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Bounds for Polynomial Zeros
Using the Companion Matrix
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Let f(z) = anz™ +an1z" '+ ... taixtao € C[X] with all ar # 0. We apply several
matrix inequalities to the Frobenius companion matrix of f to derive new bounds for the zeros

of f.
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1. Introduction

It is well-known that matrix methods can be used to obtain certain root-
location results for polynomials (see [4] or [5]). Let f(z) = ap2™ + ap_12" ! +
.. + a1z + ap € C[X] with a,, # 0. The Frobenius, or companion matrix is

_Gnl _Gn2 . _a _ag
Qn Qan Qan Qan
1 0 0 0

(1) A=1 0 1 0 0 [=(ay)i<ij<n
0 0o - 1 0

and the eigenvalues of A are the zeros of f. This simple result from Linear
Algebra gives us the possibility to find bounds for zeros of f if we know bounds
for the eigenvalues of its companion matrix.

If p1,pa2,....;pn > 0, let D = diag(p1,p2,....,0n). We have

D 1AD = (i) :
Pi J1<ij<n
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therefore we can write

_PiGn-1 _ P2@n-2  _ Pn-101 _ PnGo
P1an P1an P1an P1an
f}—; 0 e 0 0
(2) D7'AD = 0 L2 0 0
Pn—1
0 0 . En-t 0
We recall that if 0(A) is the spectrum of A, then the spectral radius of
Ais
(3) r(A) = maz {[A|; A € 0(A)}
and it is well known that r(A) = r(D~tAD). We are also using the fact that
for every matrix norm ||-|| we have the inequality
(4) r(A) <Al

In [2], page 292 (see also [4], Chapter 6) we find a classical theorem due to
Gershgorin.

Theorem 1. (Gershgorin) Let A = (a;;) be an n x n complex matriz,
and let R; be the sum of the moduli of the off-diagonal elements in the i-th row.
Then each eigenvalue of A lies in the union of the circles

|z —ay| < Ry,

where 1 < i < n. The analogous result holds, if columns of A are considered.

It is known (see [1], [2], or [4], Chapter 6) that for some choices of p; we
obtain some bounds for zeros of f. If, for example, we take

ay

an

(5) Pk =

and we apply the Gershgorin theorem to D~ AD, we find a bound due to Kojima
(see [2], page 293)

ai

a2

an—1
an

ao
al

2@l 2

|z| < maz {
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2. Main results

In what follows we find new bounds for the zeros of f by choosing py in
many different ways. These new bounds will be compared with some classical
bounds.

Theorem 2. Let f(z) = apa"™ + an_12" ' + ... + a1z +ag € C[X] with
all ap, #£ 0. If z is a zero of f, then

(6) ’Z| S max { @ b ﬂ LR an72 ) a/nil } *
ay az an—1 QA
Proof. If we choose
_ 1
Pk = Ta, ol
then for all 1 < k < n we have
(7) Pk - Qp—k _ ap—1
pb1-an QA
and for 1 < k£ <n —1 we obtain
(8) Pk _ Apn—k—1 )
Pk+1 an—k
It is well known that
n
(9) HDilADHOO = MaT1<i<n Z ’dl]|
j=1
is a matrix norm and from (2.2) and (2.3) we obtain
1)  ||pap)| :max{ gl || onzz| ) anos }
oo al a2 Qp—1 Gnp
The conclusion of the theorem follows now from (1.4) and (2.5). [

Theorem 3. Let f(z) = apa"™ + an_12" ' + ... + a1z +ag € C[X] with
all ap, #£ 0. If z is a zero of f, then

Gn—1 agp (np—2

ay

(11) 2] < a

5 g eeey

+maw{

an a2 Gn—1
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Proof.
If we choose

)

n—1
n—

P =DP1" g —,

then for 1 <k <n —1 we have

Pk Qp—k Pk an—1 Gp—k—1
(12) Pk - +
b1 Gn Pr+1 Gn Qp—k ’
and
(13) Pn 180| _ |Gn-1
b1 Gnp Gnp

It is well known that

(14) Hl)flAl)H1 = Mari<j<n {Z ’dU’}

=1

is a matrix norm and from (2.7) and (2.8) we obtain:

(15) D~ AD|| = |22 —l—maa:{ DA (=2 } .
ap| |az an—1
The conclusion of the theorem follows now from (1.4) and (2.10). [

Corollary 1. If f(z) = apa™ + ap_12" ' + ... + a1z + ag € R[X] have
all ap, # 0 and ag, a1, ...,a, are in arithmetical progression, then for any zero z
of f we have

p— a Ap—
(16) |z] < nl+maw{—0, ”2}.
n ar| |@n-1
Proof. Let g(z) = 775, where r is the ratio of progression. We have

g(x) = m so if 7 > 0, then g is an increasing function, therefore for every
x € {ag, a1, ...,an—2} we will have

g(ao) < g(x) < glan—2),
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so:
(17) lg(2)| < maz{|g(ao)|,|g(an—2|} -
Applying Theorem 3, we find
ap—1
2l < ||+ maz{lg(ao)llg(ar)] .. lg(an—2)[}
n
an—1
= + maz {[g(ao)l, |g(an—2])}
an
_ Gn—1 +max{ @ ’ Qp—2 }
Qp, a1 an—1
Inequality (2.12) holds even if » < 0, which concludes the proof. [

In [3] J.L. Diaz-Barrero has established the following theorem.

