Mathematica
Balkanica

New Series Vol. 22, 2008, Fasc. 3-4

On Almost v-Continuous Multifunctions

Ildris Zorlutuna

Presented by P. Boyvalenkov

The purpose of this paper is to study upper (lower) almost y-continuous multifunctions.
Some new covering properties have been introduced and their behaviour under upper almost
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1. Introduction

Several weak and strong variants of continuity of multifunctions occur
in the literature ([1],[8], [11], [12]). A weak form of continuous multifunctions
called upper (lower) y-continuous multifunctions was introduced and studied by
Abd El-Monsef and Nasef [1]. Recently, Ekici and Park [6] have introduced and
investigated the notions of upper and lower almost y-continuous multifunctions.
The notion of b-open sets has been introduced by Andrijevic [2]. This notion
was also called y-open sets in the sense of El-Atik [7] and called sp-open sets
in the sense of Dontchev and Przemski [5]. In this paper, we shall continue the
investigations carried out in [6]. We give some new characterizations and in-
troduce new covering properties. Further, we study behaviour of these covering
properties under the upper almost ~-continuous multifunctions.

Let U be a subset of a topological space (X, 7), Int(U) (resp. CI(U)) will
denote the interior (resp. closure) of U in (X, 7). And U is called regular open
(resp. regular closed) if U = Int(CIl(U)) (resp. U = Cl(Int(U))). The family
of all regular open subsets of (X, 7) forms a base for a smaller topology 75 on
X, called the semi-regularization of 7 [9]. Sometimes we write X, for (X, 75).

A subset A is called y-open [7] if A C Cl(Int(A)) U Int(Cl(A)). The
complement of a y-open set is called y-closed. The intersection of all y-closed



224 Idris Zorlutuna

sets of X containing A is called the 7-closure [2] of A and is denoted by bCI(A).
The union of all y-open sets of X contained in A is called the ~-interior [2] of
A and is denoted by bInt(A). Define BO(X,z) = {U C X : x € U and U is
~-open}

A point x € X is called a d—cluster point of a subset A of X if ANU # ()
for every regular open neighbourhood U of x. The d—closure of A, denoted by
Cls(A), is the set all —cluster points of A [15], and A is d—closed if A = Cls(A).
A subset A is called d—open if the complement of it is d—closed. The union of
all regular open sets of X contained in A is called the d-interior of A and is
denoted by Ints(A).

The net (x4 )aer is d—convergent to = [10] (resp. ~y-convergent [7]) if for
each regular open (resp. y-open) set U containing x, there exists a o € I such
that a > ag implies z, € U.

A topological space is called a P—space if every Gs—set is open.

A space X is called almost paralindelof [13] (resp. almost paracompact)
if each open cover ¥ of X has a locally countable (resp. locally finite) open
refinement 2 such that X = U{CI(V): V € Q}.

If AC X, Ais called an APL—set (resp. PL—set) [4] in X if every open
cover ¥ of A in X has a locally countable open refinement 2 in X such that
ACU{CI(V):V € Q} (resp. ACU{V :V €Q}). Ais called a-paracompact
[16] if every open cover of A in X has a locally finite open refinement in X which
covers A.

A space X is called nearly compact [14] (resp. ~-compact [7]) if every
regular open (resp. ~-open) cover of X has a finite subcover. The notion
of nearly compactness was localized by Carnahan [3], by introducing N-closed
subsets of a space. Recall that a subset A of X is called N-closed in X if every
regular open cover of A in X has a finite subcover. Similarly, a subset A of X
is called vy-compact in X if every y-open cover of A in X has a finite subcover.

A multifunction F' : X ~ Y is a point to set correspondence, and we
always assume that F'(x) # () for every point x € X. For each subset A of X and
each subset B of Y, let F(A) = U{F(z):z € A}, FT(B)={r € X : F(z) C B}
and F~(B) = {x € X : F(z)N B #(}. For y € Y, we use F'~(y) instead of
F~({y}).

