
M a t h e m a t i c a
B a l k a n i c a

—————————
NewSeries Vol. 22, 2008, Fasc. 1-2

An Explicit Formula

for Computing the Partition Numbers p(n)

Smile Markovski, Marija Mihova

The main result of the paper is an explicit formula for computing the number p(n)
of partitions of an integer n, i.e., the cardinal number p(n) = |P (n)| of the set P (n) =
{(k1, k2, . . . , kn)| ki ∈ Z, ki ≥ 0,

Pn

i=1 iki = n}. Besides that, several iterative formulas for
computing the number p(n) and an iterative procedure for construction of the set P (n) are
given.
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1. Preliminaries

A partition number p(n) of a positive integer n is said to be the num-
ber of different representations of n as sum of positive integers. The partition
numbers play important role in combinatorics and they appear also in other
mathematical theories, like group theory, Lie algebras, graph theory, analysis,
etc. The partition number p(n) is in fact the cardinal number of the set

P (n) = {(k1, k2, . . . , kn)| ki ∈ Z, ki ≥ 0,

n∑

i=1

iki = n},

i.e., p(n) = |P (n)|.
The interest for the integer function p(n) started intensively after Euler’s

discovery of a generating function for the numbers p(n). Nowadays several
other generating functions and several iterative formulas for computing p(n) are
known. The paper of Ahlgren and Ono [1] is a nice reference of this matter,
as well as the web site “On-line Encyclopedia of Integer Sequences” [5]. For
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example, in [1] and/or [5] one can find the following iterative formulas:

p(n) = 1
n

∑n−1
k=0 σ(n − k)p(k), where σ(k) is the sum of divisors of k,

p(n) = p(n− 1) + p(n− 2)− p(n− 5)− p(n− 7) + p(n− 12) + p(n−15)−
· · · ± p(n − m(3m − 1)/2) ± p(n − m(3m + 1)/2) ± · · ·

Hardy and Ramanujan discovered the asymptotic formula

p(n) ≈ 1

(4n
√

3)
eπ
√

2n/3

and Rademacher improved it to a rather precise extent.
According to Knuth [3], an explicit formula for p(n) is not known. In this

paper we give such a formula, as stated in Theorem 3.1 of Section 3. For that
aim we present in Section 2 a new iterative way for computing the numbers p(n)
and, by using the obtained results, in Section 3 we extract an explicit formula.

2. Iterative computing of the numbers p(n)

Define iteratively the sets C(n) for n = 1, 2, 3, . . . by C(1) = {(1)} and,
if C(n) is defined, then define C(n + 1) as follows.

Given (k1, . . . , kn) ∈ C(n), let

(1)

S(k1, k2, . . . , kn) =
= {(k1 + 1, k2, . . . , kn, 0),

(k1 − 1, k2 + 1, k3, . . . , kn, 0),
(k1, k2 − 1, k3 + 1, k4, . . . , kn, 0), . . . ,
(k1, k2, . . . , kn−2, kn−1 − 1, kn + 1, 0),
(k1, . . . , kn−1, kn − 1, 1)},

where the subtraction ki − 1 is applied only if ki ≥ 1 (i.e., the element (k1, . . .
. . . , ki−1, ki − 1, ki+1 + 1, . . . , kn, 0) does not appear in the set S(k1, k2, . . . , kn)
when ki = 0).

Then we define

(2) C(n + 1) =
⋃

(k1,...,kn)∈C(n)

S(k1, . . . , kn).
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Proposition 2.1. P (n) = C(n) for each n ≥ 1.

P r o o f. We use indiction on n.

C(n + 1) ⊆ P (n + 1) since, if n = 1k1 + 2k2 + · · · + nkn, then

n + 1 = 1(k1 + 1) + 2k2 + · · · + nkn + (n + 1)0,

n + 1 = 1(k1 − 1) + 2(k2 + 1) + 3k3 + · · · + nkn + (n + 1)0,

. . . . . . . . . . . . . . . . . . . . . . . . . . .

n + 1 = 1k1 + 2k2 + · · · + (n − 2)kn−2 + (n − 1)(kn−1 − 1)+

+n(kn +1)+(n+1)0,

n + 1 = 1k1 + · · · + (n − 1)kn−1 + n(kn − 1) + (n + 1)1.

Conversely, let n+1 = 1k1 +2k2 + · · ·+(n+1)kn+1, where ki ≥ 0. Then
kn+1 = 1 implies k1 = · · · = kn = 0 and (0, . . . , 0

︸ ︷︷ ︸

n

, 1) ∈ P (n + 1) appears as an

element in S(0, . . . , 0
︸ ︷︷ ︸

n−1

, 1). If kn+1 = 0 then there is largest index i, 1 ≤ i ≤ n,

such that ki > 0. Then, if i > 1 we have that the set S(k1, . . . , ki−2, ki−1 +
1, ki − 1, ki+1, . . . , kn) contains the element (k1, . . . , kn, 0) since, by the induc-
tive hypothesis, (k1, . . . , ki−2, ki−1 + 1, ki − 1, ki+1, . . . , kn) ∈ C(n). (Namely,
∑i−2

s=1 sks + (i− 1)(ki−1 + 1) + i(ki − 1) +
∑n

i+1 sks = −1 +
∑n+1

s=1 sks = n.) The
last case is i = 1, hence k1 = n + 1, and then (n + 1, 0, . . . , 0

︸ ︷︷ ︸

n

) ∈ S(n, 0, . . . , 0
︸ ︷︷ ︸

n−1

).

