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The Rupture Degree of Some Graphs
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Communication networks have been characterized by high levels of service reliability.
In a communication networks, requiring greater degrees of stability or less vulnerability. The
vulnerability of communication network measures the resistance of the network to disruption
of operation after the failure of certain stations or communication links. If we think of a graph
as modeling a network, then the rupture degree of a noncomplete connected graph G is defined
by

r(G) =maz{ w(G—-8)—1|S|—-m(G-9):SCV(G), w(G—-S)>21}

where w(G — S) denotes the number of components in the graph G — S and m(G — S) is
the order of the largest component of G — S. This parameter can be used to measure the
vulnerability of a graph. In this paper, we consider general results on the rupture degree of
a graph. Firstly, some bounds on the rupture degree are given. Further, the rupture degree
of thorn graphs G* and E}, are calculated. Finally, we give formulas for the rupture degree of
the corona operation of some special graphs.
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1. Introduction

The stability of a communication network, which consists of processing
nodes and communication links, is very important for network designers. When
the network begins losing its nodes or links, at last there is damage in its ef-
fectiveness. Communication networks must be constructed to be as stable as
possible, since they depend on some initial damage and some possibility of their
reconstruction. The vulnerability value shows the resistance of the network until
communication breakdown after the disruption of certain stations or communi-
cation links. In a communication networks, requiring greater degrees of stability
or less vulnerability. The problem of quantifying the vulnerability of networks
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has received much attention nowadays. In an analysis of the vulnerability of
networks to disruption, three important quantities (there may be others) are
(1) the number of elements that are not functioning, (2) the number of remain-
ing connected subnetworks and (3) the size of a largest remaining group within
which mutual communication can still occur.

If we think of a graph as modeling a network, then we have some graph pa-
rameters to measure the vulnerability. Many graph theoretical parameters have
been used to describe the stability of communication networks. Most studied
and best-known parameters in graph theory are including connectivity, integrity,
toughness, binding number, and scattering number [1-4, 12, 13].

A graph G, it is denoted by G = (V(G), E(G)), where V(QG) is vertices set of G
and E(Q) is edges set of G. The number of vertices and the number of edges of
the graph G are denoted by |V (G)|, |E(G)| respectively [6, 7].

Throughout this paper for any graph G, we denote the number of components
by w(G) and the order of the largest component by m(G).

The tenacity of an incomplete connected graph G is defined as

T(G)={ EEES) . 5 V(G) and w(G-8) >1 |

and the tenacity of K, is defined as n. Clearly, tenacity is the most appropriate
for measuring the vulnerability of networks [4].

It is natural to consider the additive dual of tenacity. We call this parameter
the rupture degree of graphs. Formally, the rupture degree of an incomplete
connected graph G is defined by

r(G) = mazx{ w(G—-8)—|S|—-m(G—-5):SCV(G), w(G-85)>2}

and the rupture degree of K, is defined as 1 —n [10,11].

We consider that two graphs have same tenacity. Then, these two graphs must
be different in respect to stability. How can we measure that property? This
idea offers the concept of rupture degree that is different from tenacity.

Definition 1.1. (see [6, 9, 12]) Two vertices are said to cover each other
in a graph G if they are incident in G. A vertex cover in G is a set of vertices
that covers all edges of G. The minimum cardinality of a vertex cover in a graph
G is called the vertex covering number of G and is denoted by a(G).
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Definition 1.2. (see [6, 9, 12]) An independent set of vertices of a
graph G is a set of vertices of G whose elements are pairwise nonadjacent.
The independence number 5(G) of G is the maximum cardinality among all
independent sets of vertices of G.

Theorem 1.1. (see [6, 9, 12]) If G is a graph of order n, then

a(G) + B(G) =n.

Definition 1.3. (see [6, 7]) The complement G of a graph G has V(G)
as its node sets, but two nodes are adjacent in G if only if they are not adjacent
in G.

In this paper, at first, we give some of the known results. Finally, we give
some bounds consisted of the relationships between the rupture degree and
some vulnerability parameters on the rupture degree of a graph.

2. Basic Results

In this section we give some of the known results about the rupture
degree. The 0(G) parameter will be used in this paper as the minimum vertex
degree. The graphs that will be given the results in this section are in the
following:

P,,: the path graph of order n
C,,: the cycle graph of order n vertices
K ,—1: the star graph of order n vertices

Theorem 2.1. (see [10]) The rupture degrees of the path P,(n > 3) ,
the star Ky pn—1(n > 3) and the cycle Cy, are given in the following.
a) The rupture degree of the path P,(n > 3) is

-1, n is even
r(Pn) = { 0, n is odd

b)The rupture degree of the star Ky p,—1(n > 3) isn — 3.

