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The extension of a given scalar function f(z) of a complex variable to a matrix function
f(A) on the set of n×n complex matrices is often represented as a linear combination f(A) =
ϕ0I + ϕ1A + · · · + ϕn−1A

n−1, where the coefficients ϕk = ϕk(λ1, λ2, .., λn) depend on the
characteristic roots of the matrix A, and clearly on the function itself. These coefficients
can be evaluated by means of the spectral decomposition of f(A), which in case of distinct
roots is relatively easy, while it requires more complicated calculations in case of multiple
roots. Here we show that the coefficients ϕk(λ1, λ2, .., λn) converge when some subsets of the
characteristic roots approach same values (the collection of multiple roots of a matrix B) and
the linear combination of the powers of B with the limits obtained presents f(B). Several
examples at the end exercise this technique in case of matrices of small size.
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The set of all n × n matrices with complex entries will be denoted by
Cn×n, and HA(λ) = det(λI − A) will stay for the characteristic polynomial of
the matrix A.

The study of diverse methods to extend a given scalar function to a ma-
trix function, see [5], has been motivated mostly by the significance of the ex-
ponential eA and one-parametric family etA in several branches of mathematics,
see [4], 6]. One of the earliest and quite natural approach was based on the sim-
ilarity of polynomials and power series. Thus, by means of the Taylor expansion
f(z) =

∑

k≥0 akz
k of a given analytical function, one defines f(A) =

∑

k≥0 akA
k

for A ∈ Cn×n. A translation (if more appropriate) allows to use the Taylor ex-
pansion f(z) =

∑

k≥0 bk(z − c)k, centered at the point c, and then we take

f(A) =
∑

k≥0 bk(A− cI)k.
Convergence criteria, see Ferrar [1] and MacDuffee [2], for matrix power

series (first one due to E. Weyr, 1887) exploit the spectrum of the matrix and the
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radius of convergence of the Taylor expansion. In particular, if the Taylor series
has infinite radius of convergence, then f(A) =

∑

k≥0 akA
k converges for all

matrices A ∈ Cn×n. We shall narrow our consideration to such kind of analytic
functions, which will restrain some tiresome technical details.

A direct corollary from the Cayley-Hamilton theorem, that HA(A) =
An + a1A

n−1 + · · · + anI = 0, is the fact that all powers Ak, k ≥ 0, can
be presented as a linear combination of I,A, . . . , An−1 and the coefficients are
polynomials of the characteristic roots λ1, λ2, ..., λn of the matrix A. Now all
powers Ak of f(A) can be represented as linear combinations of I,A, ..., An−1,
hence the matrix f(A) will have the form

f(A) =
n−1
∑

k=0

ϕkA
k,

where the coefficients ϕk = ϕk(λ1, λ2, .., λn) depend on the characteristic roots
of the matrix A, and clearly on the function f(z).

Sylvester, in 1883, considered a direct extension of the Lagrange inter-
polation defining

(1) f(A) =

n
∑

j=1

f(λj)
∏

1≤i6=j≤n

1

λj − λi
(A− λiI)

in case, when the matrix A has distinct characteristic roots λ1, λ2, .., λn.

In fact, if one denotes by pj(λ), j = 1, 2, ..., n the polynomials

(2) pj(λ) =
∏

1≤i6=j≤n

λ− λi

λj − λi
,

we identify the spectral decomposition of the matrix A in terms of orthogonal
idempotents Pj = pj(A), j = 1, 2, ..., n, i.e.

A = λ1P1 + λ2P2 + · · · + λnPn,

Pi
2 = Pi, and PiPj = 0 for 1 ≤ i 6= j ≤ n.

Thus, for all k ≥ 0, one has Ak = λk
1P1 + λk

2P2 + · · · + λk
nPn, and the

substitution A =
n
∑

j=1
λjPj in the power series gives

f(A) =

n
∑

j=1

f(λj)Pj ,
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as it was defined in (1).

Now, having pj(λ) =
n−1
∑

k=0

pjkλ
k, we can evaluate the coefficients ϕk ex-

plicitly:

(3) ϕk(λ1, λ2, .., λn) =
n

∑

j=1

f(λj)pjk.

Note that the Lagrange interpolation L(λ) =
∑n

j=1 f(λj)pj(λ) provides
the unique polynomial of degree ≤ n − 1 which assumes the set of prescribed
values at a collection of (distinct) selected points, and the matrices Pj(λ), j =
1, 2, ..., n do not depend on the function f(z).

The case of multiple rots is more complicated. Buchheim, in 1886, gener-
alized the Sylvester’s approach exploiting the Hermit’s (generalized Lagrange)
interpolation that defines uniquely the polynomial of degree ≤ n−1 which along
with its derivatives assumes prescribed values at a collection of (distinct) points.
A complete picture of the current frame for this approach can be found in 3],
Chapter 5, where the spectral decomposition and related topics are discussed in
full details.

