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Series in Generalized Bessel-Maitland Functions:
Some Convergence Theorems in the Complex Plane
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The classical Cauchy-Hadamard, Abel and Tauber theorems give some important prop-
erties about the convergence of the power series in complex plane. In this paper we prove same
type theorems for series in the generalized Bessel-Maitland (Wright) functions. Special cases
of them are related to the Bessel, Bessel-Maitland, Lommel and Struve functions.
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1. Introduction

The classical Cauchy-Hadamard, Abel and Tauber theorems give some

o0

important properties about the convergence of the power series > a,z" in the
n=0

complex plane.

In general, by the classical Abel theorem, from the convergence of the

power series f(z) = Z apz™ at a point zq it follows the existence of the limit

lim f(z) = f(20) when z belongs to a suitable angle domain with a vertex at a
Z—20

point zy5. The example with the geometrical series F =1—z2+4+22—-23+...
at the point zg = 1 (Tchakalov [13], p.92) shows that the inverse proposition
is not true in general. That is, the existence of this limit does not imply the
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[e.°]

convergence of the series ) ayzj without additional conditions on the growth
n=0

of the coeflicients.

The corresponding result is given by the following classical theorem.

Theorem (Tauber). If the coefficients of the power series f(z) =

[e.°]
> anz™ satisfy the condition lim na, = 0 and if lim1 f(z) =S (z — 1 radi-
=0 n—00 z—

o0
ally), then the series Y ay, is convergent and Y a, = S.
n=0

It turns out that the Abel theorem fails even for series of the kind

o0

> ap, 2", where (ni,ng,...,ng,...) is a suitable permutation of the nonneg-
k=1

ative integers (Tchakalov [13], p.92). Therefore, it is interesting to know if for

series in a given sequence of holomorphic functions a statement like the Abel
theorem is available. A positive answer to this question is given for series in
Laguerre and Hermite polynomials in Rusev [11], §11.3; Rusev [12], Ch.4, §4;
and Boyadjiev [1], and resp. for series in Bessel and Bessel-Maitland functions
- in Paneva-Konovska [6], [7], [8].

Let J'\(z) be the generalized Bessel-Maitland (or Wright) function,
introduced by Pathak [10] (for details see Kiryakova [3], p.353; Marichev [4],
eq.(8.2)):

EPRMITIR (=D)*(z/2)*
(1) Toa2) = (=/2) +2A]§F(A+k+1)r(u+ku+>\+ 1)’

z€C\ (—00,0], pu>0, v,AeC.

In this paper we consider series of the form:
o
(2) Z aan;_Q/\A(z), z€C, pu>0, AeC
n=0

with complex coefficients a,, (n=0, 1, 2, ...) and prove for them some theorems,
corresponding to the classical Cauchy-Hadamard, Abel and Tauber theorems.

In particular, these results lead to corresponding convergence theorems
for series in some special functions of mathematical physics, like Bessel, Bessel-
Maitland, Lommel and Struve functions.
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2. A Cauchy-Hadamard Type Theorem

The following asymptotic formula with respect to the index holds for the
generalized Bessel-Maitland functions (1):

(8) ()= F(A+1()Zr/(21iiA+1) (140" 5 \(2), 2€C, p>0,\€C,

05_2/\7)\(,2) —0 as n—o00 (née€N).
The detailed proof of (3) is given in Paneva-Konovska [9].

Theorem 1 (Cauchy-Hadamard type) . The domain of convergence
of the series (2) is the circle domain |z| < R with a radius of convergence

(4) R =1/A, A =27 imsup(|a,|[T(A + DT(n — A + 1)~ H/

n—oo

The cases A =0 and A = oo are included in the common case, if 1/A is meant
as oo, respectively as 0.

