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1. Introduction

T. Takahashi and S.Tano[9] introduced the notion of isometric immer-
sion on K-contact manifolds. D. E. Blair, T. Koufogiorgos[4] studied isometric
immersion for three dimensional contact manifolds satisfying ¢@Q = Q¢ . In
this paper we like to study isometric immersion for a quasi-Sasakian manifold
of dimension three. On a 3-dimensional quasi-Sasakian manifold, the structure
function  was defined by Z. Olszak[7] and with the help of this function he
has obtained necessary and sufficient conditions for the manifold to be con-
formally flat[8]. Next he has proved that if the manifold is additionally con-
formally flat with 8 = constant, then (a) the manifold is locally a product
of R and a 2-dimensional Kdhlerian space of constant Gauss curvature (the
cosymplectic case), or, (b) the manifold is of constant positive curvature (the
non-cosymplectic case, here the quasi-Sasakian structure is homothetic to a
Sasakian structure).

The object of the present paper is to study a three-dimensional quasi-
Sasakian manifold which is isometrically immersed in a four-dimensional Rie-
mannian manifold of constant curvature 1. The present paper is organized as
follows:
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Section-1 is the introductory section. In section-2 we recall some preliminary re-
sults. Section-3 deals with the notion of three-dimensional quasi-Sasakian man-
ifolds. In section-4 we derive some results of three-dimensional quasi-Sasakian
manifolds isometrically immersed in four-dimensional Riemannian manifold of
constant curvature 1. In this section we also derive a necessary and suffi-
cient condition for the immersion to be minimal. We also prove that if a
three-dimensional quasi-Sasakian manifold is isometrically immersed in a four-
dimensional Riemannian manifold of constant curvature 1 then the manifold is
either Sasakian or para-Sasakian. Section-5 is devoted for an example which
illustrates some results obtained in Section-4.

2. Preliminaries

Let M be a (2n + 1)-dimensional connected differentiable manifold en-
dowed with an almost contact structure (¢,&,7,g), where ¢ is a tensor field of
type (1,1), & is a vector field, n is a 1-form and g is the Riemannian metric on
M such that [1], [2]

(2.1) P*(X) = -X +n(X)E, 0 =1,

(2:2) 9(¢X,9Y) =g(X,Y) —=n(X)n(Y), X,Y €T(M).
Then also

(2.3) ¢ =0, n(eX)=0, n(X)=g(X,5).

Let ® be the fundamental 2-form defined by

d(X,Y) =g(X,0Y), X,Y eT(M).

M is said to be quasi-Sasakian if the almost contact structure (¢,&,n,g) is
normal and the fundamental 2-form ® is closed (d® = 0), which was first in-
troduced by Blair[3]. The normality condition gives that the induced almost
contact structure M x R is integrable or equivalently, the torsion tensor field
N[, ] + 2 @ dn vanishes identically on M. The rank of a quasi Sasakian struc-
ture is always odd[3], it is equal to 1 if the structure is cosymplectic and it is
equal to (2n + 1) if the structure is Sasakian.

3. Quasi-Sasakian structure of dimension three

An almost contact metric manifold M of dimension three is quasi-Sasakian
if and only if [7]

(3.1) Vxé=—-poX, X eT(M),
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for a certain function 8 on M such that £6 = 0, V being the operator of the
covariant differention with respect to the Levi-Civita connection on M. Clearly,
such a quasi-Sasakian manifold is cosymplectic if and only if § = 0. As a conse-
quence of (3.1), we have|[7]

(3.2) (Vxo)(Y) = Bg(X,Y)s —n(Y)X), XY eT(M).
In a three-dimensional Riemannian manifold, we always have

R(X,)Y)Z = g(Y,2)QX — g(X,Z2)QY + S(Y,Z)X

(33) —S(X,2)Y = 5(9(Y, 2)X — g(X, 2)Y),

where @ is the Ricci operator, i.e., g(QX,Y) = S(X,Y) and r is the scalar cur-
vature of the manifold. Let M be a three-dimensional quasi-Sasakian manifold.
The Ricci tensor S of M is given by [8]

(3.4) S, 2) = (5—0%)9(Y,2) + (36% — 5)n(Y)n(Z)
' —n(Y)dB(¢Z) —n(Z)dB(¢Y),

where r is the scalar curvature of M. As a consequence of (3.4), we get for the
Ricci operator @

(385) QX =(5— )X + 66 - Hn(X)E +n(X)(@grads) — dB(6X)s,

where the gradient of a function f is related to the exterior derivative df by the
formula df (X) = g(gradf, X). From (3.4) it follows that

(3.6) S(X,€) = 26n(X) — dB(9X).

Moreover as a consequence of (3.3) —(3.5), we note that for a three-dimensional
quasi-Sasakian manifold

RX,Y)E = B(n(Y)X —n(X)Y) +dB(¢Y)n(X)§ — dB(X)n(Y)s

(37) + dB(@X)Y — dB($Y)X,

for X,Y € T(M).
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4. Isometric immersion of three-dimensional quasi-Sasakian
manifolds

Definition 4.1. Let M and M’ be smooth manifolds of dimension m
and m/ respectively. If f : M — M’ is asmooth map and fi; : To(M) — Ty M’
is the tangential map at € M then f is said to be an immersion if f, is injective
for each z € M.