By (2) and Proposition 2.1, we have

Corollary 2.1. P (1) = {(1)}, P (n + 1) =
⋃

(k1,...,kn)∈P (n)

S(k1, . . . , kn).

Proposition 2.1 gives an iterative way for construction of the sets P (n),
and here we propose a much simpler one. We will use it for iterative computing
of the numbers p(n) too.

We order the elements of the set P (n) by using an opposite lexicographic
ordering:

(k1, . . . , kn) < (s1, . . . , sn) ⇔ (∃ i) ki < si & ki+1 = si+1 & . . . & kn = sn.

Then the set P (n) is linearly ordered. In the sequel, when we speak on the
set P (n) or subsets of P (n), we take that they are ordered sets and that their
elements are presented in order.

We say that the sets S(k1, . . . , kn−1) are (ordered) classes of the set P (n).

We concatenate all classes S(k1, . . . , kn−1) of P (n) as

(3) S(k1, . . . , kn−1)||S(m1, . . . ,mn−1)|| . . . ||S(p1, . . . , pn−1)
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by using the ordering of P (n − 1), i.e. (k1, . . . , kn−1) < (m1, . . . ,mn−1) <
· · · < (p1, . . . , pn−1). Then we reduce the concatenated classes (3) by using the
following erasure procedure: Take an element (t1, . . . , tn) ∈ P (n) and erase all
of its appearances in (3) except the last right. Apply the erasure procedure until
no erasing is possible. Then, from (3), we will obtain the string of sets

(4) R(k1, . . . , kn−1)||R(m1, . . . ,mn−1)|| . . . ||R(p1, . . . , pn−1),

where R(q1, . . . , qn−1) is obtained from S(q1, . . . , qn−1). The ordered set R(q1, . . .
. . . , qn−1) is said to be the reduced class of P (n) and, as a consequence of Corol-
lary 2.1, we have:

Corollary 2.2. P (1) = {(1)}, P (n + 1) =
⋃

(k1,...,kn)∈P (n)

R(k1, . . . , kn).

Exa m p l e 2.1 We have P (1) = {(1)}, S(1) = {(2, 0), (0, 1)} = P (2)
and then:

S(2, 0) = {(3, 0, 0), (1, 1, 0)}, S(0, 1) = {(1, 1, 0), (0, 0, 1)},
P (3) = S(2, 0) ∪ S(0, 1) = {(3, 0, 0), (1, 1, 0), (0, 0, 1)}.
S(3, 0, 0) = {(4, 0, 0, 0), (2, 1, 0, 0)},
S(1, 1, 0) = {(2, 1, 0, 0), (0, 2, 0, 0), (1, 0, 1, 0)},
S(0, 0, 1) = {(1, 0, 1, 0), (0, 0, 0, 1)},
P (4) = S(3, 0, 0) ∪ S(1, 1, 0) ∪ S(0, 0, 1) =
{(4, 0, 0, 0), (2, 1, 0, 0), (0, 2, 0, 0), (1, 0, 1, 0), (0, 0, 0, 1)}.
The reduced classes are: R(1) = S(1),

R(2, 0) = {(3, 0, 0)}, R(0, 1) = {(1, 1, 0), (0, 0, 1)},
R(3, 0, 0) = {(4, 0, 0, 0)}, R(1, 1, 0) = {(2, 1, 0, 0), (0, 2, 0, 0)},
R(0, 0, 1) = {(1, 0, 1, 0), (0, 0, 0, 1)}.
Note that the obtained reduced classes contain only one or two elements

and that the ordering (3, 0, 0) < (1, 1, 0) < (0, 0, 1) for n = 3 induces the ordering
(4, 0, 0, 0) < (2, 1, 0, 0) < (0, 2, 0, 0) < (1, 0, 1, 0) < (0, 0, 0, 1) for n = 4.

Lemma 2.1. Each reduced class R(k1, . . . , kn−1) of P (n) contains one

or two elements: the first element (k1 +1, k2 . . . , kn−1, 0) and possibly the second

element of S(k1, . . . , kn−1).

P r o o f. First we show that the smallest element (k1 + 1, k2 . . . , kn−1, 0)
in the class S(k1, . . . , kn−1) will be not erased by the erasure procedure. Namely,
the erasing can happen only if this element is appearing in a class S(p1, . . . , pn−1)
for some (p1, . . . , pn−1) > (k1, . . . , kn−1). Then (p1 + 1, . . . , pn−1, 0) 6= (k1 +
1, . . . , kn−1, 0) and hence, for some i : 2 ≤ i ≤ n − 2, we have:
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(p1, . . . , pi−1, pi −1, pi+1 +1, pi+2, . . . , pn−1, 0) = (k1 +1, . . . , kn−1, 0) =⇒
pi+1 + 1 = ki+1, pi+2 = ki+2, . . . =⇒ (p1, . . . , pn−1) < (k1, . . . , kn−1).

