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We consider P-Sasakian manifolds satisfying the conditions R- P = 0, P- R = 0,
C-P=0,P-C=0and R-L =0, where R is the Riemannian curvature tensor, P is the Weyl
projective curvature tensor, C' is the Weyl conformal curvature tensor and L is the contact

Ricci tensor.
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1. Introduction

In [4], T. Adati and K. Matsumoto introduced the notion of para-Sasakian
manifold or briefly P-Sasakian manifold which are considered as special cases
of an almost para-contact manifold (see [11]).

A Riemannian manifold (M, g) is called locally symmetric if its curvature
tensor R is parallel, i.e., VR = 0. As a proper generalization of locally symmetric
manifolds, the notion of semisymmetric manifolds was defined by R(X,Y)-R =
0, where R(X,Y") is considered as a derivation of tensor algebra at each point
of the manifold. A complete intrinsic classification of these manifolds was given
by Z.I.Szabo in [13]. In [7], U. C. De and D. Tarafdar studied semisymmetric
P-Sasakian manifolds, that is P-Sasakian manifolds satisfying the condition
R(X,Y)-R =0. In [6], U. C. De and N. Guha studied Weyl semisymmetric
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P-Sasakian manifolds, that is P-Sasakian manifolds satisfying the condition
R(X,Y)-C = 0 and they prove that such a manifold is an S P-Sasakian manifold,

where C denotes the Weyl conformal curvature tensor defined by

C(X,Y)Z = R(X,Y)Z — {S(Y,2)X - S(X,2)Y

W g, 20X — (X, 2)QY )} + ot (Y, 2)X — g(X, Z)Y},

and
9(RX,Y) = S5(X,Y),

r is the scalar curvature of M. In [8], U. C. De and J. C. Ghosh studied
contact manifold satisfying the condition R(£,X) - R = 0, where £ belongs to
the k-nullity distribution. In [10], C. 0zgiir studied Weyl pseudosymmetric P-
Sasakian manifolds. In this study we consider a P-Sasakian manifolds satisfying
the condition R(X,Y)- P =0, where P denotes the Weyl projective curvature
tensor (see [15]) defined by

2) P(X,Y)Z = R(X,Y)Z — ﬁ[g(Y, 2)QX — g(X, 2)QY].

Here we take dimension n > 2, because for n = 2, the projective curvature ten-
sor identically vanishes. R(X,Y’)- P = 0 means the manifold is Weyl projective
semi-symmetric manifold.

At first we obtain a necessary and sufficient condition for a P-Sasakian
manifold to beWeyl projective semisymmetric. Next in Section 4 , it is shown
that if a P-Sasakian manifold satisisfies P - R = 0 then the scalar curvature is
constant. In the fifth section we study the conditions P-C'=0and C-P =0 on
a P-Sasakian manifold and we prove that if one of these conditions is satisfied
on a P-Sasakian manifold then the square S? of the Ricci tensor S is the linear
combination of the Ricci tensor S and the metric tensor g. Here the (0,2)-tensor
S? is defined by

S%(X,Y) = S(QX,Y).

Finally we prove that a P-Sasakian manifold satisfies R - L = 0 if and only if

the manifold is an n-Einstein manifold.
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2. P-Sasakian Manifolds

Let M be an n-dimensional contact manifold with contact form 7, i.e.,
n A (dn)™ # 0. It is well known that a contact manifold admits a vector field
¢, called the characteristic vector field, such that n(§) =1 and dn(§, X) = 0 for
every X € x(M). Moreover, M admits a Riemannian metric g and a tensor
field ¢ of type (1,1) such that
$*=T-n®¢ g(X,8=n(X), g(X,¢Y)=dn(X,Y).

We then say that (¢,£,n,9) is a contact metric structure. A contact metric

manifold is said to be a Sasakian if
(Vx9)Y = g(X,Y)E —n(Y)X,
in which case
Vx§=—¢X, R(X,Y){=n(Y)X —n(X)Y.

