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with parameter £ > 0 is described as power series in the

1. Introduction

The Dunkl operator Dy was defined in [3], in 1989, and since then many
mathematicians have studied its different properties and applications.
Here we start with some definitions.

Denote by Apr the space of the analytic functions in the disk D = {z €
C: |zl < R}.

Definition 1. For f € Ap, the operator Dy : Arp — Apr defined by

(1) Dkf(Z) — d{[f) + kf(Z) _Zf(_Z)

is called the Dunkl operator with parameter k£ > 0.
Through this paper the parameter k£ will be arbitrary, but fixed, therefore
we will write only ” Dunkl operator” without mentioning the parameter k.

Definition 2. It is said that a continuous linear operator M commutes
with a fixed operator L, if ML = LM. The set of all such operators is called
the commutant of L and will be denoted by CL.



52 M.S. Hristova

In a previous paper [7] we described the commutant of the Dunkl oper-
ator. Here our goal is to extend this description to the case of an arbitrarily
fixed power D} of the Dunkl operator Dj,.

2. Representation of the commutant

Theorem 1. Let f € Agr be an analytic function in Dgr with o Taylor
o0

series f(z) = Z amz™. Then every continuous linear operator M : Agr — AR
m=0
commutes with an arbitrarily fixed power n of the Dunkl operator Dy, i.e. M €

CDy, if and only if it can be represented in a power series form as

n—1 oo
(2) Mf(z) = Z b, 2" +
©#=0m=0
o) o) Cm-"cm—[fi]n—i-l
+ am n b (i . al, - 2"
/;lm:%]n C/-L"'C/L—[%]ﬂ"l‘l [n] M [n]
where
(3) em =m+ k(L= (=1)"), m >0,

k > 0 is the parameter of the Dunkl operator, [A] denotes the integer part of
the number A, and by, ,, 0 <pu<n—-1, m=0,1,2,..., are arbitrary complex
numbers such that the series in the representation (0.2) are convergent.

Proof. First, let us consider the action of the Dunkl operator Dy on a
single power 2" of the variable z € C. If the power is even, i.e. m = 2s, then

dz z

d 2s 2s _ (__\2s
Dy2% = { : + k:z (=2) =252%71 for s> 1,
0 for s = 0.

If the power is odd, i.e. m = 2s + 1, then

2s+1 2s+1 2s+1
9541 _ A% Z —(—2)
Dz = +k
dz z

= (254+1)2% +2k2% = (25 +1+2k)2*.
The two representations can be combined in one formula:

(4) Dz — {szm_l, em=m+k[1— (=)™ form > 1,
0 for m =0.
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Next, if n > 1 is an arbitrarily fixed natural number, (0.4) implies that

(5) Dy = {cmcm_l ce i Cp—nt12TT form > n,

0 for0<m<n-1.

Now consider an arbitrary operator M from the commutant C'Dy. Let
us represent its action on any fixed power m of z by the power series

(6) Mzm:deuz“, m=0,1,2,...
n=0

with unknown coefficients d,,, which will be determined.

Next step is to find expressions for M D} z™ and D} M=z"™:

o0
MDpm — Mcpy, ... 12" = E Cm -+ C—nt1Gm—npu 2", m >n,
n=0

0, N 0<m<n-—1.

(7)

e} o0
(8) DpMz™ = DpY dmpz" = dmuDpz"
pn=0 pn=0

(0.0] (0.0]

— -n _

= E dpCp - - Cp—ns12" —E Aoy Cpgm - - - Cug12M.
pn=n pn=0

In the last formula © — n was replaced by a single letter p for convenience.

We want to have M D} f = DM f for every f € A(R). By the uniqueness
theorem for analytic functions this will be true if and only if for every m > 0
one has MD}2z™ = D M2z™, i.e. if the expressions in (0.7) and (0.8) coincide.

Our first observation will be in the case when 0 < m <mn — 1. Then one
must have

o0
0= Z dm#_,_ncw_n . CM_A,_lZM.
©n=0
By the uniqueness theorem the power series on the right is zero if and only
if all its coefficients are equal to zero, i.e. dp yinCutn-..cur1 = 0 for every
pw=0,1,2,.... But all ¢c5, s > 1, are different from zero and hence it is necessary

to have
dpptp =0, 0<m<n-1, p=0,1,2,....