¢)The rupture degree of the cycle Cy, is

-1, n is even
r(Cn) = { -2, n is odd
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Theorem 2.2. (see [10]) Let G be an incomplete connected graph of
order n. Then

oy [((G)? = (G)[(G) 1] —n
a) 20(G) —n—1<r(G) < (e .
b)3—n<r(G)<n-3.

c) r(GQ) <26(G) — 1.

Theorem 2.3. (see [10]) Let Gy and G be two connected graphs of
order ny and no, respectively. Then

r(G1 + G3) = max{ r(G1) — n2,7(G2) —n1}.

3. The Rupture Degree of G* Thorn Graph

In this section, we give some results on the rupture degree of G* thorn
graph are calculated. Finally, we give formulas for the rupture degree of the
corona operation of some special graphs.

Definition 3.1. (see [8]) Let pi,po, ..., pn be non-negative integers and
G be such a graph, V(G) = n. The thorn graph of the graph G, with parameters
P1, P2, ..., Pp, is obtained by attaching p; new vertices of degree one to the vertex
u; of the graph G, i=1, 2, ... , n.

The thorn graph of the graph G will be denoted by G*, or if the respective
parameters need to specified, by G*( p1,p2, ..., Pn)-

Definition 3.2. (see [7]) The corona G o G2 was defined by Frucht and
Harary as the graph G obtained by taking one copy of G; of order p; and p;
copies of G2, and then joining the i’th node of GGy to every node in the i’th copy
of GQ.

Theorem 3.1. Let G be a graph of order n. If G* is a thorn graph

with every p; = 1, then
r(G") = B(G) - 2

Proof. Let S* C V(G*) and S* be satisfying the rupture degree of G*
. Thus we have two cases according to S*.
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Casel: If S* is any covering set of G, then we have w(G* — S*) =
B(G)+a(G) and m(G* — S*) = 2. If we write these values in rupture definition,
then

r(G*) = maz{ w(G* — S*) = |S*| — m(G* — S*)}
= maz{ B(G) + a(G) — a(G) — 2}
= maz{ B(G) — 2}

(3.1) — 8(G) -2

Case2: If S* is not any covering set of G and |S*| # n, then we have
w(G* = 8*) = w(G — S§*) + |S*| and m(G* — S*) > 2. If we write these values
in rupture definition, then

r(G*) = max{ w(G* — §*) — |S*| — m(G* — §*)}
< maz{ w(G— 8% +|S*| — |S*| — 2}
< maz{ w(G - S*) -2}
Since w(G — S*) < B(G) for any graph G. Then we have

r(G¥) < max{B(G) - 2}

(3.2) < B(G) 2

If |S*| = n, then we have w(G* — S*) = n and m(G* — S*) = 1. Thus the
rupture degree of G*, r(G*) = max{n —n — 1} = max{—1 } = —1. We claim
that —1 < B(G) — 2 . Let we prove this claim. We know that 1 < 5(G). If we
subtract 2 from both side of this inequality, then we have —1 < 3(G) — 2. Thus
we complete the proof of this claim. It is easy to see that r(G*) = B(G) — 2
from (3.1) and (3.2). Hence

r(G) = B(G) — 2.
The proof is completed. ]

Theorem 3.2. Let G be a graph of order n. If G* is a thorn graph of
G with p; > 2, then

r(G*) = B(G*) — a(G*) — 1.
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Proof. The independence number and covering number of G* are
B(G*) = > pi and a(G*) = n, respectively. If S* C V(G*), then
i=1

k
w(G*—=S*) =Y pi +w(G — S*) where |S*| = k. Firstly we can assume that S*
i=1

is a cover set of G*. Therefore, we have k = a(G*) = n, w(G* — 5§*) = 3. p;i
i=1

and m(G* — S*) = 1. If we write these values in rupture definition, then

r(G*) = max{ w(G* — S*) — |S*| — m(G* — S*)}

= max{ Zpi —a(G") -1}

i=1

=) pi—a(G*) -1
=1

(3.3) =6(G") —a(G") -1

If S* is not a cover set of G*, then we have three cases for S* set.
Casel: If |S*| < a(G), then w(G — S*) < B(G),
k
w(G* = S*) < Y pi + B(G) where |S*| = k, and m(G* — S*) > 6. If we remove
i=1

k vertices froml_G, then one of the remaining connected components has at least
2 vertices. So the graph G will have a subgraph Ks (see Figure 1).