Proof. Let us denote

un(2) = andf_p A(2), ba =27 (|an] DO+ DT (n = A+ 1) 7)™,

n

Using the asymptotic formula (3), we get

) (/2" ’

The proof goes separately in the three cases:
1. A=0. Then lim b, = limsupb, = 0. Let us fix z # 0. Obviously,
n—oo

n—~o0

there exists a number Nj such that for every n > Ny: [14 64 5, | (2)] < 2 and
2b, < 1/|z| which is equivalent to |u,(2)| = b2|z|"[1 + 0" _,, ,(2)] < 2'7™. The
absolute convergence of (2) follows immediately from this inequality.
2. 0 < A < oo. First, let z be inside the domain |z|] < R (z € C),
ie |z]/R < 1. Then limsup |z|b, < 1. Therefore, it exists a number ¢ < 1
n—oo
such that limsup |z|b, < ¢, whence |z|"b]! < ¢". By using the asymptotic

n—oo
formula (3) for the common member u,(z) of the series (2), we obtain |u,(z)| =
b2 1+ 0 oy 2 (2)] < ¢"[1 + 0 5y \(2)]. Since JL%9ﬁ72A7A(z) = 0 there

exists Np: such that for every n > Ny it holds |1 + ), ,, y(2)| < 2 and hence
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[e.e]

lun(2)] < 2¢™. Because the series >, 2¢" is convergent, the series (2) is also
n=0

convergent, even absolutely.

Now, let z lie outside this domain. Then |z|/R > 1 and limsup |z|b, > 1.
n—oo

Therefore there exists infinite number of values ny of n: [2["*bj* > 1. Since
lim 0} ,, \(z) = 0, there exists N3 so that for ny > N3; [1+0, o, \(2)] > 1/2,

n—oo
ie. |up,(2)] > 1/2 for infinite number of values of n. The necessary condition

for convergence is not satisfied. Therefore the series (2) is divergent.

3. A =o0. Let z € C\{0}. Then b,, > 1/|z| for inﬁnite number of values
ng of n. But, from here |uy, (2)] = [2[™ bpF [1 + an aaa(2)] > 1/2 and the
necessary condition for the convergence of the series (2) is not satisfied, whence
we conclude that the series (2) is divergent for every z # 0. [

3. An Abel Type Theorem

Let zp € C, 0 < R < 00, |29| = R and g, be an arbitrary angle domain
with size 2¢ < 7 and with vertex at the point z = 2y, which is symmetric in the
straight line defined by the points 0 and zy. The following theorem is valid.

Theorem 2 (Abel type) . Let {a,}32, be a sequence of complex
numbers, A be a real number defined by (4), 0 < A < co. Let K be the circle
domain |z| < 1/A. If f(2) is the sum of the series (2) on the domain K and
this series is convergent at the point zy of the boundary of K, then ZILIEO f(z) =

[e.°]
2 and)) oy \(20), when [2| < R and z € gy, i.e.

n=0
(5) Jim f(2) Z and} g\ (20), 2 € gy
Proof. Let us consider the difference
xD
(6) Z anJy,_ aa(20) Zan n—oa(20) — Th_ox(2))
n=0

and represent it in the form

k
Z):Zan(Jﬁ—zx,,\(ZO) _Jn 2A,\ )+ Z an(J, n 2\, A(20) — JS—Q,\,A(Z))-
=0 n=k+1

Let p > 0. By using the notations
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m

6777, = Z a’nJTl;_Q)\?)\(ZO)v m > k7 ﬂk = 07
n=k+1

Tn(2) =1— JS—QA,)\(Z)/JTI;—QA,)\(ZO)v

and the Abel transformation (see in Markushevich [5]), we obtain consequently:

k+p k+p
Y an(Ihgan(z0) = I gun(2) = D (Bn = Br-1)7a(2)
n=k+1 n=k+1
k+p—1
= ﬁk+p7k+p(z) - Z Brn(Ynt1(2) — (2)),
n=k+1
i.e.
k+p
Y an(Jy g5 (20) = Jh_oy 1 (2))
n=k+1
k+p
= (1= It/ Tpeaan(20)) D andl_oy 1 (20)
n=k+1
_kg:l( zn: aJH (20))( JfLQ,\,A(Z)) B J#+172,\,>\(Z)) .
n=k+1 s=k+1 STEAA Jﬁfz,\,,\(ZO)) J#+172/\,,\(Zo))

