x € L
and an s-sequence a = {ay, : n € N} such that © € ({U,,, : n € N} follows that
a is a b-sequence of X at (L,x).

Definition 2.5. A subset L € A is called complete relatively to the
wA-sieve (v, p) if for every s-sequence a = {ay, : n € N} such that LN\ U,,, # 0
for every n € N follows that V{L N Ua, :n € N} #0.
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Condition 2.6. (For a quartet (X, A,~,p).) Every L € A is complete
relatively to the wA-sieve (v, p).

Definition 2.7. The quartet (X, A,~,p) is called first countable family
if it satisfies Condition 2.3.

Definition 2.8. The quartet (X, A,~,p) is called A-family if it satisfies
Condition 2.4.

Definition 2.9. The quartet (X, A,~,p) is called complete A-family if
it satisfies Conditions 2.4 and 2.6.

Remark 2.10. If (X,A,v,p) is an A-family then it is a first countable
family.

Remark 2.11. For a quartet (X, A,v,p) put A(z) =U{L € A:x € L}
for v € X. If a = {a, : n € N} is a b-sequence of X at (Lg,xo) for some
Lo € A, zp € Lo then {U,,, : n € N} is a base of A(zg) at zo.

Remark 2.12. For a quartet (X,.4,7,p) and a b-sequence a = {a,, :
n € N} of X at (Lo, zg) for some Ly € A, g € L follows that a is a b-sequence
of X at (Ly,xq) for every L; € A such that xg € L1 and L; is a Tj-subspace of
X.

Remark 2.13. If (X, A,~,p) is a first countable family and L € A then
L is a first countable (i.e. satisfies the first Axiom of countability) Ti-space. (It
follows from condition BS1 for a b-sequence).

2.2 Constructions

Let (X, A,~,p) be a first countable family where (v,p) = {v, = {Ua :
a € A}, Pt Anyr — Ap i n € N Put A = T[{A4, : n € N}, By =
{a € A : ais an s-sequence } and B = {a € By : a is a b-sequence of X
at (L,z) for some L € A, x € L}. For a = {a,, € A, : n € N} € A and
b={f, € A,:neN}eAputda,b) =>{2":n € N is such that a,, # 0}
(The Baire metric). Then (A,d) is a complete metric space, B C B; C A and
B; is a closed subset of A. Moreover, the family B = {sp,(a) = {a = {a, :
neN}eB:a,=a} CB:meN, ac A,} is a base for the metric space
(B,d). Note if a = {a, € A, : n € N} is an s-sequence and o = «, then
Tm—1(m) = @m—1, ... ,m1(2) = .

Put Z = {(z,a) : x € X, a € B where a is a b-sequence of X at (L, z)
for some L € A such that x € L}. Thus Z C X x B. Denote by 7 and ¢
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the projections from Z onto X and onto B, respectively (i.e. 7((z,a)) = = and
Q((xaa)) = a for (xaa) € Z) Put p((:):,a), (yvb)) = d(av b) for (x,a,), (ya b) €Z.
Finally denote by A’ the family {m=!(L) : L € A}.

2.3 Properties

Property 2.14. (B,d) is a metric space. [

Property 2.15. p is a continuous pseudometric on Z.

Proof. It follows from the fact that q : Z — B is continuous. ]

Property 2.16. (Z, A, p) is a metrizable family.

Proof. Let Lo € A, (zg,a0) € 771 (Lg) and ag = {ao, € A, : n € N}.
Obviously H ((xo,ao),p) = {(z,a0) € Z}.

Assume (21, a0) € H((z0,a0),p) N7 1 (Lo).

Then 1 € Ly and from Remarks 2.13 and 2.12 follows that ag is a
b-sequence of X at (Lg,z1). Thus {z1} = ({LoNUa,, : n € N} = {x0}.
Therefore H((zq,a0),p) 7 *(Lo) = {(z0,a0)}.