Here we shall see how one can sidestep the technique of spectral decom-
position in case of multiple roots by examining the coefficients ϕk(λ1, λ2, ..., λn)
in case of distinct roots (3), and then evaluating some limits to construct the
function in case of confluent roots.

Our main result here is the following

Theorem 1. Let f(z) be an analytic function, and let B ∈ Cn×n be a ma-
trix with distinct characteristic roots µ1, µ2, ..., µr of multiplicities m1,m2, ...,mr,
respectively, m1+· · ·+mr = n. Assume A is a matrix with distinct characteristic
roots λ1, ..., λm1

(in a neighborhood of µ1), λm1+1, ..., λm1+m2
(in a neighborhood

of µ2), ..., and λn−mr+1, ..., λn (in a neighborhood of µr).

Then the coefficients ϕk(λ1, λ2, ..., λn) of f(A) in (3) converge when λ1, ..., λm1

approach µ1, λm1+1, ..., λm1+m2
approach µ2, ..., and λn−mr+1, ..., λn approach

µr, and if limϕk = ψk(µ1, µ2, ..., µr), then f(B) =
∑n−1

k=0 ψkB
k.

First, we shall see that f(A) is continuous function of the matrix variable.
Convergency in Cn×n is a natural extension of the entry-wise convergency of
the series of (i, j) entries for each pair 1 ≤ i, j ≤ n. In terms of any matrix
norm ‖A‖ a matrix series A1, A2, ... → 0 if and only if the numerical series
‖A1‖, ‖A2‖, ... → 0. Here we shall use one easy and quite popular matrix norm
defined by ‖A‖ = max1≤i,j≤n |aij |. It is easy to check, see [4, Chapter 4], that
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the norm introduced satisfies the following properties

‖A‖ ≥ 0, and ‖A‖ = 0 if and only if A = 0,

‖cA‖ = |c|‖A‖, c ∈ C, and ‖A+B‖ ≤ ‖A‖ + ‖B‖,
‖AB‖ ≤ n‖A‖‖B‖, hence ‖A1A2...Ak‖ ≤ nk−1‖A1‖‖A2‖...‖Ak‖ for k ≥ 2.

Continuity of f(A) follows directly from the following

Lemma 1. Let f(z) be analytic in the complex plane. Then for every
matrix A ∈ Cn×n there exists a positive constant c = c(A), such that for every
matrix Q with ‖Q‖ = ε ≤ ‖A‖ the inequality ‖f(A+Q) − f(A)‖ ≤ ε.c holds.

P r o o f. The power series f(z) =
∑

k≥0 akz
k converges for all z ∈ C and

we calculate f(A+Q)−f(A) =
∑

k≥1 akCk, where the matrix Ck = (A+Q)k−Ak

is a sum of 2k − 1 terms of a kind

Wp,q = Ap1Qq1Ap2Qq2 ...

with p1 + p2 + · · · = p ≥ 0, q1 + q2 + · · · = q ≥ 1, and p+ q = k.
Now, for a = n‖A‖, we have

‖Wp,q‖ ≤ nk−1‖A‖p‖Q‖q ≤ nk−1‖A‖k−1‖Q‖ ≤ εak−1,

hence ‖Bk‖ ≤ 2ε(2a)k−1. Thus, ‖f(A + Q) − f(A)‖ ≤ 2ε
∑

k≥1 ak(2a)
k−1, the

last power series converges, and one can easily identify the constant c needed.
Next, we shall scrutinize the coefficients ϕk(λ1, λ2, ..., λn) in (3). It is

clear that ϕk(λ) have the form ϕk(λ) = 1
∆φk(λ), where ∆ =

∏

1≤i6=j≤n

(λi−λj), and

φk(λ) = φk(λ1, λ2, ..., λn) is a polynomial of λ1, λ2, ..., λn and f(λ1), f(λ2), . . .,
f(λn). Thus, when λ1, λ2, ..., λn approach distinct values µ1, µ2, ..., µn each co-
efficient ϕk(λ) converges to ϕk(µ).