Let M and M’ be Riemannian manifolds with Riemannian metric g and
g respectively. A mapping f: M — M’ is called isometric at a point x of M if
9(X,Y) =g (f« X, £.Y), for all X,Y € T, M.

An immersion f which is isometric at every point of M is called an
isometric immersion[10].

If X and Y are two vector fields on a manifold M which is immersed in
a Riemannian manifold M’ then we know that [10] B(X,Y) = VxY — VY,
where B is the second fundamental form and V and V denote the covariant
differentiation with respect to the Levi-Civita connection in M and M’ respec-
tively.

We consider a three-dimensional quasi-Sasakian manifold which is iso-
metrically immersed in a four-dimensional Riemannian manifold of constant
curvature 1. Then we can write the Gauss and Codazzi equations as [5]

(4.1) R(X,Y)=XAY 4+ AX A AY,
(42)  R(X,Y)Z =g(Y,2)X — g(X,Z2)Y + g(AY, Z)AX — g(AX, Z)AY,

(4.3) (VxA)(Y) = (VyA)(X),

where A is a (1,1) tensor field associated with second fundamental form B given
by B(X,Y) = g(AX,Y). A is symmetric with respect to g. If the trace of A
vanishes then the imersion is called minimal. The type number of the immersion
is equal to the rank of A. From (4.2) it follows that

g(R(X,Y)Z,U) g(sz)g(XvU)_g(X7Z)g(Y7U)

b gAY, 2)g(AX,U)  g(AX, Z)g(AY,U).

In the above equation putting X = U = e;, where {¢;}, i = 1,2,3, is an ortho-
normal basis of the tangent space at each point of the manifold M and taking
summation over ¢ we get

(4.4) S(Y, Z) = 29(Y, Z) + g(AY, 2)0 — g(AAY, Z),



Isometric Immersion of Three-Dimensional ... 301

where 0 is the trace of A. Replacing Z by £ we have from (4.4)

S(Y,8) =29(Y,€) + g(AY, £)0 — g(AAY, ).
Considering (3.6) we note from above

26°0(Y) — dB(¢Y) = 29(Y,€) + g(AY, )0 — g(AAY,€).

For g(gradf, X) = df(X), symmetry of A and skew-symmetry of ¢, the above
equation implies

(45)  2829(V,€) + g(V; 6gradB) = 29(Y,€) + g(V, A0 — gV, AAE),
which yields
(4.6) 2(3% — 1)¢ + pgradB = 0AE — AAE.
If 8 = 0 the above equation reduces to
(4.7) 2(6?% — 1)¢ + ¢gradf + AAE = 0.
Thus we can state the following:
Theorem 4.1. If a three-dimensional quasi-Sasakian manifold is iso-

metrically immersed in a four-dimensional Riemannian manifold of constant
curvature 1 and if the immersion is minimal then (4.7) holds.

We now suppose that the relation (4.7) holds. Then in view of (4.6),
0 AL = 0. Therefore either § = 0 or A = 0. If AS =0, then from (4.6) we get

(4.8) 2(6% — 1)¢ = —ggradp.

Applying ¢ on both sides of the above relation we obtain ¢?grads = 0. Hence
by (2.1)

—gradB + g(gradB, §)§ = 0.

Since g(gradf, X) = dp(X) = X3, we obtain from above —gradg + {8¢ = 0.
Now for a three-dimensional quasi-Sasakian manifold we know that £6 = O.
Therefore grad3 = 0. Thus from (4.8) we obtain 2(3% — 1) = 0. Hence 8 = +1.
Thus we have the following:
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Theorem 4.2. If a three-dimensional quasi-Sasakian manifold is iso-
metrically immersed in a four-dimensional Riemannian manifold of constant
curvature 1 and if (4.7) holds then the manifold is either Sasakian or para-
Sasakian or the immersion is minimal.

By virtue of (2.3) we obtain from (3.4)
(4.9) S(6Y,62) = (5 = B)g(6Y. 62).
From (4.4) we also have
(4.10) S(9Y,07) = 29(Y, 6Z) + g(ADY, Z)0 — g(AAGY, 62).

From (4.9), and (4.10) we obtain

(f

S — 07 = 2)g(9Y, 02) +09(6AGY, Z) — g(9AABY, Z) = 0.

From above it follows that
(5 — 8 = 29(6”Y. 2) ~ 09(6A0Y. Z) + g(9AAGY. Z) = 0.

We obtain from above

(4.11) (g — 32— 2)¢2 — 0pAd + dAAG = 0.

If § = 0, then (4.11) reduces to

(4.12) (g — % —2)¢% + pAAP = 0.

Thus we can state the following:

Theorem 4.3. If a three-dimensional quasi-Sasakian manifold is iso-
metrically immersed in a four-dimensional Riemannian manifold of constant
curvature 1 and if the immersion is minimal then (4.12) holds.