From the asymptotic formula (3) it follows that there exists a natural number
M such that J!' ,, \(z0) # 0 when n > M. Let k > M. Then, for every natural
n > k:

(7) ‘]572/\,)\('2)/‘]#72/\,)\('20) - Jﬁ+172>\,,\(2)/<]ﬁ+172>\,,\(ZO) = (2/20)" %

(140) oy A(2)D)A+0 1 oy 2 (20)) = (2/20) (140, 1 oy 1(2))(1+0] 5y \(20))
(140), o3 2(20)) (1407155 1 (20))

For the right hand side of (7) we apply the Schwartz lemma. Then we get that
there exists a constant C, so that:

‘JTI;_Q,\,)\(Z)/Jﬁ—%,A(ZO) - Jﬁ+1—2)\,,\(z)/JS+1_2A,)\(ZO)‘ < Clz — 2|2/ 20[™

Analogously, there exists a constant B:

11— J/ib-i-p—Q)\,)\(z)/Jlﬁii—p—Q)\,)\(ZO)‘ < Blz — 29| < 2B|z].
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Let € be an arbitrary positive number and choose N (¢) so large that for £ > N(¢)
the inequality

n

| > asdl 5y 5 (20)] < min(e cos p/(12B]z), e cos ¢/ (6C|z]))
s=k+1

holds for every natural n > k. Therefore, for k& > max(M, N(¢)):

oo
|3 g g (20)] < min(e cos ¢/ (12B]z0]), 2 cos o/ (6C]20]),
s=k+1

and
o0

\ Z an(Jﬁ—m,,\(ZO) - JS—QA,)\(Z))’
n=k+1

oo
< (ecos/6)(1+ Y 207" |2 — 20lz/20[")
n=k+1

< (ecos /6)(1 + |z — 2o/ (|20] — |2))-

But near the vertex of the angle domain g, in the part d, closed between the
angle’s arms and the arc of the circle with center at the point 0 and touching
the arms of the angle, we have |z — z9|/(|z0] — |2]|) < 2/ cos g, i.e. |z —zp|cosp <
2(]z0| — |z]). That is why the inequality

o0

(8) | Y an(J oy a(20) — Th oan(2))] < (ecosp)/6+¢/3 <e/2
n=k+1

holds for z € d, and k > max(M, N(e)). Fix some k > max(M, N(¢)) and after
that choose 0(g) such that if |z — zp| < (¢) then the inequality

k

(9) 1> an(J)_oxn(20) = Iy _oxa(2))] < /2
n=0

holds inside d,. We get

|A(2)] = | Z an(JS—Q,\,A(ZO) - JTI;—QA,)\(Z))’
n=0

for the module of the difference (6). From (8) and (9) it follows that the equality
(5) is satisfied. ]
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4. A Tauber Type Theorem

o
Let us consider the series > a,, a, € C and
n=0

20€C, |2/=R, 0<R<oo, J', y(20)#0 forn=0,1,2,
In the rest of this section, we denote
Jﬁ—m,,\(z)

J;,)\,M(Z; ZO) = g (ZO) :
n—2\\

Let the series Z andy 1,.(7: 20) be convergent for [2| < R and
oo
= Z andp\u(220), 2| < R.