Figure 1: Ky Graph
If we write these values in rupture definition, then

r(G*) = max{ w(G* — S*) — |S*| — m(G* — S*)}

k
< max{ Y pi+ B(G) —k— 6}

i=1

k
(3.4) < S pi+BG) —k—6
=1
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We claim that the value which we found in (8.3) is bigger than the value which
k
we found in (3.4), that is, the claim is Y p;+((G) —k—6 < B(G*) — a(G*) — 1.
i=1

Now let we prove this claim. We know that

a(@)
2 B(G) < i p; and a(G) —k < > p; for any G graph. So,
i=a(G)+1 i=k+1
a(G) n
28G)+a(G) k< X pi+ X i
i=k+1 i=a(G)+1

k
Let we add Y p; both side. Then we have
i=1

k k a(G) n
Ypit+28(G)+a(G) k< Y pi+ X opit+ Y pi
i=1 i=1 i=k-+1 i=a(G)+1

é:lpi + B(G)+ (B(G)+a(@)) —k < :Z::lpi

1

k n
glpﬂr BG)+n—k< Yp

k n
;1]91 + B(G) -k < ;lpz' -n

We also know that —6 < —1. Hence,

IA
M=

k
;1Pi+ B(G)—k—6 pi—n—1

1

=.

S pit B(G)— k=65 B(G) —a(Gh) — 1
Thus the proof of claim is completed.
Case2: If |S*| = a(@G), then w(G — S*) = B(G),
w(G* = 8% = a(f) pi + B(G), and m(G* — S*) > 3. If we write these values in
rupture deﬁnitii):nl, then

r(G*) = max{ w(G* — S*) — |S*| — m(G* — S*)}

a(G)
<maz{ Y pi+B(G) — a(G) -3}

i=1
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a(G)
(3.5) < Y pi+B(G) —a(G) -3
i=1
Now we claim that the value which we found in (8.3) is bigger than the value
which we found in (3.5), that is, the claim is

a(@)
> pi+ B(G) — a(G) — 3 < B(G*) — a(G*) — 1. Let we prove this claim. We
i=1

a(G)
know that 2 5(G) < i p; for any G graph. Since Y. p; > 0, then we have
i=a(G)+1 i=1
a(G) a(G) n
X pit28G) < Xpit X pi
i=1 i=1 i=a(G)+1
a(G) n
; pi+2 B(G) < ;Pi
Ol(G) n
; pit+2B(G) —a(G) < ;pi —a(G)
Ol(G) n
X pi+5(G) - a(G) < i~ (alG) + B(G))
a(G

) n
; pit+B(G) —a(G) < YXpi—n

i=1
We also know that —3 < —1.Hence,

a(G)
> pi+A(G) ~a(G) =3

a(G)
; pi+B(G) —a(G) =3

IN
M=

pi—n—1
1

=.

IA

B(G") = a(G¥) — 1

Thus the proof of claim is completed.

Case3: If |S*| > «(G), then S* = S; U S,. Let S; be a cover set of G
and |S2| < B(G). Thus we have

k
w(G* = S*) =3 pi +|V(G)| — |S*| and m(G* — S*) > 3.
i=1
If we write these values in rupture definition, then
r(G*) = maz{ w(G* — 8§*) — |S*| = m(G* — %)}

k
< maz{ Y _pi+|V(G)| - |S*| - |S"| - 3}

i=1
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k
<maz{ Y pi+|V(G)| —2|9*| -3}
i=1
We also know that Xk: pi < B(G*), |[V(G)| = o(G)+B(G) and |S*| = [S1]+]S2| =
i=1
a(G) + |Ss|. If we write these values in rupture definition, then we have
(G") + (@) + B(G) — 2(a(G) + |92]) — 3}
< maz{ B(G") + (@) + B(G) — 2(a(G) + B(G)) — 3}
< maz{ B(G") — (a(G) + B(G)) — 3}
< max{ 8(G*) —n — 3}
< B(G")=n=3

r(G*) < max{ B(G*

(3.6) < BGT) —a(GY) =3

We claim that the value which we found in (3.3) is bigger than the value which
we found in (3.6). It’s easy to see that
B(G*) — a(G*) — 3 < B(G*) — a(G*) — 1.Hence

r(G*) = B(G*) — a(G*) — 1
Thus the proof is completed. [ ]

Theorem 3.3. Let G be a graph of order n. If G* is a thorn graph of G
with p; > 1, then

r(G* o Py) = B(G*) — 3.