Now let U be an open subset of Z such that (xg,ap) € U. Since Z C
X x B, it can be assumed that U = (V' X s,,(a)) ) Z for some open subset V' of
X and m € N where a = agy,. Thus zg € V() Lo\ U,. From the fact that ag is
a b-sequence of X at (Lg,xo) follows that there exist { > m and an open subset
W of X such that 2o € W and L(U,, C V provided LONW # 0, L € A. Fix
0<e<2landlet Wy = W x s51(y). Take L' € A such that 7= 1(L') Wy # 0
and (z,a) € 71 (L)NO0,((20,a0),€), a = {an, : n € N}. From d(a,ap) < € it
follows that oy = ag;. From (z,a) € Z it follows that x € Uy, = U,,,. Since
L'AW # 0, L'NUs, € V. Therefore x € V and a € s;(a) C sm(c) (ie.
(z,a) € U). Thus € and W1 Z are the required ones from condition MF2 for
metrizable family. |

Property 2.17. 7 :7Z — X is an open continuous mapping.

Proof. It suffices to show that 7((V X s;,(a))NZ) =V U, for every
VCX, a€ A, and m € N. Take xg € V(N U,. Then zg € Ly for some
Ly € A. There exists a b-sequence a = {a,, € 4, : n € N} of X at (Lg,xo)
such that a;;, = a. Thus a € s, () and (zg,a0) € Z. Hence 2o = 7((x9,a0)) €

T((V X spm(a)) N Z)). [

Definition 2.18. A family (X, A,~,p) is called open continuous image
of a metrizable family (Y,B,p) if there exists an open continuous mapping ¢ :

Y — X such that B= {¢ (L) : L € A}.
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Theorem 2.19. Let (X, A,~,p) be a first countable family. Then it is
an open continuous image of a metrizable family (Z, A’, p).

Proof. It follows from Properties 2.16 and 2.17. ]

Property 2.20. Let (X, A,~,p) be an A-family and L € A be such that
for every s-sequence a = {ay, € A, :n € N} with LN U,,, # 0 for every n € N
follows that N{LN U, : n € N} # 0. Then (m=(L), p) is a complete metric
space.

Proof. Let S, ={f € A, : LNUg # 0} and S = BN([[{Sn : n € N}).
Then S is a complete metric space. It is sufficient to prove that S is closed
in By. Take b € By \ S where b = {8, : n € N}. Assume that LN\ Ug, # 0
for every n € N. But b is an s-sequence, hence {LNUg, : n € N} # 0.
Now from Condition 2.4 follows that b is a b-sequence of X at (L, x) for some
x e ({LNUg, : n € N}. Thus b € BO(I[{S» : » € N}) = S which is a
contradiction. Hence L(Ug, = 0 for some m € N. Thus the open subset
sr(Bm) = {a ={a, :n € N} € By : ayy = B} of By contains b and it does
not meet S.

Clearly, to prove the property, it is enough to show that q; = g|7 = (L) :
(7=X(L),p) — (S,d) is an isometry. Fix a € S, a = {a, € A, : n € N}L.
There exists x € N{LNU,, : n € N} # 0. Therefore a is a b-sequence of X
at (L,x). From (x,a) € 7~ (L) follows that a = q1((z,a)). Thus ¢y, is onto S.
Moreover qr, is a one-to-one mapping because (Z, A’, p) is a metrizable family
and 71(L) € A’. The proof follows from the equality p((z,a), (y,b)) = d(a,b)
for (z,a), (y,b) € 7 1(L). ]

Corollary 2.21. Let (X, A,v,p) be a complete A-family.
Then (m=*(L),p) is a complete metric space for every L € A. [

Property 2.22. Let (X, A,~,p) be a first countable family [A-family/
and Ay = {HOL: L€ A H C X}. Then (X, A1,7,p) is a first countable
family [A-family], too.