Theorem 3 (Tauber type) . If {a,}5%, is a sequence of complex
numbers with

(10) lim{na,} =0,
and there exists

lim F(z) =S (|]z| <R, z — 2 radially),

z—20

[e.°]
then the series Y. a, is convergent and

n=0 00
Z ap, = S.
n=0

Proof. For a point z of the segment [0, zp] we have

k 00

Z an — Z an — Z: an‘];:,k,u(z; ZO)
_Z Jn_axa(20) 2A,\(ZO i“ o (2)

Jh 22,0 (20) n—0 Ihox )\(ZO)

o0

2 J z
Z n 2)\)\( O) n_2>‘7)‘( )— Z anJ:W\,u(Z;ZO)a

= Jn 2, A (20) e
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and therefore,

k

k
(11) 1D an—F(2)[ <) |an]
n=0

n=0

Jng,\,A(ZO) - Jﬁsz,,\(z)
Jﬁ—m,,\(ZO)

+ Z \an\‘ )\Mzzo‘
n=k+1
By using the asymptotic formula (3) for the generalized Bessel-Maitland func-
tions, we obtain:

Th_oxn(2) ( 2 )” 140, o5 1(2) ( z
———=a, | — | ——— = ay,

" — 146, u(2:20))
‘]572,\,)\(20) z0/ 1+ 9;‘72/\7)\(20) Zo) ( Al 0))

Let € be an arbitrary positive number. We choose a number N7 so large
that the inequalities |1 + 519,,\7M(z;zo)| < 2,|kag| < g hold as k > Nyi. If k> Ny
and z is on the segment [0, 29|, then for the second summand in (11) the following
estimate is valid:

[e) . [e) P _
(12) S lanl [Foauziz0)| = 20 lanl || L+ Burzs20)
n=k+1 n=k+1
k+1 oo Py n—k—1 n
<2|—= Z |an| | — <2 Z ‘aTLJrkJrl‘
0 n=k+1 “ n=0
22|n+k+1an+k+1| i e/6 | =z]|"
B n+k+1 20 —n+k+1
L2 1 el Al
k61—|z/20] 3k |20z
Now let us consider the first summand in (11). We have:

n 2) )\(ZO) Jﬁ—m,,\(z)
JS—QA,)\(ZO)

Zlnl

_Z| ol I 2A,\(ZO) Jf; 2>\)\ ‘+ Z | I 2A,\(ZO) JZL—Q,\,A(Z)
JS—QA,)\(ZO) JS—QA,)\(ZO)

According to Schwarz’s lemma, there exists a constant C' such that

Jﬁfz,\,,\(ZO) - ‘]572/\,)\(2)
‘]572/\,)\(20)

n=m+1

< Clz — 2.
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Moreover, there exists a number Ny such that the following inequality

m
> lan|

<Oz — 2| b =2
< Clz— 2| ’

‘]572/\,)\('20) - Jf;fz)\,,\(z)

Jﬁ—m,,\(ZO)

(13) Z ‘an’
n=0

€ | 'k €
—— = |z — 2zl k —.
3RC " 3R
holds as k > Ny. It remains to estimate the sum

<C|Z—Zo|]€

zk: lan| JS—QA,)\(ZO) - Jﬁ—m,,\(z)
n
n=m+1 Jﬁ—»\,,\(zo)

To this end, using asymptotic formula (3) for (1), we find consequently:

Jﬁfz,\,,\(ZO) - J#ﬂ,\,x(z) _ (20)" (1 + 9;‘72/\,)\('20)) —2"(1+ 9572,\)\(2))
‘]572/\,)\('20) 25 (1 + 9;‘72/\,)\('20))

=1- ('z >n M —1_ < Z >n [1 n 05—2,\,)\(Z) - 95—2x\,>\(30)]

20
=1- < : >n B < : >n Or_ax 2 (2) = 059y 5 (20)

20

20 1+6;, 55 \(20)
Therefore,
(14) Jﬁ—m,,\(ZO) - JS—QA,)\(Z)
JS—QA,)\(ZO)

" 9572,\)\(2) - 9572,\)\(20)

1+ 9572)\7/\(20)

z

n
<p- () ]+
20
We obtain the following inequalities
z\" z 2\ 2 z\" !
b2l ) e ()
20 20 20 <0

for the first summand of (14). According to Schwarz’s lemma, there exists a
constant p such that

20

z
:'1__
20

9572,\)\(’5) - 9572,\,)\(270)
146}, 25 1(20)