Proof. The covering number of G* is «(G*) = n. Let S* C V(G* o P,).
Then firstly we can assume that S* is a cover set of G*. If |S*| = «(G*) = n,

then we have w((G* o P) — 8*) =n + Zn: p; and m((G* o Py) — S*) = 3. If we

1=
write these values in rupture definition, then we have

r(G* o Py) = max{ w((G* o Py) — S*) — |S*| — m((G* o P,) — §*)}

:max{n+2pi—n—3}

i=1

= max{ Zpi -3}
i=1
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= maz{ B(G") — 3}

(3.7) — 86" -3

If S* is not a cover set of G*, then we have three cases for S* set.
Casel: If |S*| < a(G), then |S*| = k. Then we have
k
w(G*o Py) — S*) = Z pi +k+w(G—8*) and w(G — S*) < B(G). Therefore

w((G*oPy)—8*) < k+ Z pi+B(G). It’s easy to see that m((G*oPy)—S*) > 12.

If we remove k vertices from G, then one of the remaining connected components
has at least 2 vertices. So the graph G will have a subgraph K (see Figure 2).

Figure 2: K5 Graph
If we write these values in rupture definition, then

r(G* o Py) = max{ w((G* o Py) — S*) — |S*| = m((G* o P,) — S™)}

k
< max{k + Zpi + 6(G) — k — 12}
i=1

k
(3.8) < maz{ Zpi + B(G) — 12}
i=1

We claim that the value which we found in (8.7) is bigger than the value which
k

we found in (3.8), that is, the claim is Y p; + 8(G) — 12 < B(G*) — 3. Now
i=1

k k

let we prove this claim. It’s easy to see that > p; — 12 < > p; — 3. Since
i=1 i=1

B(G) = n— a(G) and k = |S*| < a(G) = —a(G) < —k , then we have

n—a(G)<n—k< 3 p;and we know that 3(G) < 3. p; . Hence
i=k+1 i=k+1

k n
sz—12+ﬁ Z it D pi—

1=1 i=k+1
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k n
YNpi+8G) -12< pi—3
=1

i=1

k
> pi+B(G) —12 < B(G*) —
i=1

Thus the proof of claim is completed.
Case2: If k = |S*| = a(@G), then we have
w(G*oPy) —S*)=k+ Z pi + B(G) and m((G* o Py) — S*) > 6

If we write these values i 1n rupture definition, then we have

r(G* o Py) = maz{ w((G* o Py) — §%) — |S*| — m((G* o Py) — §*)}

k
<mazx{k+)_ pi+B(G)—k—6}

i=1

k
< maz{ Y pi + B(G) — 6}
=1
k
(3.9) <Y pi+B(G) -6

We claim that the value which we found in (8.7) is bigger than the value which

k
we found in (3.9), that is, the claim is ) p; + 8(G) — 6 < B(G*) — 3. Now let
i=1
we prove this claim. We know that 8(G) < 3. p; and —6 < —3. Therefore
i=k+1

n k
we obtain B(G) —6 < > p; — 3. Since > p; > 0, then we have
i=k+1 i=1

k
> pi+ B(G) 6<sz+ sz—3
=1

i=k+1

k
S pi+ B(G) -6 < B(G*) - 3.
=1

Thus the proof of claim is completed.
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Case3: If k = |S*| > a(G) and k # n, then S* = S; U S, and let Sy be
a cover set of G. Since |S1| = a(G) and |Ss| < B(G), we have
k
w(G* o Py) —S*) = k+ Z pi + w(G — S*) and w(G — S*) = n — k. Thus

Ww(G¥oPy) — S*) =k + Z pi +n—k and m((G* o Py) — S*) > 6. If we write

these values in rupture deﬁnltlon then we have

r(G* o Py) = max{ w((G* o Py) — S*) — |S*| = m((G* o P,) — S™)}

k
<maz{ ) pi+n—k—6
i=1

k
< max{ Zm +n—(|S1] + [S2]) — 6}

i=1
(for |S1| = a(G) and |S2| < B(G))

k

< maz{ Y pi+n— (a(G)+ B(G)) — 6}

i=1

k
<maz{) pi+n—-n-=6
i=1

k
< max{ Zpi -6
i=1
k
(3.10) <3 pi—6

We claim that the value which we found i 1n (3.7) is bigger than the value which
we found in (3.10), that is, the claim is Z pi — 6 < B(G*) — 3. It’s easy to see
that. Then we have

H(G* o Py) = B(G*) — 3

Thus the proof is completed. ]
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4. The Rupture Degree of Graph Elt,
In this section we give some results on the rupture degree of graph E,t).