We conclude that the reduced classes contain at least one element.
We show next that each element in the class S(k1, . . . , kn−1), after the

second one, will be erased by the erasure procedure. Consider first the case
when S(k1, . . . , kn−1) contains at least three elements that can be ordered as
(k1+1, k2, . . . , kn−1, 0) < · · · < (k1, . . . , kj−2, kj−1−1, kj +1, kj+1, . . . , kn−1, 0) <
· · · < (k1, . . . , ki−2, ki−1 − 1, ki + 1, ki+1, . . . , kn−1, 0) for some j < i, 3 ≤ i ≤
n − 1, 2 ≤ j. Then kj−1 > 0. Now we put

(p1, . . . , pn−1) =

=

{
(k1, . . . , kj−2 + 1, kj−1 − 1, . . . , ki−1 − 1, ki + 1, . . . , kn−1), j > 2
(k1 − 1, k2, . . . , ki−1 − 1, ki + 1, . . . , kn−1), j = 2

If j > 2 then we have

n−1∑

s=1

sps =

j−3
∑

s=1

sks + (j − 2)(kj−2 + 1) + (j − 1)(kj−1 − 1)+

i−2∑

s=j

sks + (i − 1)(ki−1 − 1) + i(ki + 1) +

n−1∑

s=i+1

sks = n − 1

In a similar way we have
∑

sps = n − 1 for j = 2. Thus, the element
(k1, . . . , ki−2, ki−1−1, ki +1, ki+1, . . . , kn−1, 0) will be erased by the erasure pro-
cedure, since (p1, . . . , pn−1) > (k1, . . . , kn−1) and (k1, . . . , ki−2, ki−1 − 1, ki +
1, ki+1, . . . , kn−1, 0) ∈ S(p1, . . . , pn−1).

Finally, we note that (0, . . . , 0, 1) ∈ S(k1, . . . , kn−1) iff (k1, . . . , kn−1) =
(0, . . . , 0, 1), and then S(0, . . . , 0, 1) = {(1, 0, . . . , 0, 1, 0), (0, . . . , 0, 1)}.

It follows from Lemma 2.1 that (k1 +1, k2, . . . , kn−1, 0) ∈ R(k1, . . . , kn−1)
for each (k1, . . . , kn−1) ∈ P (n − 1) and that it is possible R(k1, . . . , kn−1) to
contain the second element from S(k1, . . . , kn−1). The next property gives the
cases when the reduced classes contain two elements.

Lemma 2.2. The second element (p1, p2, p3, . . . , pn) of the class

S(k1, . . . . . . , kn−1) belongs to the reduced class R(k1, . . . , kn−1) if and only if

the first nonzero component of (k1, . . . , kn−1) is equal to 1.

P r o o f. Let (k1, . . . , kn−1) = (0, . . . , 0, 1, kj+1, . . . , kn−1) for some j ≥ 1.
Then the second element in S(k1, . . . , kn−1) is (0, . . . , 0, 0, kj+1 +1, . . . , kn−1, 0).
Assume that there is an (m1, . . . ,mn−1) > (k1, . . . , kn−1) such that (0, . . . ,
0, 0, kj+1 + 1, . . . , kn−1, 0) ∈ S(m1, . . . ,mn−1). Then (0, . . . , 0, 0, kj+1 + 1, . . . ,
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kn−1, 0) = (m1, . . . ,mi−1,mi − 1,mi+1 + 1, . . . ,mn−1, 0) for some i ≥ j. It fol-
lows that mi+1 + 1 = ki+1,mi+2 = ki+2, . . . when i > j and (m1, . . . ,mn−1) =
(k1, . . . , kn−1) when i = j, a contradiction to (m1, . . . ,mn−1) > (k1, . . . , kn−1).
We have that the second element in the class S(k1, . . . , kn−1) cannot be erased.

If (k1, . . . , kn−1) = (0, . . . , 0, kj , . . . , kn−1), j ≥ 1, and kj > 1, then the
second element in S(k1, . . . , kn−1) is (0, . . . , 0, kj − 1, kj+1 + 1, kj+2, . . . , kn−1, 0)
and it belongs also to S(m1, . . . ,mn−1), where

(m1, . . . ,mn−1) =

{
(k1 − 2, k2 + 1, k3 . . . , kn−1), j = 1
(0, . . . , 0, 1, kj − 2, kj+1 + 1, kj+2, . . . , kn−1), j > 1

Now, since (m1, . . . ,mn−1) > (k1, . . . , kn−1), the second element in the class
S(k1, . . . , kn−1) will be erased during the erasure procedure.

Lemma 2.3. If (m1, . . . ,mn−1) > (k1, . . . , kn−1) and if the second

element in the reduced class R(k1, . . . , kn−1) exists, then it is smaller than all

elements in the reduced class R(m1, . . . ,mn−1).

P r o o f. Let (m1, . . . ,mn−1) > (k1, . . . , kn−1) = (0, . . . , 0, 1, kj+1, . . .
. . . , kn−1), i.e., mn−1 = kn−1, . . . ,mi+1 = ki+1, mi > ki for some i ≥ 1. (Note
that m1 ≥ k1 = 0, . . . ,mj−1 ≥ kj−1 = 0). It is enough to show that the second
element (0, . . . , 0, 0, kj+1+1, kj+2, . . . , kn−1, 0) in R(k1, . . . , kn−1) is smaller than
the first element (m1 + 1,m2, . . . ,mn−1, 0) of R(m1, . . . ,mn−1). That is clear
for i > j + 1 or i = j + 1, mj+1 > kj+1 + 1, and we show that mi > ki is not
possible for the other cases. If i < j and mi > ki = 0 or i = j and mi > ki = 1,
then we would have

∑n−1
s=1 sms ≥ imi+

∑n−1
s=i+1 sms > iki+

∑n−1
s=i+1 sks = n−1,

a contradiction to
∑n−1

s=1 sms = n − 1. The remaining case i = j + 1, mj+1 =

kj+1 + 1 is not possible either, since then
∑n−1

s=1 sms ≥ (j + 1)(kj+1 + 1) +
∑n−1

s=j+2 sks = 1 + j · 1 + (j + 1)kj+1 +
∑n−1

s=j+2 sks = 1 +
∑n−1

s=1 sks = n.