In case of confluent roots it is more suitable to work with the Newton’s
interpolation

N(λ) = d0+d1(λ−λ1)+d2(λ−λ1)(λ−λ2)+· · ·+dn−1(λ−λ1)(λ−λ2) · · · (λ−λn),

where the coefficients (divided differences) dj , j = 0, 1, ..., n − 1 are defined
recursively by

d0 = f1 = f(λ1), d1 = [f1, f2] =
f(λ1) − f(λ2)

λ1 − λ2
, and

dj = [f1, f2, . . . , fj+1] =
[f1, . . . , fj ] − [f2, . . . , fj+1]

λ1 − λj+1
, for j ≥ 2.
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The polynomial N(λ), of degree ≤ n−1, takes values f1 = f(λ1), . . . , fn = f(λn)
at (distinct) points λ1, . . . , λn, hence it coincides with the Lagrange interpola-
tion. Thus, the coefficients ϕk(λ1, λ2, ..., λn) will be polynomials in d0, d1, . . . ,
dn−1 and it is enough to see that the divided differences d0, d1, . . . , dn−1 converge
when λ1, λ2, . . . , λn approach some particular (confluent) values.

Let us assume that λ1, ..., λm1
approach some value µ1, λm1+1, ..., λm1+m2

approach another one µ2, . . . , etc. The convergency of each coefficient dj(λ)
is easily granted by the specific structure of divided differences, e.g. when
λs, λs+1, ..., λt approach same value µ, there is no effect on each divided dif-
ference [fp, fp+1, . . . , fq] with

{s, s+ 1, . . . , t} ∩ {p, p + 1, . . . , q} = ∅.

Otherwise we can present it as a linear combination of terms like

[fs−1, fs], [ft, ft+1], and [fa, fa+1, . . . , fb], with s ≤ a < b ≤ t.

Obviously, the first two have limits [f(λs−1), f(µ)], and [f(µ), f(λt+1)], while
the third kind converges to a constant multiple of the derivative f b−a(µ).

Now, having in mind the considerations above, the proof of the theorem
follows directly form the following

Lemma 2. Let B ∈ Cn×n be a given matrix. Then for every ε > 0
there exists a matrix Q with ‖Q‖ < ε such that the matrix A = B + Q has n
distinct characteristic roots.

P r o o f. Assume B has (not necessarily distinct) characteristic roots
µ1, µ2, . . . , µn recognizing their multiplicities. Let J = T−1BT be the Jordan
canonical form with a transition matrix T, and let c = ‖T−1‖.‖T‖. It is clear
that there exists a diagonal matrix D = diag(δ1, δ2, . . . , δn) with ‖D‖ < ε/cn2,
such that the characteristic roots λ1 = µ1 + δ1, λ2 = µ2 + δ2, . . . , λn = µn + δn of
the matrix J +D are all distinct. Then the matrix A = T−1(J +D)T = B+Q
clearly satisfies the requirements: it has the same (distinct) characteristic roots
as the matrix J +D, and ‖Q‖ = ‖T−1DT‖ ≤ n2‖T−1‖‖D‖‖T‖ < ε.

Next, we want to show how the technique discussed works in case of
matrices of small order.

The case of 2 × 2 matrices is trivial.
Assume A is a matrix with distinct characteristic roots λ1, λ2. The poly-

nomials in (2) are p1(λ) = 1
λ1−λ2

(λ − λ2), and p2(λ) = 1
λ2−λ1

(λ − λ1), and we
have

L(λ) = f(λ1)p1(λ) + f(λ2)p2(λ) =
λ1f(λ2) − λ2f(λ1)

λ1 − λ2
+
f(λ1) − f(λ2)

λ1 − λ2
λ.
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So, f(A) = 1
λ1−λ2

[λ1f(λ2)− λ2f(λ1)]I + 1
λ1−λ2

[f(λ1)− f(λ2)]A, and after eval-
uation of the limits of the coefficients, when λ1, λ2 → λ0, one get

(4) f(B) = [f(λ0) − λ0f
′(λ0)]I + f ′(λ0)B

for any matrix B with double characteristic root λ0.

For example, the matrix B =

(

6 2
−8 −2

)

has double root λ1 = λ2 = 2

and one calculates

eBt = (e2t − 2te2t)I + te2tB = e2t

(

1 + 4t 2t
−8t 1 − 4t

)

.

Similarly, one calculates

lnB = [ln 2 − 1]I − 1

2
B =

(

2 + ln 2 1
−4 −2 + ln 2

)

,

and √
B = [

√
2 − 1√

2
]I +

1

2
√

2
B =

1√
2

(

4 1
−4 0

)

.

For matrices of larger size (n = 3, 4) one can derive formulas similar to
(4), but here we prefer to display some particular examples.

The characteristic roots of B =





1 −3 4
4 −7 8
6 −7 7



 are λ1 = 3, λ2 = λ3 = −1.

For ε > 0 we examine the Lagrange interpolation at λ1 = 3, λ2 = −1 +
ε, λ3 = −1, and construct the polynomials

p1 =
(λ+ 1 − ε)(λ+ 1)

4(4 − ε)
, p2 =

(λ− 3)(λ + 1)

(−4 + ε)ε
, p3 =

(λ− 3)(λ+ 1 − ε)

(−4)(−ε) ,

Now, for eBt we shall examine

L(λ) = e3tp1 + e(−1+ε)tp2 + e−tp3

= e3tp1 − e−t λ− 3

4(4 − ε)
[(4
eεt − 1

ε
+ 1)(λ+ 1) + 4 − ε],

which converges (when ε→ 0) to

1

16
e3t(λ+ 1)2 − 1

16
e−t[(4t+ 1)(λ+ 1) + 4].