Now we give a structure similar to Sasakian but not contact.
An n-dimensional differentiable manifold M is said to admit an almost
paracontact Riemannian structure (¢,&, 7, g), where ¢ is a (1,1)-tensor field, &

is a vector field, 7 is a 1-form and g is a Riemannian metric on M such that
(3) ¢ =0, ne =0, 77(5) =1, Q(S’X) :U(X)’

P*X =X —n(X)§, 9(¢X,9Y) = g(X,Y) —n(X)n(Y),
for all vector fields X and Y on M. The equation n(§) = 1 is equivalent to
In| = 1, and then £ is just the metric dual of 7, where g is the Riemannian

metric on M. If (¢,&,n,g) satisfy the following equations:
dn=0, Vx&=0¢X,

(Vx@)Y = —g(X,Y)§ —n(Y)X + 2n(X)n(Y)S,

then M is called a Para-Sasakian manifold or briefly a P-Sasakian manifold.
Especially, a P-Sasakian manifold M is called a special para-Sasakian manifold

or briefly a SP-Sasakian manifold if M admits a 1-form 7 satisfying

(Vxm)(Y) = —g(X,Y) +n(X)n(Y).
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It is known that in a P-Sasakian manifold the following relations hold:

(4) S(X,8) = (1 =n)n(X),

(5) N(R(X,Y)Z) = g(X, Z)n(Y) — g(Y, Z)n(X),

for any vector fields X, Y, Z € x(M), (see [3], [11] and [12]).

A para-Sasakian manifold M is said to be n-FEinstein if
(6) S=alg+b®E,

where S is the Ricci operator and a, b are smooth functions on M [3].

3. P-Sasakian Manifolds satisfying the condition R- P =0

In this section we consider Weyl projective semisymmetric P-Sasakian
manifolds, that is; P-Sasakian manifolds satisfying the condition R - P = 0.

Now

(R(X,Y) - P)(U,V)W = R(X,Y)P(U, V)W — P(R(X,Y)U, V)W

7
() —P(U,R(X,Y)V)W — P(U,V)R(X,Y)W.
Putting X = ¢ in (7) and using R- P = 0 we get

(8) 0 = g(R(EY)PUVIW,.E) —g(P(R(E,Y)U, V)W, E)
—9(P(U, R(&,Y)V)W) — g(P(U,V)R(E,Y)W).

Using (4), (5) and (2) we obtain

(9) n(P(X,Y)Z) =0.

By (3) and (9) we get

(10) g(R(EY)P(UVIW.§) = —g(P(U,V)W,Y).

From (8) and (9) it follows that the left hand side of (10) is zero and consequently
we obtain g(P(U,V)W,Y) = 0 for all U,V,W,Y. Hence P = 0. This leads to

the following theorem:
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Theorem 3.1. A Weyl projective semisymmetric P-Sasakian manifold
s projectively flat.

But it is known that [14], a projectively flat Riemannian manifold is
of constant curvature. Also it can be easily seen that a manifold of constant

curvature is projectively flat. Hence we conclude that the following result:

Theorem 3.2. A P-Sasakian manifold is Weyl projective semisymmet-

ric if and only if the manifold is of constant curvature.

Also it is known that (see [4]) if a P-Sasakian manifold is of constant
curvature then the manifold is an S P-Sasakian manifold.

So we have the following result:

Theorem 3.3. A Weyl projective semisymmetric P-Sasakian manifold

is a manifold of constant curvature and hence an SP-Sasakian manifold.

It is easy to see thatin a projective symmetric Riemannian manifold the
condition R(X,Y) - P = 0 is satisfied trivially.