Proof. Let (X, A,v,p) be a first countable family, Ly € A;, xy €
LyNUgand 8 € Ay, m € N. Then Ly C L for some L; € A. From Condition
2.3 follows that there exists a b-sequence a = {a,, € A, : n € N} of X at (L1, )
such that o, = 8. Clearly, {z0} = ({LoNUa, : n € N} = ({LiNUy, : 1 €
N}. Let V be an open subset of X such that 29 € V. There exist k € N
and an open subset W of X such that g € W and L'NU,, C V provided
WNL #0, L' e A. Now if L” € Ay and WNL" # (). Then L” C Ly for some
Ly € A. Hence L"NU,, C La(\Uq, € V. Therefore a is a b-sequence of X
at (Lo, xo). Thus (X,.A1,7,p) is a first countable family. One can easily prove
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(X, A1,7,p) is an A-family provided (X, A4, ~,p) is an A-family, in a similar way.
[

Corollary 2.23. Let (X, A,v,p) be an A-family. Then (7=1(x),p) is a
complete metric space for every x € X.

Proof. Let Ay = {HNL : L € A, H C X} and x € X. Then
{z} € A;. Take an s-sequence a = {a,, € A, : n € N} such that z € U,,
for every n € N. Clearly, {z} = N{{z}NUa, : » € N}. From Property 2.20
follows that (7=1(x), p) is a complete metric space. [

Property 2.24.  Let (X, A,v,p) be a complete A-family and Ay =
{HNL:Le€ A, Hisa closed subset of X}. Then (X, As,~,p) is a complete
A-family, too.

Proof. That (X,.As,~, p) satisfies Condition 2.4 can be seen in a similar
way as in the proof of the previous property. To prove that Condition 2.6 holds
for (X, A2,7,p), take L € Ay and an s-sequence a = {«a, : n € N} such that
LN U,, # 0 for every n € N. Then L = Lo H for some Ly € A and a closed
subset H of X. Take x € (\{Lo( U, : n € N} # (. Then a is a b-sequence of
X at (Lo, z). Assume that N{H N LoNUa, : n € N} = (. Thus X \ H is an
open subset of X containing x. There exist m € N and an open subset W of X
such that x € W and L' U, € X \ H provided L' \W # () and L' € A. Thus
Ly Ua,, € X \ H. Therefore L(\U,,, = 0 which is a contradiction. Hence

M{LNUsg, :n €N} #0. ]

3. Examples

Example 3.1. Let X be a first countable Tj-space and A = {L C X}.
Then there exists an wA-sieve (v,p) = {vn ={Us : @ € Ay}, pn: Aps1 — Ap
n € N} of X such that (X,A,v,p) is a first countable family.

Proof. Take as 73 = {Uy : @ € A;} an arbitrary base of X. Put
Ap = {(ar,a2,...;an) € AT : Us,, S Uap; € . CUx } M = {Utar,00,000) =
Ug, : (a1,q9,...,a0) € Ap} and pp((q, g, ...,y any1)) = (g, g, ..., ) for
every (a1,a9,...,an4+1) € Apy1 and every n € N. Clearly, (v, p) = {7y = {Ua :
a € Ant, pnAps1 — Ay in € N} is an wA-sieve of X. Let Ly € A, xg € Ly,
m € N and zy € U, = U,,, for some a = (a1,a9,...,a,) € Ay. There
exists a countable subset {Ug, : i € N} of v; which is a base of X at zy. Put
am41 = B, for some j; € N such that Ugjl C Ua,, NUg,. Next put a2 = 5,
for some jo € N such that Ug, C Uq,,,, N Ug,. And so on an s-sequence
a = {a, = (a1,a2,...,a,) : n € N} can be constructed. Moreover, a is a
b-sequence of X at (Lo, zg) such that a = a,, = (a1, o, ..., ). [
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Example 3.2. Let (X;, A;,7%,p'),i = 1, 2 be first countable families
where (v1,p') = {7} ={Us:a € AL}, pl : AL, — Al :n € N} and (4%, p?) =
{(V2={Vz:8€ A2}, p2: A2, - A2:ne N} If X = X1xXy, A={LixLy:
Lie A, i=1, 2}and(% p):{’Yn:{UaXVﬁ: UaGVTIm VﬂGV%}v Pn -
ALy X 42,4 — AL x A2 = A, where pu((0, B)) = (ph(a), P2(B)) : n € N},