We have from Lemma 2.3 that the elements in the sequence of reduced
sets (4) appear ordered. Now, the Lemmas 2.1, 2.2 and 2.3 give proof of the
following theorem.

Theorem 2.1. Each reduced class R(k1, . . . , kn−1) of P (n) contains

only one or two elements, the first element of the ordered class S(k1, . . . , kn−1)
and possibly the second element of S(k1, . . . , kn−1); the second element belongs

to R(k1, . . . , kn−1) if and only if its first nonzero component is equal to 1. The

ordering of the elements of P (n) is given by their appearance in the sequence of

reduced sets (4).

Now, by Theorem 2.1, we have the following iterative procedure for con-
struction of the sets P (n), n > 0.
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Theorem 2.2 P (1) = {(1)}. Let the first nonzero component of

(k1, . . . , kn) ∈ P (n) be ki. Then P (n + 1) is obtained from P (n) by applying

the following replacement of each element (k1, . . . , kn) ∈ P (n):

if ki > 1 replace (k1, . . . , kn) by (k1 + 1, k2, . . . , kn, 0);

if ki = 1, i = n = 1, replace (1) by (2, 0) and (0, 1);

if ki = 1, i = 1, n > 1, replace (1, k2, . . . , kn) by two elements (2, k2, . . .
. . . , kn, 0) and (0, k2 + 1, k3, . . . , kn, 0);

if ki = 1, 1 < i < n, replace (0, . . . , 0, 1, ki+1, . . . , kn) by two elements

(1, 0, . . . . . . , 0, 1, ki+1, . . . , kn, 0) and (0, . . . , 0, ki+1 + 1, ki+2, . . . , kn, 0);

if ki = 1, i = n > 1, replace (0, . . . , 0, 1) by two elements (1, 0, . . . , 0, 1, 0)
and (0, 0, . . . , 0, 0, 1).

Denote by a(n) the number of elements in P (n) whose first nonzero
component is equal to 1. Then we have the following formula for the partition
numbers p(n):

Corollary 2.3. p(1) = 1, p(n + 1) = p(n) + a(n).

Next we give an iterative procedure for computing the numbers a(n).
Note that the only element of P (n) having exactly one nonzero component equal
to 1 is (0, . . . , 0, 1), and it generates two elements in P (n + 1): (1, 0, . . . , 0, 1, 0)
and (0, . . . , 0, 1). The other elements of P (n) having the first nonzero component
equal to 1 are of the form

(0, . . . , 0, 1, 0, . . . , 0, ki, . . . , kn−1, 0)

for some ki > 0, 2 ≤ i ≤ n − 1.

Define the following subsets of P (n):

(a.1) An−1,0(n) = {(0, . . . , 0
︸ ︷︷ ︸

n−1

, 1)},

(a.2) Ai,j(n) = {(0, . . . , 0
︸ ︷︷ ︸

i

, 1, 0, . . . , 0
︸ ︷︷ ︸

j

, ki+j+2, . . . , kn−1, 0)| ki+j+2 > 0}

for i, j ≥ 0, i + j ≤ n − 3,

(a.3) Ai,j(n) = ∅ otherwise,
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(b.1) Oj(n) = {(0, . . . , 0
︸ ︷︷ ︸

j

, kj+1, . . . , kn−1, 0)| kj+1 > 1}

for 0 < j ≤ ⌊n
2 ⌋,

(b.2) Oj(n) = ∅ otherwise.

Denote ai,j(n) = |Ai,j(n)|, oj(n) = |Oj(n)|.

Lemma 2.4 The following iterative formulas are true for n > 1 :

(i) ai,j(n) = ai−1,j+1(n − 1), i > 0, j ≥ 0,

(ii) a0,j(n) = oj+1(n − 1) +

n−5−j
∑

r=0

aj+1,r(n − 1),

(iii) oj(n) = aj−1,0(n − 1), j > 0.

P r o o f. (i) Let x = (0, . . . , 0
︸ ︷︷ ︸

i

, 1, 0, . . . , 0
︸ ︷︷ ︸

j

, ki+j+2, . . . , kn−1, 0) ∈ Ai,j(n),

where i > 0, j ≥ 0. By Theorem 2.1, since all first elements in the reduced
classes have nonzero first component, x can be obtained only as the second
element from the set R(y), where y = (0, . . . , 0

︸ ︷︷ ︸

i−1

, 1, 0, . . . , 0
︸ ︷︷ ︸

j+1

, ki+j+2, . . . , kn−1).

Now j + 1 ≥ 1 implies kn−1 = 0, and then x 7→ y defines a bijection between
the sets Ai,j(n) and Ai−1,j+1(n − 1).