Theorem 4. Let z1, 29, ..., 2z, be the zeros of the monic complex poly-
nomaal

f(z) =2" + ap, 12" + ... + a1 +ag
with ag # 0 for k =0,1,...,n — 1. Then, 2? lies in the disk |z| < 2r, where

2 n—k+1
ag|” + - Af—j * Qfeq-q
r = max sk =0,1,...,n —
18 | | Z] 1 ’2 J +j| k 0.1 1
a1

with a; =0 if 1 <0 orl > n.

In demonstration of Theorem 4, which used the Gershgorin theorem, the
key result is the following lemma.

Lemma 1. Let g(x) = 2™ + b, 12" 1 + ... + by + by be the monic
polynomial whose zeros are 23,23, ...,z2. Then, the coefficients of g are related

to coefficients of f by the expressions

n—k+1
(19) b= (=" a2 42 S (<1 - gy
j=1

0<k<n—1witha=04ifl<0orl>n.

If we apply several times the theorem of Diaz-Barrero, we can obtain
better bounds.

Let Py, P, ...P,, be a sequence of monic polynomials thus that the roots
of P; are
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2t 20 20
21 325 s 2

fort=0,1,...,m. If

P(z)=2"+ al) anl agz) + a(()z)

n—1

then, using Lemma 1, we have

n—k+1
i+1 n— i
(20) o™V = (—1)"F | (af)? + 2 Z 1Y -al;-afl |

0<k<n-—1with al(l) =0if [ < 0 orl > n, therefore we can calculate the
polynomials Py, P, ..., P, by recurrence (obviously, Py = f).

If in (1.1) we make some permutations of lines and rows, we deduce
another form for companion matrix of P,

0 0 0 —a(™
0 0 —a\™

(21) An=1| 0 0 —ai™ |,
0 0 0 - 1 —a™

and if D = diag(p1,p2, ..., pn) With p; > 0, then

0 0 _T;T.a%mi

. no 0 @

(22) D 'AD=1 o 22 0 _Zz.a;m)
I

Now, we apply the Gershgorin theorem, and obtain the following theo-

rem.
Theorem 5. Let Py (z) = a2 + agl )lx” T4+ a(m) + a(()m) be the
monic polynomial whose roots are z% zg , ,z%m. Then for1 < i < n we
have
(m)
m Dk + Dn ‘ak ‘
(23) ’%’2 < Max1<k<n-1 Do ’a(()m)’ —————

Pk+1
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Corollary 2. If f(z) = 2"+ a,_12" 1 + ... + a1 + ag € C[X] with all
ar, # 0, then for every m > 1 all roots of f are inside the disk

2] < (2r)77,

where:
’ ’ + Zn k+1 ’ m;l)’ . ’a](;i;l)’
(24) = MaTo<ik<n—1 3
N g
Opy1
withal(mfl) =04l<0orl>n.
Proof. Let
1) |2
Dk = ‘al(c 1)‘
Then:
(m) (m—1)|?
B2 af"] - o] Ja""
p1 ‘agm—n‘?
and:
2
Pk + P - ’algm)’ )a’(gm—l)) + ’algm))
B (m—1)|?
Dk+1 ’akH ’
m—1 2 n— n— i (m—1 m—1
agj )) + ’(—1) k {(a/,(C ) +2>°07 i (—1) aé_j )a§€+j )”
(m—1) |2
|
n— k+1 (m—1) (m—1)
2 o st o) Lok
= (m-1)|? ’
m—1
)akﬂ
where al(m_l) =0if I < 0orl > n. Applying Theorem 5, we obtain the
desired result. n

Remark 1. For m =1, we obtain Theorem 4.
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3. Applications

1. Let f(x) = 612% + 122° — 112* — 1023 4 922 + 8z + 7.

1. If we apply Theorem 2, we find |z| < M; = 1.180.

2. The classical bound of Cauchy gives us

Ak
ae

|z| < My =1+ maxo<i<s {

} — 1.196.

3. Kojima‘s bound is M3 = 1.833.

2. Letf(z) = 792°% + 1225 + 112* + 1023 + 922 + 82 + 7.
1. Cauchy‘s bound is M4 = 1.151.

1
2 2 2\ 5
2. Carmichael-Mason‘s bounds is M5 = (1 4 laol+laa "4 Has] )2 = 1.043.

lag|?

3. The Theorem of Enestrom-Kakeya gives Mg < 1.

4. Theorem 2 gives a better bound M; = 0.911.

3. For some polynomials the bound from Theorem 3 is better than the
bound from Theorem 2.

For example, if f(z) = 6125 + 1225 — 112* — 1023 4 922 + 8z + 7, we
saw that Theorem 2 gives the bound M; = 1.180, while Theorem 3 gives us the
better bound: Mg = 1.068.

4. If f(z) = 23 — 1.12% — 1.2z + 1.3, Diaz-Barrero found in [3] that all
the zeros lie in the disk |z| < 7, where r; = /4.82 ~ 2.195 .

If we apply Corollary 3 for m = 2, we find that all the zeros lie in the
disk |z| < ro, where ro = v/14.3122 ~ 1.945, and if we apply for m = 3 we find
that |z| < r3, where r3 = v/28.891014 ~ 1.522. Solving the equation f(z) = 0,
we observe that the root of maximal modulus is z ~ 1.191.

Remark 2. The bound from Theorem 2 is sharp, if the first coefficient
a, is much bigger than the others coefficients.
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