1 as |z — 20| < p.
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Then, for such |z|, we obtain for the second summand of (14):

z " 05—2/\,)\(75) _05_2,\,)\(20) z|" 1z — 2|
ol <= — 2l
20 1+0; 9y A(20) 20
From (10) it follows that i
> nlay Z |ay|
lim a, =0, lim ==L =0, lim 2=L— =0.
n—00 k—o00 k k—o00
Then a number N3 exists such that
k k
Zﬂn\an\ € ZH ]an] €
n=m n=m
< d < k > Njs.
k 31+Rr k 31+R) 3
Therefore,
k J“ (Z ) _ JH (Z) k
—22,2\<0 —2X,) Z
(15) S anl |2 o n2, < 3 nfad) - =
n=m-+1 nfz)\,,\(ZO) ne—ma1 Z
k k
|Z—Z | _Z 1n|a’n| _Z 1|a’n|
+ Z |an| ‘ |z — 20| < k RO n_m+k “l‘k’Z_ZO’%
n=m+1
1+R €
<klz— =k|z

Finally, let us note that

n 2)\, ,\(ZO) J#ﬂ,\,x(z)

— F(z
‘]572/\,)\('20)

<Z\n\

+Z|nl

n=m+1

I 2A,\(ZO) Jn 2>\)\ ‘
+ la |‘ (23 20 ‘ .
JZL—Q,\,A(ZO) nzk:Jrl " ”

Let N = max(Ny, No, N3),k > N and |z—z2y| < p. Then by using (12),(13),(15),

we can conclude that

k
Z a, — F(z)
n=0

<|z— 20|k ==

+klz—2z |i
3R Uy
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R O % Tzl = 2]

k
This proves that lim Y a, exists and equals klim F (zo(l — %)), ie.
— 00

k—00n=0
i ap, = lim F <zo(1 - l)) =5
70 k—o0 k

Thus the theorem is proved. |

5. Special Cases

A. Let A =0, then special function (1) turns into the generalization of
the Bessel function J,(z), introduced by E.M. (Maitland) Wright [14], and called
Wright function or misnamed in the literature also as Bessel-Maitland function:

- (=2)"
16 JH(z) = -1
for details, see Marichev [4], p.109; Kiryakova [3], p.336.
Namely,
(17) Tho(z) = (2/2)" T (2°/4),

therefore our results, for A = 0, yield the corresponding theorems in Paneva-
Konovska [8]. Additionally, if y = 1, then J}((2) = J,(z) and we get the the-
orems for convergence of series in Bessel functions, see Paneva-Konovska [6],

7].

B. Let p =1 in (1), then (see Marichev [4], p.109; Kiryakova [3], p.336):

1 22—2)\—1/
Jl/,)\(z) = m 52)\+1/—1,V(Z)’
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where s4,,,(2), a, v € C denotes the Lommel function (Erdélyi et al. [2], Vol. 2,
p.50, (69)):

(19)  sau(z) =

zotl 1_04—1/—1—3_04—1—1/—1—3' 22
2 ) 92 9 92 ) 4 .

(a—u+1)(a+u+1)1F 4

For v =n+ 1 — 2, relation (18) becomes

21—n

J71L+172>\,,\(2) = TV (n+1- N 3n,n+172)\(z)7

and Theorems 1, 2, 3 provide, as special cases, results on the convergence of
series in Lommel functions (a, := ¢pan,):

[oe) xD
(20) D andpii-oaan(2) = Y ansnns1-2x(2).
n=0 n=0

Additionally, let us take A = 1/2, then we obtain the Struve functions
(see Erdélyi et al. [2], Vol. 2, p.51, (84)):

21—V

(21) H,(z) = m Sy(2)

and our results turn into Cauchy-Hadamard, Abel and Tauber type theorems
for series in Struve functions (@, := c,a) = dpay):

(22) Z 'dnJé’l/Q(z) = Z ansnn(z) = Z anHy(2).
n=0 n=0 n=0
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