(ii) Let (1, 0, . . . , 0
︸ ︷︷ ︸

j

, kj+2, . . . , kn−1, 0) ∈ A0,j(n). We can obtain that el-

ement only as first element in the set R(0, . . . , 0
︸ ︷︷ ︸

j+1

, kj+2, . . . , kn−1). If kj+2 > 1,

then (0, . . . , 0
︸ ︷︷ ︸

j+1

, kj+2, . . . , kn−1) ∈ Oj+1(n − 1), and if kj+2 = 1 then (0, . . . , 0
︸ ︷︷ ︸

j+1

,

kj+2, . . . , kn−1) = (0, . . . , 0
︸ ︷︷ ︸

j+1

, 1, 0, . . . , 0
︸ ︷︷ ︸

r

, kj+r+3, . . . , kn−1) ∈ Aj+1,r(n − 1) for

some r ∈ {0, 1, . . . , n − 5 − j}. Namely, j + 1 ≥ 1 implies kn−1 = 0 in both
cases. So, as in (i), we can establish a bijection between the sets A0,j(n) and

Oj+1(n − 1) ∪
n−5−j
⋃

r=0

Aj+1,r(n − 1) (since the union is disjoint).

(iii) Let (0, . . . , 0
︸ ︷︷ ︸

j

, kj+1, . . . , kn−1, 0) ∈ Oj(n) where j > 0. This ele-

ment is the second element in the class R(0, . . . , 0
︸ ︷︷ ︸

j−1

, 1, kj+1 − 1, . . . , kn−1) and
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(0, . . . , 0
︸ ︷︷ ︸

j−1

, 1, kj+1 − 1, . . . , kn−1) ∈ Aj−1,0(n− 1), since kj > 1 implies kn−1 = 0.

We have the following theorem for iterative computing of the partition
numbers p(n).

Theorem 2.3 For each positive integer n,

(5) p(n) = 1 +

n−1∑

k=1

∑

i≥0, j≥0

ai,j(n − k),

where the following equalities hold:

ai,j(n) = ai−1,j+1(n − 1), i > 0, j ≥ 0,

a0,j(n) = aj,0(n − 2) +
∑

r≥0

aj+1,r(n − 1).

P r o o f. Note that a(n) = |
⋃

i≥0,j≥0

Ai,j(n)| and, since the union is disjoint,

a(n) =
∑

i≥0,j≥0

ai,j(n). The numbers a(n) can be computed iteratively by Lemma

2.4. Several applications of Corollary 2.3 give

p(n) = p(n − 1) +
∑

i≥0,j≥0

ai,j(n − 1)

= p(n − 2) +
∑

i≥0,j≥0

ai,j(n − 2) +
∑

i≥0,j≥0

ai,j(n − 1) = · · · =

= p(1) +
∑

i≥0,j≥0

ai,j(1) + . . . +
∑

i≥0,j≥0

ai,j(n − 2) +
∑

i≥0,j≥0

ai,j(n − 1)

= 1 +

n−1∑

k=1

∑

i≥0,j≥0

ai,j(n − k).
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3. An explicit formula for p(n)

We will use the results of the previous section to obtain an explicit for-
mula for the partition numbers p(n). For that aim we will make a profound
analysis of the numbers ai,j(n).

Lemma 3.1. The following equalities hold:

(i) ai,j(1) =

{
1, i = j = 0
0, otherwise.

(ii) ai,j(2) = 0, for each i and j such that (i, j) 6= (1, 0).

(iii) an−1,0(n) = 1, for each n > 0.

(iv) ai,j(n) =

{
a0,j+i(n − i), i + j ≤ n − 3
0, i + j > n − 3, (i, j) 6= (n − 1, 0),

for each n ≥ 3, i ≥ 1, j ≥ 0.

(v) a0,j(n) = aj,0(n − 2) +

n−2j−5
∑

r=1

a0,j+r(n − j − 2),

for each n ≥ 3, j ≥ 0.

P r o o f. (i), (ii) and (iii) follow by definition. (iv) follows after i appli-
cations of Lemma 2.4(i). By Lemma 2.4(ii), Lemma 2.4(iii) and Lemma 2.4(i)
we have:

a0,j(n) = aj,0(n − 2) +

n−j−5
∑

r=0

aj+1,r(n − 1)

= aj,0(n − 2) +

n−j−6
∑

r=0

aj,r+1(n − 2)

= aj,0(n − 2) +

n−j−5
∑

r=1

aj,r(n − 2),

and by (iv) of this lemma we have:

a0,j(n) = aj,0(n − 2) +

n−j−5
∑

r=1

a0,j+r(n − j − 2).

Now, the equality (v) follows from the fact that a0,j+r(n − j − 2) = 0 when
r > n − 2j − 5.
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It can be concluded that the numbers a0,j(n) deserve a special attention.
We consider them in the sequel.

Lemma 3.2. For each n ≥ 3, j ≥ 0,

(1) a0,j(n) =







0, j > n − 3
1, j = n − 3
0, n−5

2 < j < n − 3
t > 0, j ≤ n−5

2 .

P r o o f. By definition, a0,j(n) = 0 for j > n − 3.
The sum that appears in the equality of Lemma 3.1(v) do not exists when

n − 5

2
≤ j ≤ n − 3, so in that case we have

a0,j(n) = aj,0(n − 2).

If j = n − 3 then by definition an−3,0(n − 2) = 1, and if n−5
2 < j < n − 3 then

aj,0(n−2) = a0,j(n−2−j) = 0 by Lemma 3.1(iv), because 0+j > (n−j−2)−3.