This can be written in a better way if n + u is replaced by a single index u:

(9) dny =0, 0<m<n—1, p>n.
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The next step is to find a recurrent formula for arbitrary m > n. Com-
paring the first line in (0.7) with (0.8), we get by the uniqueness theorem that

(10) Cm - Cm—nt+18m—nyu = AmptnCutn - - - Cut1, M >n, 1> 0.

Replacing p by 1 —n we have

(11) Cm -+ Cm—nt18m—npu—n = Cp - - - Cy—nt10m s M >N, [0 > N.

But all constants cs, s > 1, are different from zero and we obtain the desired
recurrent formula

Cm .- -Cm—n+1
(12) Ay = m- - tmontl Aoy M > 1, > M
Cu---Cpu—n+1

The next step is to use (0.12) for expressing arbitrary coefficient dy, ,,
m > n, i > n, by coefficient d, 4, where either 0 <p<n—-1or0<g<n-1.
In the sequel [A] will denote the integer part of a number A.

In the case [—} < [E} one can apply [—} times the recurrent formula
n n n
(0.12), and then

Cm ---Cm—n+1 Cm -+ - Cm—2n+1
(13) dm,,u = dm—n,,u—n = dm—2n,,u—2n
C# e Cu—n-&—l CH ce Cu—2n+1
_ _ Cm...cm_l:%]n+1 d

TSR o L 1

But m — [%] n<n-—1and u— [%] n > n, i.e. the first index is the remainder
when m is divided by n. Then by our first observation (0.9) the coefficient

dm_[ﬂ]nu_[ﬂ]n must be zero. Therefore, using (0.13), one has
m) [
(14) dm,p, =0, for [g} < [E} .

In the other case, when [m] > [H} , one can apply [H] times the recur-
n n n
rent formula (0.12) to get

Cm - Cm—n+1 Cm -+ - Cm—2n+1
(15) dm,,u = dm—n,,u—n = dm—2n,u—2n
CH ‘e Cu—n-&—l CH ce Cu—2n+1
Cmp...C
i i

_fu [y
C/'L“‘C/L—[%]n+1 m [n]n’l’b [n]n

Now the second index p — [%] n is the remainder when p is divided by n.
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Let us combine (0.14) and (0.15) as

0 for [%]
(16) dm“u _ Cm - - - Cm_[%]n-i-l d for [%]

(%],
H .
C/‘"'Cu—[%]n-i-l n

<
>

m—=[&]nu=[]n

From this important formula we can conclude that:

- all coefficients dyy, , with 0 < u <n — 1 can be chosen arbitrarily,

and then,
- all other coefficients dyy, , with p > n are either equal to zero or can be expressed
by some of the arbitrarily chosen d,, ,, with >z <n — 1.

The recurrent relation (0.16) allows a representation of Mz as a poly-
nomial of degree at most ([%] + 1) n—1:

()1

n—1 m"'cm—[ﬁ]n—H
17) M2 = 2" = d L P,
e uzz;) e uz—;a Cu e Cu[L]nt1 ) s )

Finally, the action of an operator M € CDj on some analytic function

f(z) = i amz™ is
m=0

(18) MAED) = MY 0z =3 " =
m=0 m=0
o0 n—1 ([Z]+1)n-1 . _
m e Coy [B] g1
= a d7z'u’_|_ [n] d_ﬁ s .Z'u' ’
2;0 ! u§=:0 " ;;::n CuCumftnpr [ {2

which can be written also as

n—1 oo

(19) Mf(z) = Z Z A, 2" +

pn=0m=0

cm"'cm—[%]n—i-l
T2 2 am- G- (=[] -

M:nm:[%]n C/.L "Cu—[%]n-i-l

This is in fact the desired representation (0.2) if one denotes the arbitrarily
chosen constants by a different letter b,

(20) by =dmy, 0<v<n-—1 m=0,1,2,....