Then (X, .A,~,p) is a first countable family. [
Example 3.3. Finite product of first countable families is a first
countable family. |

Example 3.4. Let (X;,A;,77,p7), j € N be first countable families,
X =T{X; :jeNyand A= {[[{L; : j € N} : L; € A;, j € N}. Then
(X, A,~,p) is a first countable family for some wA-sieve (v,p) of X.

Proof. Let (v/,p/) = {74 = {Ul : a € AL}, pi,: Al | — Al :n € N}

be an wA-sieve of X;, j € N. Put A, = {(a}, ..., o) : o) € A}, j €
1, 2, .un}, v = {Us = H{Uij cjel, 2, n}x[{X;:7>n}:a=
(g, ..., al') € An} and py : Ay — A, such that if = (8L, ..., Zill)

Il m

ATH—l then pn(ﬁ) = (p711( T1L+1)7 0y pZ( ngl)) S An for n € N. Then (va)
{v ={Us : @ € Ap}, D : Aps1 — Ap i n € N} is an wA-sieve of X. To
prove that (X,A,~,p) is a first countable family take L = [[{L; : j € N} €
A, z={z;:jEN} €L, meN,U, where a = (al,, ..., o) € A, and z €

U, = H{Uiin 1j €1, 2, ..um} x[I{X; : j > m}. Choose o, € A}, such that
xj € Uiin for every j > m. There exists a b-sequence a; = {a) € AJ :n € N}

of X; at (Lj, z;) for every j € N. Put ay = (al, ..., of) for every k € N.
Obviously a = {ay € Ay : k € N} is a b-sequence of X at (L, x). [

Example 3.5. Let (X, A,~,p) be a first countable family where
(v,p) = {m ={Us : a € Ay},pn : Any1 — A, :n € N} and Y be a
topological space. Let Z = X xY and A* = {Lx{y}: L€ A y e Y}
Then (Z, A*,v*,p) is a first countable family for the wA-sieve (v*,p) = {7} =
{Ua xY : a€Ap},pn i Ang1 — Ap :n e N} of Z. m

4. Applications

Theorem 4.1. Let 0:Y — 2% be an l.s.c. mapping, Y be a paracom-
pact space, A ={6(y) : y € Y}, the wA-sieve (v,p) of X be such that (X, A,~,p)
is an A-family and Yo = {y € Y : 0(y) is not complete relatively to the wA-sieve
(v,p)} be a o-discrete subset of Y (i.e. a countable union of discrete (in'Y')
subsets of Y ). Then there exist a u.s.c. compact-valued mapping 1 : Y — 2%
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and an l.s.c. compact-valued mapping ¢ : Y — 2% such that p(y) C ¥(y) C 6(y)
for every y € Y. Moreover, if L CY and dimL < n then there ezists a u.s.c.
mapping ¢ : L — 2% such that 1 (y) C 0(y) and | ¥(y) |< n+1 for everyy € L.

Proof. There exist a mertizable family (Z, A’, p) and an open continuous
mapping g : Z — X such that A’ = {g7!(L) : L € A}. For every y € Y'\Yj the
metric space (97(0(y)), p) is complete. By virtue of Theorem 2 from [1] there
exist an Ls.c mapping ¢; : ¥ — 2Zand a w.s.c. mapping 1 : ¥ — 27 such
that ¢1(y) € ¥1(y) C g~ 1(0(y)) for every y € Y and the sets o1(y) and 91 (y)
are compact for every y € Y. Obviously the mappings ¢(y) = g(¢1(y)) and
¥(y) = g(11(y)) are the required ones. [