On Matrix Functions in Case of Confluent ... 43

Hence,

eBt =
1

16
e3t(B + I)2 − 1

16
e−t[(4t+ 1)(B + I) + 4I]

= e3t





1 −1 1
2 −2 2
2 −2 2



 + e−t





−2t− 1 t+ 1 −1
−4t− 2 2t+ 2 −2
−2t− 2 t+ 2 −2





For
√
B we have to examine

L(λ) =
√

3 p1 +
√
−1 + ε p2 +

√
−1 p3

=
√

3p1 − i
λ− 3

4(4 − ε)
[(4

√
1 − ε− 1

ε
+ 1)(λ+ 1) + 4 − ε],

which converges (when ε→ 0) to

√
3

16
(λ+ 1)2 +

i

16
(λ− 3)2,

and then
√
B =

√
3

16
(B + I)2 +

i

16
(B − 3I)2

=

√
3

2





2 −1 2
4 −4 4
4 −4 4



 +
i

2





2 −1 −4
0 4 −4
−2 3 −4



 .

The calculations for matrices of larger size and roots of higher multiplicity
are more complicated, and may be executed with the help of L’Hospital rule.
Sometimes, (when the degree of the minimum polynomial of the matrix is less
than the degree of the characteristic polynomial), one can simplify a lot of
calculations, based on some specific matrix relations.

The characteristic roots of the matrix B =









2 1 1 1
−1 0 −1 −1
6 1 −1 1
−6 −1 4 0









are

λ1 = −4, and a triple root λ2 = λ3 = λ4 = 1. We shall examine the Lagrange
interpolation at λ1 = −4, λ2 = 1 − ε, λ3 = 1, λ4 = 1 + ε, and construct the
polynomials

p1(λ) =
[(λ− 1)2 − ε2](λ− 1)

(−5 + ε)(−5)(−5 − ε)
, p2(λ) =

(λ+ 4)(λ− 1)(λ − 1 − ε)

(5 − ε)(−ε)(−2ε)
,
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p3(λ) =
(λ+ 4)(λ− 1 + ε)(λ− 1 − ε)

(5)(ε)(−ε) , p4(λ) =
(λ+ 4)(λ− 1 + ε)(λ− 1)

(5 + ε)(2ε)(ε)
.

For eBt we have to examine

L(λ) = e−4tp1 + e(1−ε)tp2 + etp3 + e(1+ε)tp4 = e−4tp1(λ) + et
λ+ 4

5(25 − ε2)
R,

where R = R1 +R2 with

R1 =
1

2ε2
{2ε2(25 − ε2) − 5ε2(etε + e−tε)(λ+ 1) + 25ε(etε − e−tε)(λ+ 1)},

R2 =
1

2ε2
{5(5 + ε)e−tε − 2(25 − ε2) + 5(5 − ε)etε}(λ− 1)2.

One can evaluate limε→0R applying twice L’Hospital rule, but here we
shall shorten that procedure because of some specific relations that our matrix
B satisfies. Direct calculations show that

(B−I)2 = 25P, (B−I)3 = −125P, (B−I)(B+4I) = 5Q, (B−I)2(B+4I) = 0,

where

P =









0 0 0 0
0 0 0 0
−1 0 1 0
1 0 −1 0









, Q =









1 1 1 1
−1 −1 −1 −1
−1 −1 −1 −1
−1 −1 −1 −1









.

Now, all terms in R2 have (λ− 1)2 and it will vanish after multiplying by λ+ 4
and replacing our matrix B. Thus, it is enough to evaluate limε→0R1 which
converges to 5[(5t − 1)(λ− 1) + 5].

So, with the matrices P and Q introduced above we have

eBt = e−4tP +
1

5
(5t− 1)etQ+

1

5
et(B + 4I) = e−4tP + et(I − P + tQ).

At the end, we shall briefly discuss the range of reliability of this tech-
nique. As we see in the examples above, the validity of this approach is beyond
the class of power series with infinite radius of convergence. A natural frame
for a reasonable use of the result of Theorem 1 is typical for all the methods in
this field, [5], namely the function f(z) should be well defined on the spectrum
of the matrix B, i.e. for every characteristic root λ0 of multiplicity m, the func-
tion f(z) and the derivatives f ′(z), f ′′(z), ..., f (m−1)(z) should be defined at (a
neighborhood) of λ0.
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