The concept of almost continuity for multifunctions was firstly introduced
by Popa [12]. A multifunction F' : X ~ Y is called upper almost continuous,
abbreviated as u.a.c., (resp. lower almost continuous, or la.c.) at z € X if
for each open V C Y with F(z) C V (resp. F(x) NV # (), there is an open
neighbourhood U of z such that F(U) C Int(CIl(V)) (resp. F(z)NInt(Cl(V)) #
0 for z € U). F is u.a.c. (resp. lLa.c.) iff it is u.a.c. (resp. La.c.) at each point
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of X. Then F is called almost continuous iff it is both u.a.c.and la.c.

A multifunction F' : X ~» Y is called upper é—continuous [8] abbreviated
as u.0.c.(resp. lower d—continuous or 1.d.c. [8]) at a point x € X if for each open
set V C Y with F(x) CV (resp. F(x)NV # (), there is an open set U containing
x such that F(Int(Cl(U))) C Int(ClU(V)) (resp. F(z)NInt(ClL(V)) # ( for each
z € Int(Cl(U))).

A multifunction F': X ~» Y is called upper y-continuous [8] abbreviated
as u.y.c.(resp. lower 7-continuous or l.y.c. [1]) at a point x € X if for each
open set V C Y with F(z) CV (resp. F(z) NV # ), there is a y-open set U
containing x such that F(U) CV (resp. F(z) NV # () for each z € U).

2. Characterizations

Definition 1. [6] A multifunction F': X ~ Y is called

(a) upper almost y-continuous (briefly, u.a.7y-c.) at a point € X if for
each open subset V of Y with F'(z) C V, there is a y-open set U containing x
such that F(U) C Int(Cl(V)).

(b) lower almost y-continuous (briefly, l.a.y-c.) at a point x € X if for
each open subset V of Y with F(x) NV # (), there is a y-open set U containing
x such that F(z) N Int(Cl(V)) # 0 for every point z € U.

(c) almost ~y-continuous at = € X if it is both u.a.y-c. and lLa.y-c. at
reX.

(d) almost y-continuous if it is almost y-continuous at each point z € X.

Theorem 1. For a multifunction F' : X ~ Y, the following statements
are equivalent;

(1) Fis l.ay-c.;

(2) For each regular open subset V of Y, F~(V) is y-open;

(3) For each regular closed subset K of Y, F*(K) is y-closed;

(4) For each 6—open subset V of Y, F~ (V) is vy-open;

(5) For each 6—closed subset K of Y, F*(K) is y-closed;

(6) F: X ~ Yy is ly-c.;

(7) For any subset B of Y, bCI(F*(B)) C F (Cl(;(B)),

(8) For any subset B of Y, F~(Ints(B)) C bInt(F~(B));

(9) For any subset A of X, F(bCIl(A)) C Cl ( (A)).

Proof. (1)&(2)<(3)<(6) is in [6]

(2)=(4): Let V be any d—open set in Y and x € F~ (V). Then F(z)N
V # () and there exists a y € F(z) NV. Since V is d—open set, there exists a
regular open set W such that y € W C V. Therefore, we have F(z) N W # 0.
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By (2), F~(W) is v-open in X and x € F~ (W) C F~ (V). This shows that
F~(V) is y-open set in X.

(4)<(5): They follow from equality F~(Y\K) = X\F*(K).

(5)=>(7): Let B be any subset of Y. Then by (4) F*(Cls(B)) is y-closed
subset of X. Since F'*(B) C F™(Cls(B)), then

bCL(F*(B)) C bCI(F+(Cls(B))) = F*+(Cls(B)).

(7)<(8): These follow from the facts that FF~(Y\K) = X\F*(K),
Y\(Cls(B)) = Ints(Y\B) for B CY and X\(bCl(A)) = bInt(X\A) for each
subset A of X.

(8)=-(9):Under the assumption (8), suppose (9) is not true i.e. for some
A C X. F@{CI(A)) € Cls(F(A)). Then there exists a yp € Y such that
Yo € F(bCl(A)) but yo ¢ Cls(F(A)). So Y\CIs(F(A)) is an —open set con-
taining yo. By (8), we have F~(Y\Cls(F(A))) = F~ (Ints(Y\Cls5(F(A)))) C
b1ni(F G and | Folg) © P-(ACIEGAY).  Sines

F~(Y\Cils(F(A) N FH(F(A) =0 and A C FH(F(A)) we have

F~(Y\CIls(F(A))) is v-open set, clearly we have that F~(Y\CIls(F(A))) N
bCIl(A) = . On the other hand, because of yo € F(bCI(A)), we have F~(yp) N
bCIl(A) # 0. But this is a contradiction with F~(Y\Cls(F(A))) NbCI(A) = 0.
Thus y € F(bCI(A)) implies y € Cls(F(A)). Consequently bCI(F(A)) C
Cls(F(A)).