Corollary 4.2. Let (X, A,v,p) be a complete A-family of subsets of
a space X, 0:Y — 2% be an l.s.c. mapping, Y be paracompact and O(y) € A
for every y € Y. Then there exist a u.s.c. mapping 1 : Y — 2% and an lLs.c.
mapping ¢ : Y — 2% such that p(y) C ¥(y) C 0(y) for every y € Y. Moreover,
if dimY =0, then the mapping ¢ is single-valued. |

Corollary 4.3. Let (X, .A,~,p) be a first countable family of subsets of a
space X, 0 :Y — 2% be an Ls.c. mapping, Y be a o—discrete, paracompact space
and 0(y) € A for every y € Y . Then there exists a single valued continuous
mapping f 1Y — X such that f(y) € 0(y) for everyy € Y. [

5. Inverse theorems

Theorem 5.1. Let X andY be topological spaces, f : Y — X be an open
continuous mapping onto X, A be a family of subsets of X and A" = {f~1(L) :
L € A} be such that (Y, A', p) is a metrizable family for some continuous
pseudometric p on' Y. Then if L is a Ti-space for every L € A, there exists an
wA-sieve (v, p) for which (X, A,~,p) is a first countable family .

Proof. Put u1 = {O,(y, 35) 1y € Y, k € N} = {Uy : a € A}
Then p; is an open cover of Y. Put A, = {(a1,00,...,a) € A} : U,, C
UOln—l c ... c Ual}’ Tn = {U(al,az,...,an) = Uy, : (a17a27"'7an) € ATL} and
pr((a1, a0, .., an,any1)) = (a1, g, ..., ) for every (aq,ag,...,0n41) € Antl
and for every n € N. Clearly, (1, p) = {ptn = {Ua : @ € Ap}, pn @ Any1 —
Ap i n € N} is an wA-sieve of Y. Next, put v, = {f(U,) : @« € A,}. Thus
~n is an open cover of X for every n € N (f is an open mapping). Clearly,
(v, p) ={m ={fUs) : @« € Ap}, pn: Any1 — A, :n € N} is an wA-sieve of
X. Let Ly € A, x9 € Lo and zg € f(U,) for some o = (a1, a2, ...,q0) € Ap,
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and m € N. Thus U, = U,,, = O,(y1, 2%) for some y; € Y and k € N. There
exists yo € U, such that f(yo) = zo. Hence yo € f~1(Lg) € A

Take | > k, | > m, | € N such that Ug = O,(y0, 97) € Op(y1, 3r)
(B € Ay). For every i € N there exists a1 € Ay such that U, ., =
O,(yo, #) Therefore a = {a, = (a1, @2, ...,a,) : n € N} where a,,+1 = 3 is
an s-sequence. Obviously o = a,,. To prove the Theorem it is sufficient to show
that a is a b-sequence of X at (Lo, x¢). Take z1 € ({Lo f(Uq,) : n € N}.
There exists 3, € Uy, such that f(y,) = x1 for every n € N. Thus y,, € f~(Lo)
and p(yn, yo) < 271%7 for j = l—m—1 and every n > m. Let V be an open subset
of Y such that yg € V. There exist € > 0 and an open subset W of Y such that
yo € W and O,(yo,e) N f L) C V provided f~H(L)NW # 0, L € A. Thus
for every open subset V of Y such that yy € V there exists ny € N such that
Yn,, € 71 (z1) N V. Therefore yo € le—l(LO)fil(xl) = f~Y(x1). Thus 29 = 21
and the Condition BS1 for a b-sequence holds.

Take an open subset U of X such that zg € U. Then f~1(U) is an
open subset of Y and yo € f~1(U)N f~'(Lo). There exist ¢ > 0 and W an
open subset of Y such that yo € W and O,(yo,e) ) f~*(L) C f~1(U) provided
fTHL)NW #0, L € A Put W' = f(W). Then W' is an open subset of X
and zg € W'. Take an » € N such that 2% < e. There exists s € N such that
527 < o and U, = O,(yo, 5o7)- If L € A'is such that LN f(W) # 0

or AUm+t1+s

then O (yo, 7)™ (L) € f71(U). Thus f(Usy,,., ) NL CU. .