If j ≤ n − 5

2
, by Lemma 3.1(v) and by (1) we have:

a0,j(n) ≥
n−5−2j
∑

r=0

a0,j+r(n − j − 2) ≥

≥ a0,j+(n−5−2j)(n − j − 2) = a0,(n−j−2)−3(n − j − 2) = 1.

Denote by I the Boolean function with range {0, 1}, i.e., I(α) = 0 if α
is a false sentence and I(α) = 1 if α is a true sentence. Now, from Lemma 3.1
and Lemma 3.2 we have the following.

Lemma 3.3 Let n ≥ 3. Then for each j ≥ 0 we have

(2) a0,j(n) = I(j + 3 = n) + I(
n − 5

2
≥ j) +

⌊n−3j−7
2

⌋
∑

r=0

a0,r+j(n − j − 2).

P r o o f. By Lemma 3.2, i.e., by the equality (1), we have to consider the
following cases:

Case j > n−3: Then I(j+3 = n) = I(
n − 5

2
≥ j) = 0 and n−3j−7 < 0.

Case j = n − 3: Then I(j + 3 = n) = 1, I(
n − 5

2
≥ j) = 0 and

n − 3j − 7 < 0.
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Case
n − 5

2
< j < n − 3: Then I(j + 3 = n) = I(

n − 5

2
≥ j) = 0 and

n − 3j − 7 < 0.

Case j ≤ n−5
2 : Then I(j + 3 = n) = 0, I(

n − 5

2
≥ j) = 1 and from

Lemma 3.1(v) and Lemma 3.1(iv) we obtain

a0,j(n) = aj,0(n − 2) +

n−2j−5
∑

r=1

a0,j+r(n − j − 2)

= a0,j(n − j − 2) +

n−2j−5
∑

r=1

a0,j+r(n − j − 2)

=

n−2j−5
∑

r=0

a0,j+r(n − j − 2).

By Lemma 3.2 we have a0,j+r(n−j−2) = 0 for
n − 3j − 7

2
< r < n−2j−5

and that implies, again by Lemma 3.2,

a0,j(n) =

⌊n−3j−7
2

⌋
∑

r=0

a0,r+j(n − j − 2) + a0,n−j−5(n − j − 2)

= 1 +

⌊n−3j−7
2

⌋
∑

r=0

a0,r+j(n − j − 2).

Rewrite the equality (2) by putting r = i1. Then:

(3) a0,j(n) = I(j + 3 = n) + I(
n − 5

2
≥ j) +

⌊n−3j−7
2

⌋
∑

i1=0

a0,j+i1(n − j − 2).

Note that the sum in the equality (3) exists only for
n − 7

3
≥ j. Let us

assume it is true. Then we apply the equality (3) on the terms a0,i1+j(n− j−2)
in (3), which means that we replace n by n − j − 2 and j by j + i1. We obtain
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the following equality, where the double sum exists only for
n − 9

4
≥ j:

(4)

a0,j(n) = I(j + 3 = n) + I(
n − 5

2
≥ j) +

⌊n−3j−7
2

⌋
∑

i1=0

1+

+

⌊n−4j−9
3

⌋
∑

i1=0

⌊
n−4j−3i1−9

2
⌋

∑

i2=0

a0,j+i1+i2(n − 2j − i1 − 4).

Namely:

a0,j(n) = I(j + 3 = n) + I(
n − 5

2
≥ j)+

⌊n−3j−7
2

⌋
∑

i1=0

(

I(j + i1 + 3 = n − j − 2) + I(
n − j − 2 − 5

2
≥ j + i1)

+

⌊
n−j−2−3(i1+j)−7

2
⌋

∑

i2=0

a0,j+i1+i2(n − j − 2 − j − i1 − 2)

)

= I(j + 3 = n) + I(
n − 5

2
≥ j)+

⌊n−3j−7
2

⌋
∑

i1=0

I(2j + i1 + 5 = n) +

⌊n−3j−7
2

⌋
∑

i1=0

I(
n − 3j − 7

2
≥ i1)+

⌊n−3j−7
2

⌋
∑

i1=0

⌊
n−4j−3i1−9

2
⌋

∑

i2=0

a0,j+i1+i2(n − 2j − i1 − 4).

Since i1 ≤ n − 3j − 7

2
and n− 3j− 7 ≥ 0, we have 2j + i1 +5 < n. Thus,

we can conclude that I(2j + i1 + 5 = n) = 0 and I(
n − 3j − 7

2
≥ i1) = 1.

The sum

⌊
n−4j−3i1−9

2
⌋

∑

i2=0

a0,j+i1+i2(n − 2j − i1 − 4) exists only for n − 4j −

3i1 − 9 ≥ 0, implying i1 ≤ n−4j−9
3 . Hence, the equality (4) follows.
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If we continue that way we can prove the next lemma. There, and further
on, we use the following notation:

qn,j,i1,...,ip−1(l, p) = ⌊n − (l + 2)j − (2l + 5) −∑p−1
s=1(l + 2 − s)is

l + 2 − p
⌋

for l = 0, 1, 2, 3, . . . , p = 1, 2, 3, . . . . For fixed values of n, j, i1, . . . , ip−1 we
simply write q(l, p) instead of qn,j,i1,...,ip−1(l, p).