Thus, we proved the necessity, i.e. if M € CDy, then the operator M
must be of the form (0.2).
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Now, let us check the sufficiency, i.e. if an operator M has the form
(0.2), then it commutes with the n-th power of the Dunkl operator D}, i.e
MDp = Dy M. It is enough to verify this for all powers 2°, s =0,1,2,..., since
they form a basis of the space of the analytic functions Ag. In fact, for arbitrarily
fixed s we can use the representation (0.17) with m = s and d,y ;, = bs,, instead
of the general expression (0.2).

In the case 0 < s < n — 1 the representation (0.17) reduces to the first

n—1
sum and Mz° = Z bs 2. Now we calculate D} M z* and M D} z*

m=0
D (Mz*) waz# stuDkz“ wa

M(Dkz ) = MO0 =0,
ie. DPMz* = MD;}z* = 0. Here we used the second case in (0.5).
In the case s > n, if we apply D; to

n-l (Fl+)n=1 0o e
21) Mz = " s=[&]n+1 . M
(21) z ;bs,uz + ;::n AT by (][] - 2

then the first sum will vanish because (0.5) gives Dj}z# =0 for 0 < pp <n — 1.
Again (0.5) used for p > n gives
([%]—i—l)n—l Cs...C

(22) DpMzs = )~

e

bs—[%]n,u—[%]ncu o G2,

i=n Cu - "Cu—[%]n-i-l
an—1 ([3]+1)n—1
It is suitable to separate the sum as Z + Z . In the first one the
n=n p=2n

whole denominator will be canceled, but in the second sum, after canceling

Cu -+ - Cu—n+1, the denominator will have n numbers less than the numerator:
2n—1
(23)  DpMz® = > cooContibsnpn "+

([%]+1)n—1 Cs...C

S_[%]”'H p=n
+ by - [#]n?

p—2n Cu—m .- Cu—[%]n-H
It is also suitable to replace u — n by only one number v for future comparison:

(24) DEMz* = > co...conpibsnpz’+
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[%]n_lc c
S s—[z]n—n—i-l
+ L b vl w2V
DR O S

Let us now represent M D;}'z® in the same case s > n:

(25) MDpz* = Mecs...Cs—pt12° " =Cg.oComp1aM2°"" =C5...Cs_pt1 X

_ SR )n—1
n—1 . ([=52]+1)n Cs—n “Cs—n—[%]n-H i
8 st_n’uz * Z Cp.-.C s=n—[&]nu—[4]n -
n=0 p=n (L ,u,—[f—L]n—&—l

In fact, the right hand sides of (0.24) and (0.25) are one and the same but with
different indices v and p. Thus D} Mz® = M D}}z® and the sufficiency of (0.2)
is also proved. ]

3. Corrolaries

Let us note that as a simplest particular case of the Dunkl operator,
when the parameter k is taken to be 0, one can have the classical differentiation

operator Dof(z) = Df(z) = df(z)

commutant of D in the case n = 1 as:

(26) Mf(z Z Ambm,o + Z Z am (m—pt 1)bm_u,0z“.

1
p=lm=p

Then ¢, = m and Theorem 1 describes the

In the case n > 2, the representation becomes
n—1 oo

@0) Mf(z) = 33 ambmgt +
H—Om—O

—[Eln+1) )

i ME:n _E: am [%]n—i_ 1) bm—[%]n“u_[%]n . 2R

Similar results for D, its powers, and generalizations of D are given by some
Russian mathematicians. In particular in [4], §5.1, one can find such theorem
and also additional bibliography.

If we take the parameter &k > 0, but n = 1, then the representation of
CD,, from our previous paper [7] is obtained

(28) Zam mz“—i—ZZam Cm— “Hb m—p 2

p=lm=p ‘1
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Final notes: A different description of the commutant C Dy, of the first
power of the Dunkl operator in the space of the continuous functions on the real
line R is given in [2], based on the convolutional approach (see Dimovski [1]). It
depends on an arbitrary continuous linear functional ® : C(R) — C. If we try
to make a comparison with our description in Theorem 1, here we also have an
arbitrary choice. Namely, it is possible to vary arbitrarily the constants by, ,,
0<u<n—-1,m=0,1,2,....

Power series have been used by the author also for descriptions of the
commutants of other operators and studying of their different properties, e.g.
a general linear operator of differentiation type [5], or the generalized Hardy-
Littlewood operator [6], etc.
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