Remark 5.2. Theorem 5.1 combined with Theorem 2.19 and Proposi-
tion 1.5 gives another proof of the statement in Example 3.4.

Theorem 5.3. Let X andY be topological spaces, f : Y — X be an open
continuous mapping onto X, A be a family of subsets of X and A" = {f~1(L) :
L € A} be such that there exists a continuous pseudometric p on'Y for which
(Y, A, p) is a metrizable family. Then if (f~1(z),p) is a complete metric space
for every x € X and every L € A is a T1-subspace of X there exists an wA-sieve
(v, p) for which (X, A,~,p) is an A-family.

Proof. Put puy = {O,(y, 2%) cyeY, ke N} ={U,:ac€ A}
Then p; is an open cover of Y. Put A, = {(a1,00,...,a) € A} : U,, C
Uspy € oo € Usy, diamUq, < 55, i = 1,..0}, Y = {Uar,a0,...0n) = Uay :
(a1, @9y .ccyap) € Ap} and pp((01, @, ...y Anyapt1)) = (a1, o, ..., o) for every
(1,09, ...;ap41) € Apy1 and for every n € N. Clearly, (i, p) = {n = {Ua,, :
a=(a1,q9,...,apn) € Ap}, D Apy1 — Ap in € N} is an wA-sieve of Y.

Put v, = {f(Uy,) : @ = (a1, 9, ...,c) € A, }. Thus 7, is an open cover
of X for every n € N. Clearly, (v, p) = {Yn, Pn : Ant1 — A, :n € N} is an
wA-sieve of X.
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To prove that (X, .A,~,p) is an A-family take Ly € A, z¢p € Ly and an s-
sequence a = {a, = (a1, 9, ...,ap) : n € N} such that zg € N{f(U,,,) : n € N}.
Let 2’ € N{LoN f(Uy,) : n € N}. Since f~!(xg) and f~1(2’) are complete with
vespect to p, £~ (z0) Ty’ : n € N}) £ 0 and f~1(@") (T, : 1 €
N}) # 0. Therefore there exist yo € f~(zo) C f~1(Lo) and v € f~1(a') C
f~1(Lo) such that p(yo,y’) < 2% for every n € N. Hence p(yo,y’) = 0. Now
MF1 for (Y, A’, p) implies that yg = y'. Therefore zy = 2’ which shows that
BS1 holds for the s-sequence a.

Take an open subset U of X such that zg € U. It can be shown, as
in the proof of the previous theorem, that O,(yo, %)ﬂf‘l(L) C f7L1(U) for
some [ € N, some open W C Y neighborhood of yg and every L € A with
STHL)NW #£ 0. For every n € N, Ua, = O,(yp;, +7) for some yj; € Y and
in, € N. There exists » € N such that ﬁ < 21% Then U,, € O,(yo, %)
Thus r and f(W) are the required from BS2 ones and a is an s-sequence. [

Theorem 5.4. Let X and Y be topological spaces, f : Y — X be
an open continuous mapping onto X, A be a family of subsets of X and A" =
{f~1(L) : L € A} be such that there exists a continuous pseudometric p on Y
for which (Y, A, p) is a metrizable family. Then if (f~*(L),p) is a complete
metric space for every L € A, (f~(x),p) is a complete metric space for every
x € X and every L € A is a Ti-subspace of X there exists an wA-sieve (7, p)
for which (X, A,v,p) is a complete A-family.