Lemma 3.4 If n ≥ (k + 2)j + 2k + 5 and k > 0, then

(5)

a0,j(n) = 1 +
k−1∑

l=1

q(l,1)
∑

i1=0

· · ·
q(l,l)
∑

il=0

1+

+

q(k,1)
∑

i1=0

· · ·
q(k,k)
∑

ik=0

a0,j+i1+···+ik
(

n − k(j + 2) −
k−1∑

s=1

(k − s)is

)

.

P r o o f. We use induction on k. For k = 1 the equality (5) is the equality
(3) and for k = 2 the equality (5) is the equality (4). Let the equality (5) be
true for some k and let n ≥ (k + 3)j + 2(k + 1) + 5. Now we apply the equality

(3) to the terms a0,j+i1+···+ik
(

n − k(j + 2) −∑k−1
s=1(k − s)is

)

. We obtain

a0,j+i1+···+ik
(

n − k(j + 2) −∑k−1
s=1(k − s)is

)

=

= I
(

j + i1 + · · · + ik + 3 = n − k(j + 2) −∑k−1
s=1(k − s)is

)

+

+I

(

n−k(j+2)−
Pk−1

s=1 (k−s)is−5
2 ≥ j + i1 + · · · + ik

)

+

+
u∑

ik+1=0

a0,j+i1+···+ik+ik+1

(

n−k(j+2)−∑k−1
s=1(k−s)is−(j+i1+· · ·+ik)−2

)

where

u = ⌊n−k(j+2)−
Pk−1

s=1 (k−s)is−3(j+i1+···+ik)−7
2 ⌋ = q(k + 1, k + 1)

and
n − k(j + 2) −∑k−1

s=1(k − s)is − (j + i1 + · · · + ik) − 2 =

= n − (k + 1)(j + 2) −∑k
s=1(k + 1 − s)is.

The equality (5) holds under the assumption n ≥ (k + 2)j + 2k + 5, and
it implies that the values q(k, p) ≥ 0 at least for i1 = i2 = · · · = ip = 0 (p =

1, 2, . . . , k). Hence, the sums
∑q(k,p)

ip=0 in (5) exist for every p = 1, 2, . . . , k.
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If we suppose that j + i1 + · · · + ik + 3 = n − k(j + 2) −∑k−1
s=1(k − s)is

then, by using the inequalities ip ≤ q(k, p) for p = 1, 2, . . . , k, we will obtain
n ≤ j + 3, contrary to n ≥ (k + 2)j + 2k + 5. Hence, we have

I
(

j + i1 + · · · + ik + 3 = n − k(j + 2) −∑k−1
s=1(k − s)is

)

= 0. On the other side,

ik ≤ q(k, k) implies I

(

n−k(j+2)−
Pk−1

s=1 (k−s)is−5
2 ≥ j + i1 + · · · + ik

)

= 1.

We obtain

a0,j(n) = 1 +
k−1∑

l=1

q(l,1)
∑

i1=0

· · ·
q(l,l)
∑

il=0

1 +

q(k,1)
∑

i1=0

· · ·
q(k,k)
∑

ik=0

1+

+

q(k,1)
∑

i1=0

· · ·
q(k,k)
∑

ik=0

q(k+1,k+1)
∑

ik+1=0

a0,j+i1+···+ik+ik+1

(

n − (k + 1)(j + 2)−

−
k∑

s=1

(k + 1 − s)is

)

=

= 1 +

k∑

l=1

q(l,1)
∑

i1=0

· · ·
q(l,l)
∑

il=0

1 +

q(k,1)
∑

i1=0

q(k,2)
∑

i2=0

· · ·

· · ·
q(k,k)
∑

ik=0

q(k+1,k+1)
∑

ik+1=0

a0,j+i1+···+ik+1

(

n − (k + 1)(j + 2) −
k∑

s=1

(k + 1 − s)is

)

.

The assumption n ≥ (k + 3)j + 2(k + 1) + 5 implies q(k + 1, k + 1) ≥ 0
(at least for i1 = · · · = ik = 0). We conclude from q(k + 1, k + 1) ≥ 0 that
ik ≤ q(k + 1, k) (< q(k, k)) and, continuing that way, we conclude that ip ≤
q(k + 1, p) (< q(k, p)) for each p = 1, 2 . . . , k.

Corollary 3.1. If (k +3)j +2k +7 > n ≥ (k +2)j +2k +5 and k ≥ 0,
then

a0,j(n) = 1 +
k∑

l=1

q(l,1)
∑

i1=0

· · ·
q(l,l)
∑

il=0

1.

P r o o f. If k > 0 the statement follows from the proof of Lemma 3.4. If
k = 0 then 3j + 7 > n ≥ 2j + 5 and the statement follows by equality (3).

Let n and j be given. If there is a k ≥ 0 such that (k + 3)j + 2k + 7 >
n ≥ (k + 2)j + 2k + 5 then k = ⌊n−2j−5

j+2 ⌋. Now, by Lemma 3.2 and Corollary
3.1 we have the following lemma.
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Lemma 3.5. For each n ≥ 1 and j ≥ 0, the numbers a0,j(n) can be

computed as follows. a0,0(1) = 1, a0,j(1) = 0 for each j ≥ 1, a0,j(2) = 0 for

each j ≥ 0, and if n ≥ 3, j ≥ 0, then

a0,j(n) = I(j + 3 = n) + I(
n − 5

2
≥ j) +

⌊n−2j−5
j+2

⌋
∑

l=1

q(l,1)
∑

i1=0

· · ·
q(l,l)
∑

il=0

1.