(9)=(3): Let K CY be aregular closed set. Since we always
have F(F*(K)) C K, Cls(F(FT(K))) C Cls(K) and by (9), F(bCI(F*(K))) C
Cls(F(FT(K))) C Cls(K) = K. Hence, bCl(FT(K)) C FH(F(bCI(FT(K)))) C
F*(K) and so F(K) is y-closed in X. ]

Theorem 2. If the multifunction F : X ~ Y s l.a.y-c., then for
each y € F(z) and for every net (ro)acr y-converging to x, there exists a
subnet (z3)gee of the net (za)acr and a net (yg)(g,vyee in Y with yg € F(zp) is
d—convergent to y. Moreover, if (intersection of two y-open sets in X is y-open
in X ) X is a y-space, then the converse of the above implication is also true.

Proof. (=): Suppose F' is Lay-c. at xg. Let (z4)acr be a net 7-
converging to zg. Let y € F(z9) and V be any regular open set containing y.
So we have F(zg) NV # (. Since F is la.y-c. at xq, there exists a y-open
set U such that z9 € U C F~(V). Since the net (x4)aer is y-convergent to
xg, for this U, there exists ag € I such that o > oy = x, € U. Therefore,
we have the implication o > oy = x4 € F~ (V). For each regular open set
V CY containing y, define the sets Iyy = {ap € I : a > ap = x4 € F*( )} and
& ={(a,V):a € Iy,y € V and V is regular open } and order “ > " on £



On Almost y-Continuous Multifunctions 227

as follows: “(d,V) > (a,V) & V CV and & > o”. Define o: €& — I, by
©((B,V)) = B. Then ¢ is increasing and cofinal in I, so ¢ defines a subnet
of (Ta)acr- We denote the subnet (z5)(3,)ce- On the other hand, for any
(B, V)e& if 8>y =xz3€ F (V) and we have F(z3) NV = F(ag) NV # ¢.
Pick yg € F(23)NV # ¢. Then the net (y3)(s,v)e¢ is 6—convergent to y. To see
this, let Vg be a regular open set containing y. Then there exists Gy € I such
that ¢((080, Vo)) = Bo and yg, € V. If (8,V) > (8o, Vo) this means that 5 > 3y
and V' C Vp. Therefore, yg € F(23) NV = F(xg) NV C F(x3) N Vo, so yz € V.
Thus (yg)(s,v)e¢ 18 6—convergent to y.

(<): Suppose F is not l.a.y-c. at zy. Then there exists an open set
V C Y so that xg € F~(V) and for each v-open set U C X containing xg,
there is a point zy € U for which xy ¢ F~(Int(Cl(V))). Let us consider
the net (zv)uepo(x,z0)- Obviously (zv)yepo(x,zo) 18 7-convergent to zp. Let
Yo € F(wg) N'V. By hypothesis, there is a subnet (2, )wew of (2v)reBo(x,10)
and y,, € F(zy) such that (yw)wew is d—convergent to yo. As yp € V and
Int(Cl(V)) C Y is a regular open set, there is wj € W so that w > wy
implies y,, € Int(CI(V)). On the other hand, (zy)wew is a subnet of the net
(zv)veBo(x,20) @nd so there is a function h : W — BO(X, o) such that
Zw = Tpw)- By the definition of the net (zv)yepo(x,e), We have F(z,) N
Int(ClU(V')) = F(2pw)) N Int(CI(V)) = () and this means that y,, ¢ Int(CI(V)).
This is a contradiction and so F' is l.a.y-c. at xg. ]

Similarly, we can obtain a characterization of lower (upper) almost 7-
continuity for multifunctions (see [6]).

Theorem 3. If the multifunction F : X ~ Y s l.ay-c. (resp.
u.a.y-c.), then for each net (xq)acr y-convergent to x and for each regular open
subset V of Y with F(z)NV # 0 (resp. F(x) C V), there is an oy € I such that
F(zo) NV #£0 (resp. F(xy) CV) for all a > ag. Moreover, if (intersection of
two y-open sets in X is y-open in X ) X is a y-space, then the converse of the
above tmplication is also true.