Proof. To check if Condition 2.6 holds for the wA-sieve (vy,p) con-
structed in the proof of the previous theorem take L € A and an s-sequence
a = {a, : n € N} such that LN f(Uy,,) # 0 for every n € N. There exists

ze UL NNTa,” : n e NY) = fHL) (N {Ua, : 1€ NY). =
Corollary 5.5.  Ewvery (complete) metrizable family is a (complete)
A-family. |

Corollary 5.6. Let (Xj, Aj,~,p?), j € N be A-families, X = [[{X; :
jE€N} and A={[[{L; : j € N} : L; € A;j for every j € N}. Then there exists
an wA-sieve (v, p) of X such that

1) (X, A, v, p) is an A-family;

2) The family (X, A, ~, p) is complete if and only if the families
(X;,A;,77,p7), j €N are complete. n

6. On a theorem of V. I. Ponomarev

In [10] V. I. Ponomarev has proved the following theorem:
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Theorem 6.1. For a T1-space X the following are equivalent:
1) X is a first countable space.
2) X is an open continuous image of a metric space.

Proof. Let X be a first countable space. Then A = {X} is a first
countable family. From Theorem 2.19 if follows that there exist a space Z, a
continuous pseudometric p on Z and an open continuous mapping 7 : Z — X
onto X such that A’ = {#=(L) : L € A} is a metrizable family. Thus (Z,{Z}, p)
is a metrizable family and (Z, p) is a metric space. Implication 1 — 2 is proved.

Implication 2 — 1 follows from Theorem 5.1 and Remark 2.13. ]

Corollary 6.2. Let6:Y — 2% be an l.s.c. mapping of a o—discrete
paracompact space into a first countable T1-space. Then there exists a continuous
single valued mapping f :Y — X such that f(x) € 0(x) for everyy € Y.

Proof. Follows from Corollary 4.3 and Example 3.1. |

7. On a theorem of Worrell and Wicke

A space X is a space with a base of countable order if { X'} is an A-family
of subsets of X (see [11] and [12], or [2] Corollary 6.7).

Theorem 7.1. Let ¢ : Y — X be an open continuous mapping of a
space Y onto a space X, A be a family of Ty-subsets of X, A" = {¢ Y (L): L €
A} and the family of all fibers {p~1(x) : x € X} be a complete A-family of Y
with respect to an wA-sieve (v,p). If A" is an A-family with respect to (v, p),
then A is an A-family for some wA-sieve, too.

Proof. Follows from Theorem 2.19, Corollary 2.23 and Theorem 5.3. m
For the family A = {X} we obtain:

Corollary 7.2. (Worrell-Wicke). A Ty-space X is a space with a base
of countable order if and only if X is a complete (i.e. all fibers are complete)
open continuous image of some metric space. ]

8. On one theorem of Isbell and one of Junnila

In [6] J. R. Isbell has proved that every space is an open quotient of a
paracompact space in which, for every family of open sets, there is a disjoint
family of open subsets having the same union. In [7] H. J. K. Junnila has
proved that every (first countable) space is an open continuous image of some
(metrizable) o—discrete paracompact space.



Open Images of Metrizable Families 419

Theorem 8.1. Let (X, A,~,p) be a first countable family of subsets of
a Th-space X. Then there exist a o—discrete paracompact space Z and an open
continuous mapping ¢ : Z — X onto X such that A’ = {¢~'(L): L € A} is a
metrizable family of Z for some continuous metric p on Z.

Proof. There exists a space Y, and a continuous pseudometric p; on
Y and an open continuous mapping ¢; from Y onto X such that (Y, A", p1),
where A” = {71 (L) : L € A} is a metrizable family.

Let YV be a space with the metric d((y1,y2,...), (¥}, 95...)) = S.{27" :
n € N such that vy, # v, }.

Put n((y1,y2,...)) = min{m : y,, = Ymsx for every k € N}, Z =
{(y1,92,-) € YN i n((y1,y2,...)) < oo} and @a((y1, Y2, ...)) = Yn, Where ng =
n((y1,y2,...)). Let ©(2) = p1(p2(z)) for all z € Z and p(z,2') = d(z,7') +
p1(pa(2), 02(2')). On Z consider the topology generated by the basis {@5 ' (U)N
O : U isopen in Y and O is open in (Z, p)}.

If A = {p (L) : L e A} = {p;'(L) : L € A"}, then (Z,A',p) is a
metrizable family of Z. By construction, p is a continuous metric. ]
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