Next let (4.12) holds. Then from (4.11) we note that §¢A¢ = 0. Hence
either # = 0, i.e., the immersion is minimal or ¢pA¢ = 0. Hence we can state the
following:



Isometric Immersion of Three-Dimensional ... 303

Theorem 4.4. If a three-dimensional quasi-Sasakian manifold is iso-
metrically immersed in a four-dimensional Riemannian manifold of constant
curvature 1 and if (4.12) holds then either the immersion is minimal or $A¢p = 0.

Combining Theorem 4.3 and Theorem 4.4 we get a necessary and suffi-
cient condition for the immersion to be minimal as the following:

Theorem 4.5. If a three-dimensional quasi-Sasakian manifold is iso-
metrically immersed in a four-dimensional Riemannian manifold of constant
curvature 1, then the immersion is minimal if and only if (4.12) holds, provided

that pA¢ # 0.
From (4.2) we have

R(X,Y)Z = g(Y, 2)X — g(X, Z)Y + g(AY, Z)AX — g(AX, Z)AY.
For Z = &, using (3.7) we obtain from above

Fm(Y)X = n(X)Y) +dB(eY )n(X)E

(4.13) —dB(eX)n(Y )€ + dB(¢X)Y — dB(8Y )X
=nY)X —n(X)Y +n(AY)AX —n(AX)AY.
Putting Y = £ we obtain from (4.13)

(4.14) (1= B)(X — n(X)€) + n(AEAX — g(AX) A = 0.

Now g(AX,Y) = B(X,Y) and we know that B(X,Y) = VxY — VY. Hence

(4.15) g(AE,€) = B(£,€) = V& — Ve,
and
(4.16) g(AX,€) = B(X,€) = Vx& — VxE.

Using(4.15), (4.16) in (4.14) we obtain
(417) (1= )X = n(X)E) + (Ve& — Ve AX — (Vx& — Vx§)AL = 0.

From [6] we know that 2V x X = gradf, where f = g(X, X) is a smooth function
on a Riemannian manifold endowed with a metric g. Then for X = ¢ and
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9(&,€) = 1, we get ?55 = 0, since gradl = 0. Also from (3.1) it follows that
Ve€ = 0. Hence applying ¢ on both sides of (4.17) we obtain

(1 - B)(6X) = 0.

Since X # 0, unless X = &, we have § = +1. Hence we can state the following:

Theorem 4.6. If a three dimensional quasi-Sasakian manifold is isom-
metrically immersed in a four-dimensional Riemannian manifold of constant
curvature 1, then the manifold is either Sasakian or para-Sasakian.

5. Example

In this section we give an example which illustrates the results obtained
in Theorem 4.1 and Theorem 4.2.

Let us consider the 3-dimensional manifold M = {(z,y, z € R3)}, where
(z,y,2) are the standerd coordinates in R3. The vector fields

0 0 0 0

5 0
— . eg=—, e3=2— +z—
oy’ 279 7B

oy’

[

ar Yoz
are linearly independent at each point of M. Let g be the Riemannian metric
defined by

glei,e3) = glez,e3) = gler,e2) =0, gler,e1) = g(ez, e2) = g(es, e3) = 1.
Let n be the 1-form defined by n(Z) = g(Z, e3) for any Z belongs to x(M). Let
¢ be the (1,1) tensor field defined by ¢e; = —ea, des = €1, ¢eg = 0. Then
using the linearity of ¢ and g we have

77(63) =1, ¢2Z =—-Z +77(Z)€37 g(d)Z? qu) = g(Z7 W) - U(Z)H(W),

for any Z,W € x(M). Thus for e3 = £, M(¢,&,n,g) defines an almost contact
metric manifold.

Let V be the Levi-civita connection with respect to the Riemannian
metric g. Then we have

le1,e2] =0, [e1,e3] = —e2, [e2,e3] =e1.

The Riemannian connection V of the metric g is given by
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29(VxY,Z) = Xg(Y,Z) + Yg(Z,X)
~Z9(X,Y) +9([X,Y],Z) — g([Y. 2], X) + 9([Z, X].Y),

which is known as Koszul’s formula. Taking es = £ and using the above formula
for Riemannian metric g, it can be easily calculated that

Ve ez = —e3,  Veer =0, Ve,e1 =0,
Ve,e3 = €1, Ve,e2 =0, Ve,e1 =0,
V63€3 = O, Vegeg = —€1, V6361 = €9.

We see that the (¢,&, 7, g) structure satisfies the formula Vx¢& = —3¢X, where
8 =-—1.

Hence M (¢,&,m,9) is a 3-dimensional non-cosymplectic quasi-Sasakian
manifold with the structure function J as constant. If the manifold be isometri-

cally immersed in a four-dimensional Riemannian manifold of constant curvature
1 then by (4.6) we have

2(3% — 1)€ + pgradf = OAE — AAE.

Now for 8 = —1, we get from above AA¢ = §AE. Thus in the manifold under
consideration § = —1 and AA{ = 0 AL. Hence for 6 = 0, (4.7) is satisfied. Again,
since f = —1 the manifold is para-Sasakian. In this way the manifold agrees
with Theorem 4.1 and Theorem 4.2.
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