Proof. (=): [6]

(«<): We prove only for lower almost y-continuity. The other is entirely
analogous. Suppose that F' is not lLa.y-c. Then there is a regular open set
V in Y with z € F~(V) such that for each y-open set U of X containing
z,x € U Z F~(V) ie. thereis a zy € U such that 2y ¢ F~ (V). Define
D = {(zvy,U) : U € BOX),zy € Uyazy ¢ F~(V)}. Now the order “ <7
defined by (zy,,U1) < (zy,U) & U C U; is a direction on D and ¢ defined
by g : D — X, g((xy,U)) = 2y is a net on X. The net (zv)(y, v)ep 18
v-convergent to z. But F(zy)NV =0 for all (zy,U) € D. This is a
contradiction. [
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From the above definitions, it is obvious that upper (lower) ~-continuity
implies upper (lower) almost ~-continuity. But the converse is not true in gen-
eral.

Example 1. Let X = {a,b,c} with the topology 7 = {0, X, {a}, {a,b}}.
{a,c} ;x=a
Define a multifunction F': X ~ X by F(z) = {b}  ;x =0 . Then F is
X T =c
u.a.y-c. But F*({a,b}) = {b} is not y-open subset in X which implies F' is not
u.y-c. at x = b.

Example 2. Let X = {a,b,c} with the topology 7 = {0, X, {a}, {a,b}}.
) r=a
Define a multifunction F : X ~ X by F(z) =< {a,c¢} ;x=0b . Then F is
) r=c
lLa.y-c. But F~({a}) = {b} is not y-open subset in X which implies F' is not
l.y-c. at x =b.

3. Some applications

Definition 2.  The graph G(F) of the multifunction F' : X ~ Y is
almost ~y-closed with respect to X if for each (z,y) ¢ G(F), there exist a y-open

set U containing = and an open set V' containing y such that (U x Int(CI(V)))N
G(F) = 0.

Theorem 4. IfF : X ~ Y isa u.a.y-c. multifunction into a Hausdorff
space Y and F(x) is a-paracompact for each x € X, then the graph G(F) is
almost y-closed with respect to X.

Proof. Let (zo,y0) ¢ G(F). Then yg ¢ F(z¢). Therefore, every y €
F(z), there exists a regular open set V' (y) and an open set W (y) in Y containing
y and yo respectively, such that V(y) N W (y) = 0. Then {V(y)|y € F(xo)} is a
regular open cover of F'(xg), thus there is a locally finite cover ¥ = {Ug|3 € A}
of F(x¢) which refines {V (y)|y € F(xo)}. So there exists an open neighborhood
Wo of yo such that Wy intersect only finitely many members Ug,,Ug,,...,Ug,
of W. Chose finitely many points y1,y2, ..., yn of F(x¢) such that Ug, C V (yx)
of each 1 < k < n. And set W = Wy N[, W(yx)]. Then W is an open
neighborhood of yg such that W N (U¥) = @, hence Int(CI(W))N (UP) = (.
Since F' is u.a.y-c., then there exists a y-open set U containing zg such that
F(U) C V. Therefore, we have that (U x Int(Cl(W))) N G(F) = (. Thus,
G(F) is almost vy-closed set with respect to X. [
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In the upper Theorem, for upper almost ~-continuous multifunction F,
if F'is taken as a point closed multifunction and Y is taken as a regular space,
then we get also same result.

Theorem 5. Let F: X ~ Y be a point N-closed and u.a.y-c. mul-
tifunction. If A is a y-compact set relative to X, then F(A) is N-closed in
Y.