4. P-Sasakian Manifolds satisfying the condition P- R =10

In this section we investigate P-Sasakian manifolds satisfying the condi-
tion P- R = 0. The condition R- P = 0 does not imply P- R = 0. Then we

have

(P(X,Y)-R)(U,V)W = P(X,Y)R(U,V)W — R(P(X,Y)U, V)W

11
(1) —R(U,P(X,Y)V)W — R(U,V)P(X,Y)W.
Putting X = ¢ in (11), by using P(X,Y) - R = 0, we get

(12) 0 = g(P&Y)R(UVIW,E) — g(R(P(EY)U, V)W, E)

Putting X = ¢, replacing Z by U in (2) and by virtue of (4) and (5) we have

(13)  0(R(PE YU, V)W = n(U) [n(R(Y, VIW) + ——u(RQY, V)W)
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Putting X = ¢, replacing Z by V in (2) and by virtue of (4) and (5) we also

have
(1) (RO PEYIVIW = (V) o RUVIW) + L R0.Q¥)W)|.

Again putting X = &, replacing Z by V in (2) and by virtue of (4) and (5) we

obtain
(15)  0(RW.VIPEYIW) = 0(0¥) [n(RUVIY) + - n(R.VIQY)
Using (9), (13) and (15) it follows from (12) that
0 = WO)RY,VIW) + ——n(RQY, V)W)
(16) (V)R Y )W) + ——n(R(U, QY)W
V) (R V)Y) + ——n(R(U, V)@Y )]
Now putting Y = U in (16) we get
0 = OB VIW) + ——n(RQU, V)W)
a7) (V) (RO, U)W) + (R, QU)W)
(V) (R, VIU) + ——n(R(U,V)QU)]

n—1
So using (4) and (5) we obtain
Ao VIn0) ~ 9. Un(V) + ——((U)S(U, V)~ n(V)S(U,U))] = 0.

Now putting U = e;, where {e;} is an orthonormal basis of the tangent space
at each point of the manifold, and taking summation over i, 1 < i < n, we get

r =n(l —n), since n(V) # 0. Hence we have the following:

Theorem 4.1. If a P-Sasakian manifold satisfies the condition P-R =

0 then its scalar curvature is constant.
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5. P-Sasakian manifolds satisfying P-C =0and C'-P =0

Theorem 5.1. Let M ba a P-Sasakian manifold satisfying the condition
P(¢,X)-C =0 then the condition

r

(18) S3HX,Y) = (2 —n+ > S(X,Y)+[n—1+7]g(X,Y)

n—1
holds on M.
Proof. Assume that the condition P(¢, X)-C = 0 holds on M. Then

0=(P(&X)-O)Y,2)W = P&, X)C(Y, 2)W — C(P(§, X)Y, Z)W

(19) —C(Y,P(&,X)Z)W — C(Y,Z)P(&, X)W.

So taking the inner product of (19) with £ we have

(20) 0 = g(PE&X)CY,2)W,¢) — g(C(P(E,X)Y, Z)W.§)

On the other hand using (1), (2), (4) and (5) we get
(21) 9(P(§, X)C(Y, 2)W,€) =0,

(22)  +5SPEX)Y,W)n(Z) + (1 - n)g(PE X)Y, W)n(Z)]
— g 9 (P& XY, W)n(2),

g(C(Y. P&, X)Z)W,€) = —g(P(E. X)Z,W)n(Y)
(23)  —ilS(PEX)Z W) + (1 - n)g(P(E, X)Z,W)n(Y)]
o 9(PE X) ZW)n(Y),

(24) 9(C(Y, Z)P(§, X)W, &) =0,

(25) g(C(Y,Z)P(§, X)W, &) = g(Y, P(§, X)W)n(Z) — g(Z, P(§, X)W )n(Y)
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0=~ 55[S(Z, P&, X)W)n(Y) — S(Y. P(&, X)W)(Z)
(26)  +(1—n)g(Z, P& X)W)n(Y) — (1 = n)g(Y; P(&, X)W)n(2)]
G (2, P& X)W (Y ) — g(Y. P& X)W)n(2),

Q) gV, PEXIW) = g(X V)W) + ——S(X, Y )n(W)
and
(28) S(Y,P(&,X)W) = S(X,Y)n(W) + ﬁSQ(X, Y)n(W).