We have from Theorem 2.3 and Lemma 3.1 the following.

Proposition 3.1.

(6) p(n) = n +

n−3∑

k=1

n−k−3∑

i=0

n−k−i−3∑

j=0

a0,i+j(n − k − i).

P r o o f. By Lemma 3.1 we have

(7) ai,j(n − k) =







1, i = j = 0, n − k = 1
0, (i, j) 6= (1, 0), n − k = 2
1, i = 1, j = 0, n − k = 2
1, i = n − k − 1, j = 0
a0,i+j(n − k − 1), i + j ≤ n − k − 3
0, otherwise.

We now apply the equality (7) in the formula (5):

p(n) = 1 +
∑

i≥0,j≥0

ai,j(1) +
∑

i≥0,j≥0

ai,j(2) +

n−3∑

k=1

∑

i≥0,j≥0

ai,j(n − k)

= 1 + a0,0(1) + a1,0(2)+

+

n−3∑

k=1



an−k−1,0(n − k) +
∑

0≤i+j≤n−k−3

ai,j(n − k)





= 3 +

n−3∑

k=1

an−k−1,0(n − k) +

n−3∑

k=1

n−k−3∑

i=0

n−k−i−3∑

j=0

ai,j(n − k)

= 3 + (n − 3) +
n−3∑

k=1

n−k−3∑

i=0

n−k−i−3∑

j=0

a0,i+j(n − k − i)

= n +
n−3∑

k=1

n−k−3∑

i=0

n−k−i−3∑

j=0

a0,i+j(n − k − i).
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The formula (6) can be transformed by using Lemma 3.5. Namely, since
n − k − i ≥ 3 in the terms a0,i+j(n − k − i) of (6), we have the following:

p(n) = n + S1(n) + S2(n) + S3(n),

where

S1(n) =

n−3∑

k=1

n−k−3∑

i=0

n−k−i−3∑

j=0

I(j = n − k − 2i − 3),

S2(n) =
n−3∑

k=1

n−k−3∑

i=0

n−k−i−3∑

j=0

I(
n − k − 3i − 5

2
≥ j),

S3(n) =

n−3∑

k=1

n−k−3∑

i=0

n−k−i−3∑

j=0

⌊n−k−3i−2j−5
i+j+2

⌋
∑

l=1

q(l,1)
∑

i1=0

· · ·
q(l,l)
∑

il=0

1.

The sums S1(n) and S2(n) can be simplified as follows.

The inequality 0 ≤ j ≤ n − k − 2i − 3 must hold in S1(n) and it implies
i ≤ n−k−3

2 . Then

S1(n) =

n−3∑

k=1

⌊n−k−3
2

⌋
∑

i=0

n−k−i−3∑

j=0

I(j = n − k − 2i − 3)

=

n−3∑

k=1

⌊n−k−3
2

⌋
∑

i=0

1 =

n−3∑

k=1

(

⌊n − k − 3

2
⌋ + 1

)

= ⌊(n − 2)2

4
⌋.

Because the inequalities j ≤ n − k − 3i − 5

2
< n − k − i − 3 and 0 ≤

n − k − 3i − 5 must hold in the formula for S2(n), we have:
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S2(n) =
n−5∑

k=1

⌊n−k−5
3

⌋
∑

i=0

⌊n−k−3i−5
2

⌋
∑

j=0

I(
n − k − 3i − 5

2
≥ j)

=
n−5∑

k=1

⌊n−k−5
3

⌋
∑

i=0

⌊n−k−3i−5
2

⌋
∑

j=0

1 =
n−5∑

k=1

⌊n−k−5
3

⌋
∑

i=0

(

⌊n − k − 3i − 5

2
⌋ + 1

)

=

⌊n−5
3

⌋
∑

i=0

n−3i−4∑

k=1

⌊n − k − 3i − 3

2
⌋ =

⌊n−5
3

⌋
∑

i=0

⌊
(n − 3i − 4

2

)2
⌋.

For the sum S3(n) we have that n− k − 3i− 2j − 5 ≥ i + j + 2, and that
implies j ≤ ⌊n−k−4i−7

3 ⌋, i ≤ ⌊n−k−7
4 ⌋, k ≤ n − 7. So,

S3(n) =

n−7∑

k=1

⌊n−k−7
4

⌋
∑

i=0

⌊n−k−4i−7
3

⌋
∑

j=0

⌊n−k−3i−2j−5
i+j+2

⌋
∑

l=1

q(l,1)
∑

i1=0

· · ·
q(l,l)
∑

il=0

1.

After all previous results we have the following explicit formula for com-
puting the partitions numbers.

Theorem 3.1 The partition numbers p(n), for each n ≥ 1, are com-

putable by the formula

p(n) = n + ⌊(n − 2)2

4
⌋ +

⌊n−5
3

⌋
∑

i=0

⌊(n − 3i − 4)2

4
⌋+

+

n−7∑

k=1

⌊n−k−7
4

⌋
∑

i=0

⌊n−k−4i−7
3

⌋
∑

j=0

⌊n−k−3i−2j−5
i+j+2

⌋
∑

l=1

q(l,1)
∑

i1=0

· · ·
q(l,l)
∑

il=0

1,

where

q(l, t) = ⌊n − k − i − (l + 2)(i + j) − (2l + 5) −∑t−1
s=1(l + 2 − s)is

l + 2 − t
⌋

for t = 1, 2, . . . , l.
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