Proof. Let A be a y-compact set relative to X and ® be a regular open
cover of FI(A). If a € A, then we have F(a) C U®. Thus @ is a regular open cover
of F'(a). Since F'(a) is N-closed, there exists a finite subfamily ®,,,) of ® such
that F(a) C UD,4) = V,. Vo is an d-open in Y. Since F is u.a.y-c., FF(V,)is a
v-open set in X. Therefore, Q@ = {FT(V,) : a € A} is a y-open cover of A. Since
A is y-compact set relative to X, there exist points aq, ao, ...,a, € A such that
ACU{F"(Vy,):a;€ A, i=1,2,...,n}. So we obtain F(A) C F(U{F*(V,,) :
i=1,2,..,n}) CU{V, 1i=1,2,...,n} CU{®@p, :7=1,2,...,n}. Thus F(4)
is N-closed in Y. |

Corollary 1. Let F : X ~ Y be a point N-closed and u.a.y-c. mul-
tifunction. If X is v-compact and F is surjective, then Y is nearly compact.

Definition 3. A multifunction F : X ~ Y is called

(a) strongly «y-open if for each y-open subset U of X, F(U) is open in Y.

(b) strongly v-closed if for each ~y-closed subset K of X, F(K) is closed
inY.

Proposition 1. A multifunction F : X ~ Y is strongly ~v-closed if and
only if for each point y € Y and each y-open subset U of X with F~(y) C U,
there exists an open neighbourhood Vi of y such that F~(V,) C U.

Proof. (=): Suppose that F is strongly y-closed, y € Y is any point and
U is any ~y-open subset of X with F~(y) CU. Then Y — F(X — U) is an open
neigborhood of y. Set V, =Y —F(X—-U). Then F~ (V) = F (Y -F(X-U)) =
X-FHF(X-U))CU.

(<): Let K be any ~y-closed subset of X and G =Y — F(K). Then for
each y € G, F~(y) € X — K. By hypothesis, there exists an open neighborhood
Vy of y such that F~(V)) € X — K. Let V. = U{V, : y € G}. Then V is
open and F~ (V) C X — K. Therefore, F(K) CY — V. On the other hand,
G =Y — F(K) C V which implies that F(K) =Y — V. Therefore, F(K) is a
closed subset of Y. [
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Lemma 1.  Let a multifunction F' : X ~ Y be a strongly ~v-closed
surjection such that F~(y) is y-compact set in X for eachy €Y. If ¥ = {U, :
a € A} is a y-open locally finite family, then F(V) = {F(U,) : « € A} is a
locally finite family.

Proof. Let ¥ = {U, : @ € A} be any ~-open locally finite family in
X. Let y € Y be any point in Y. Then for each z € F~(y), we can choose
an open neighbourhood G(z) of = such that G(x) intersects only finitely many
members of U. Let A(z) be a finite subset of A such that G(x) N U, #
for « € A(x), and G(x) NU, = 0 for « € A\A(x). The family {G(z) : = €
F~(y)} is an open and so y-open cover of F~(y). Since F'~(y) is y-compact
in X, there exists a finite number of points x1,z2,...,x, of F~(y) such that
F~(y) CU{G(x;) : 1 <i < mn}. Set G =U{G(x;) : 1 <i < n}. Then G is
open and so y-open set in X containing F~(y) such that GNU, = 0 for all
a € A\U{A(z;) : 1 <i<n}. If G=X, then the family U is finite, hence F'(¥)
is finite and so locally finite. Let G # X. Since F' is strongly v-closed, there is an
open neighbourhood V' of y such that F'~ (V') C G. Thus we have VNF(U,) = ()
for every @ € A\U{A(z;) : 1 <1i <n}. This implies {F(U,) : a € A} is locally
finite. ]

Definition 4. A space X is called y-paracompact if every y-open cover
of X has a locally finite y-open refinement which covers X.

Theorem 6. Let F': X ~ Y be a strongly v-open, strongly ~y-closed,
u.a.y-c. multifunction of a ~y-paracompact space X onto a space Y such that
F(z) is a-paracompact for each x € X and F~(y) is y-compact set in X for
eachy € Y. Then Y is almost paracompact space.

Proof. Let ¥ be any open cover of Y. For each z € X, since F(z)
is a-paracompact, then it has an open locally finite in Y cover ¥(x) such that
U(z) refines ¥. Set G(x) = Int(Cl(U¥(z)). Then F(x) C G(z) and since F is
w.a.y-c., {F(G(x)) : x € X} is a y-open cover of X. Since X is r-paracompact,
there exists a locally finite y-open refinement Q = {Wj3: 3 € A} of {F™(G(z)) :
x € X} such that X = USQ). By the above lemma, F'(Q2) = {F(Wp) : B € A} is
locally finite. Since F' is strongly y-open, F'(£2) is a locally finite open covering
of Y. For each 8 € A, there exists a point zg € X such that Wz C FT(G(zg)).
Therefore, we have F(Wg) C F(F*(G(z3))) C G(zg) = Int(CL(UT(zp)).