Now putting (21)-(28) into (20) and using (1), (2), (4) and (5) it follows that

0= [1 = iy 9 (X V)V IN(Z) + = S(X, Z)n(W)n(Y)]
L S(X, Y )n(W)n(Z) — g(X, Z)yn(W)n(Y)
— 5 [ SHX, Z)n(Wn(Y) — 24 S X, Y )n(W)n(Z)]

I m)g(X, Zn(Wn(Y) — (1 — n)g(X, Y )n(Wn(Z)].

So by a suitable contraction of (29) we get (18). ]

—~
[\
o
~
3
—~

| H

Theorem 5.2. Let M ba a P-Sasakian manifold satisfying the condition
C(&,X) - P =0 then the condition (18) holds on M.

Proof. Assume that the condition C (£, X)-P = 0 holds on a P-Sasakian

manifold M. Then we can write

Taking the inner product of (30) with £ we get

(B1) 0 = g(CEX)PY, Z)W,€) — g(P(C(E, X)Y, Z)W,€)
—g9(P(Y,C(&, X)Z2)W,§) — g(P(Y, Z2)C(&, X)W, &).

On the other hand using (1) and (2) we have

C¢X)PY,Z)W =R X)P(Y,Z)W
(32) —SS(X, PV, 2)W)E + (1 —n)g(X, P(Y. Z)W)é]
9K, PY. Z)W)E,
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P(C(&, X)Y, Z)W = R(C(¢, X)Y, Z)W

(34) P(Y,C(&,X)Z)W = R(Y,C(¢&, X)Z)W
e [9(C(&, X)Z,W)QY — g(Y,W)QC (€, X)Z],
and
P(Y,Z)C(&, X)W = R(Y, Z)C(¢, X)W
(3) 1

[9(Z,C(§, X)W)QY —g(Y,C(&, X)W)QZ].

—~

n—1)

Hence using (32), (33), (34) and (35) into (31) and using (4) and (5) we obtain

0 = g(X,P(Y,Z)W)+ 12S(X,P(Y,Z)W)+Z—:;g(X,P(Y,Z)W)

n—
”
— X g(X, P(Y, 2)W).
So in view of (2) by a suitable contraction of last equation we find (18). [

For symmetric (0,2)—tensor fields A and B on M we define Kulkarni-
Nomizu product AA B of A and B by ([5],p.47)

A A B(Xy,..,Xs) = A(X1, X4)B(Xs, X3) — A(X1, X3)B(X2, X4)
(36) +A(X3, X3)B(X1, Xy) — A(X2, X4)B(X1, X3)

Lemma 5.3.  [9]. Let A be a symmetric (0,2)-tensor at point x of
a semi-Riemannian manifold (M,g), dimM > 3, and let T = g A A be the
Kulkarni- Nomizu product of g and A. Then the relation

(37) T-T=aoQ(g,T), a€R
is satisfied at x if and only if the condition
(38) A? =aA+ Mg, a €R

holds at x.

Hence we have the following corollary:
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Corollary 5.4. Let M ba a P-Sasakian manifold satisfying the condi-
tion C(,X)-P=0o0or P({,X)-C=0thenT-T =aQ(g,T), where T =gAS

(mda:(Q—n—i- L

n—1

6. P-Sasakian manifolds satisfying R- L =0
Contact Ricci tensor L (see [15]) is defined by
(39) LX,Y) = S(X,Y) +29(X,Y) = 2(n + )n(X)n(Y),

where S is the Ricci tensor.
Now consider a P-Sasakian manifold satisfying the condition R - L = 0.

So we have
(40)  (R(X,Y)-L)(U,V) = —L(R(X,Y)U,V) — L(U, R(X,Y)V) = 0.
Putting X = ¢ in (40) we can write

(41) L(R(&,Y)U,V) + L(U, R, Y)V) = 0.

Using (5) and putting U = V we get from (41)

(42) (U)LY, U) = g(Y,U)L(&,U) = 0.

Putting X = ¢ in (39) and replacing Y by U and using (4) we get

(43) L(&U) = —=(3n = 1)n(U).

Now using (43) in (42) we get

(44) n(U)SY,U) + (3n + 1)g(Y,U) = 2(n + 1)n(Y)n(U)] = 0.
From (44)it follows that

(45) S(Y,U) =—=(Bn+1)g(Y,U) +2(n + 1)n(Y)n(V).