Let 3 = {F(Wg)NV : V € ¥(xp)} foreach B € Aand R ={R: R €
Rs,0 € A} for some 3 € A. Then R is an open refinemet of ¥. Moreover,

Y = F(X) - F(UWg) = UF(Wﬁ)
— UIF(W;) N CUUE(x)] € U[CUE(W;) N (VD ()]
=UCIU{R: R € R3}] = U[U{CI(R) : R € Rg}] =U{CI(R) : R € R}
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Hence Y is almost paracompact. ]

Definition 5. A space X is called ~-paralindelof if every v-open cover
of X has a locally countable y-open refinement which covers X.

Definition 6. A subset A of a space X is called

(a) v-paralindel6f in X if every y-open cover ¥ of A in X has a locally
countable y-open refinement  in X such that A CU{V : V € Q}.

(b) y-Lindel6f in X if every «-open cover of A in X has a countable
subcover.

Theorem 7. Let F: X ~ Y be a strongly v-open, strongly ~y-closed,
u.a.y-c. multifunction of a X into a P—space Y such that F(z) is a PL—set
inY for each x € X and F~(y) is y-Lindelof in X for eachy € Y. If A is a
~v-paralindeldf set in X, then F(A) is an APL—set in'Y.

Proof. Let ¥ be any open cover of F(A) in Y. For each z € X,
since F(x) is a PL—set in Y, then it has a locally countable open cover ¥(x)
in Y such that U(z) refines ¥. Since F' is u.a.y-c., there exists a y-open set
U(z) containing x such that F(U(z)) C Int(Cl(U¥(x)). Then {U(x) : x € A}
is a y-open cover of A, so it has a locally countable y-open refinement 2 =
{Wy : @ € A} in X such that A C UaeaW,. Then for each a € A, there
exists a point z, € A such that W, C U(z,). Therefore we have F(W,) C
F(U(zq)) C Int(CU(¥(zq)). Let Ry ={F(Wo)NV :V € U(z,)} for each a €
A and ® ={R: R € R,} for some o € A. Since F is strongly y-open, then §
is an open refinemet of W. To see that R is locally countable in Y, let y € YV
and for each x € F~(y), since  is locally countable in X, we can choose an
open neighbourhood G(z) of x such that G(z) intersects only countably many
members of Q. Since F'~(y) is y-Lindel6f in X, there are countably many points
T1,%2, ..., Tp... of F~(y) such that F~(y) C U2 G (k). Let G = U2 G(xy),
then G is open and so y-open set and intersects only countably many members
War, Was, Wag s ooy Wa, ... of €. By the strong ~-closedness of F, there is an open
neighbourhood Hy of y such that F~(Hy) C G. It follows that Hy intersects
at most countably many members F(W,, ), F(Wy,), F(Wa,), ..., F(W,,,), ... of
the family {F(W,) : « € A}. Furthermore, each R,, (k = 1,2,3,...) is locally
countable, hence there exists an open neighbourhood Hy (k = 1,2,3,...) of y
such that Hj, intersects only countably many members of R,, (k= 1,2,3,...).
Finally H = N2, Hy is an open neighbourhood of y and intersects at most
countably many members of R. Therefore R is locally countable. Thus
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F(A) € F(UWa) = UF(W,) C [UF(Wa) N CHUY (24)]
= U[F (W) NCLU¥(z4)] C U[CIHF(Wy) N (UT(x4))]
=UCHU{R : R € Ry} = U[U{CI(R) : R € Ry }]
=U{CI(R): R e R}.
Hence F(A) is an APL—set in Y. [

Corollary 2. Let F: X ~ Y be a strongly v-open, strongly ~v-closed,
u.a.y-c. multifunction of a X into a P—space Y such that F(zx) is a PL—set
inY for each x € X and F~(y) is y-Lindelof in X for each y € Y. If X 1is
v-paralindelof and F is surjective, then Y is almost paralindelof.
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