Hence the manifold is an n-Einstein manifold.
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Conversely if the manifold is an n-Einstein manifold of the form (45),
then it can be easily seen that in a P-Sasakian manifold R(X,Y’)-L = 0 holds.

Thus we can state the following:

Theorem 6.1. A P-Sasakian manifold satisfies R(X,Y)- L =0 if and
only if the manifold is an n-FEinstein manifold of type (45).

By a contraction of the equation (45) we have the following result:

Corollary 6.2. A P-Sasakian manifold satisfies R(X,Y) - L =0 then

it has constant scalar curvature r = —3n% +n + 1.

References

[1] Adati T.and Matsumoto K., On conformally recurrent and confor-
mally symmetric P-Sasakian manifolds, TRU Math. 13 (1977), no. 1
25-32.

2] Adati T.and Miyazawa T., Some properties of P-Sasakian manifolds,
TRU Math. 13 (1977), no. 1, 33-42.

B8] Adati, T. and Miyazawa, T., On P-Sasakian manifolds satisfying
certain conditions, Tensor, N.S., 33(1979), 173-178.

[4] Adati, T. and Miyazawa, T. On P-Sasakian manifolds admitting
some parallel and recurrent tensors, Tensor N.S., 33(1979), 287-292.

[5] Besse, A.L., Einstein manifolds, Springer Verlag, Berlin-Heidelberg, 1987.

6] De, U. C.and Guha N., On a type of P-Sasakian manifold, Istanbul
Univ. Fen Fak. Mat. Derg. 51 (1992), 35-39.

[7]De, U. C.and Tarafdar D., On a type of P-Sasakian manifold, Math.
Balkanica (N.S.) 7 (1993), no. 3-4, 211-215.

8] De, U. C.and Ghosh, J. C., On a type of contact manifold, Note Mat.
14 (1994), no. 2, 155-160 (1997)

9] Deszcz, R., Verstraelen, L. and Yaprak, S., Warped Products
realizing a certain condition of Pseudosymmetry type imposed on the Weyl
curavture tensor, Chin. J. Math.22 (1994), no. 2, 139-157

[10] Ozgiir, C., On a class of para-Sasakian manifolds, Turkish J. Math. 29
(2005), no. 3, 249-257.

)



36 U. C. De, C. Ozgiir, K. Arslan, C. Murathan and A. Yildiz

[11] Sato, L., On a structure similar to the almost contact structure, Tensor,
N.S., 30(1976), 219-224.

[12] Sat o, l.and Matsumoto, K., On P-Sasakian manifolds satisfying certain
conditions, Tensor, N.S., 33(1979), 173-178.

[13] Szabo, Z.1., Structure theorems on Riemannian spaces satisfying R(X,Y)-
R =0 I, the local version, J. Diff. Geometry 17(1982) 531-582.

[14] Yano, K., Integral formulas in Riemannian geometry, Pure and Applied
Mathematics, No. 1, Marcel Dekker, Inc., New York, 1970

[15] Yano K. and Kon M., Structures on manifolds, Series in Pure Mathe-
matics, 3. World Scientific Publishing Co., Singapore, 1984

Uday Chand DE

Department of Mathematics Received 22.05.2007
University of Kalyani,

Kalyani, Nadia, West Bengal, INDIA.

E-mail: uc_de@yahoo.com

Cihan OZGUR

Department of Mathematics

Balikesir University

10145, Cagis, Balikesir, TURKEY.

E-mail: cozgur@balikesir. edu.tr

Kadri ARSLAN and Cengizhan MURATHAN
Department of Mathematics

Uludag University
16059, Goériikle, Bursa, TURKEY.

E-mail: arslan@uludag.edu.tr, cengiz@Quludag.edu.tr
Ahmet YILDIZ
Department of Mathematics

Dumlupinar University

Kitahya, TURKEY.

E-mail: ahmetyildiz@dumlipinar. edu.tr