Definition 4.1. (see [5]) The graph E! has ¢ legs and each leg has p
vertices (Figure 3). Thus El has n = pt + 2 vertices.

* & ° C—a 1

. * @ * —e

\o @ - * - —a |
1 2 3 4 p-1 4]

Figure 3: E}g graph with pt 4+ 2 vertices

Theorem 4.1. Let t and p be an integer (t > 2,p > 2). Then

o) t—2, pis even
r(Ep) = { t—1, pis odd

Proof. u € V(EL) and deg(u) is the maximum degree of Ef graph. If
we remove the vertex u from E,g graph, then we have two components one of
which is trivial graph of order one vertex and the other is path graphs of order
p. Now we have two cases for p to calculate the rupture degree of path graph.

Casel: If p = 2n—1, then we remove cover set of P, path graph from E};
graph. Then we have w(El—S) =tn+1and m(E,—S) =1, |S| = 1+t(n—1).
If we write these values in rupture definition, then

r(Ey) = maz{ w(E, — S) — |S| — m(E), — )}

=mazr{tn+1—-1—tn+t—1}
=max{t—1}=t—1

Case2: If p = 2n, then we remove cover set cover set except any vertex
of P, path graph from Ezt, graph. Then we have w(Eit, —8) =tn+1 and
m(EL—S) =2,|S| = 1+t(n—1). If we write these values in rupture definition,
then

r(Ey) = maz{ w(E, — S) — |S| —m(E), — S)}
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=maz{tn+1—-1—tn+t—2}
=max{t—2}=t—2

Thus the proof is completed. [ ]
Conclusion 4.1. Let t and p be positive integer (¢ > 2,p > 2). Then

r(BL) = (t—1)+r(P,)

Theorem 4.2. Let t and p be an integer (t > 2,p > 2). Then
T(E_It?) =1—tp.

Proof. u € V(E!) and deg(u) is the maximum degree of E!, graph.Then
vertex u has been minimum degree in E;‘, graph. If we remove t(p — 1) vertices
connected with vertex u from the E_f, graph, then we have two components one
of which is trivial graph of order one vertex and the other is complete graph of
order ¢t + 1 (see Figure 4).

Figure 4: A vertex and complete graph of order t + 1

If we make the complete graph unconnected, then |S| will increase but w(E_]tJ— S)
will not change. So the rupture degree will decrease. Thus we won’t make the
complete graph unconnected. Therefore

r(Ef) = maz{ w(E} - ) = |S| = m(E} - 5)}

=max{2—tlp—1)—(t+1)}
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=max{ 1 — tp}
=1—1tp

Thus the proof is completed. [ ]

Theorem 4.3. Let t, p and k be an integer (t > 2,p > 2). Then the
rupture degree of Efo o Py is

tB(Py) — k ,  for k<4
T(E[t) oPy) = -2, k is even .
1. ks odd otherwise

Proof. u € V(E} o P;) and deg(u) is the maximum degree of E}, o P,
graph. If we remove the vertex u from Ezt, o P, graph for k < 4, then we have
t+1 components one of which is trivial graph of order one vertex and the others
is P, o Py graphs of order pk + p. If we delete the vertex of the cover set of P,
from P, o Py, then we have w((E} o P,) —S) = tp+2, m((E,oPy)—S) =k+1
and |S| = ta(P,) + 1. When we write these values in rupture definition, we
obtain

r(El o Py) = max{ w((E}o Py) — S) —|S| — m((EL o P) — 8)}

=max{ tp+2—ta(P,) —1—k—1}

— maa{ t(p - a(By)) — k}

— max{ t8(P,) — k)

= B (P p) —k
If we remove all vertices of E}; graph from Efo o Py, graph for k > 5, then we
have pt 4+ 2 components all of which are P, path graph. We make these graphs

unconnected like the rupture degree of path graph definition. Then we have two
cases for k.

Casel: Let k be even. If we remove «a(Fy) — 1 vertices from P, path
graph, then we have 3(Pj) components and m((E} o Py) — S) = 2. Since the
number of the P path graph is pt + 2, |S| = (pt + 2)(a(Py) — 1) + (pt +2) =
a(Py)(pt +2), w((E} o Py) —S) = (pt + 2)B(P) and m((E}, o Py) — S) = 2.
When we write these values in rupture definition, we obtain

r(E;) o Py) = max{ w((Ef, oPy)—85)—|S|— m((Ezt; o Py)—S)}
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= maz{ (pt +2)B(P) — a(Py)(pt +2) — 2}
(for a(Py) =k — B(Fy))
= maz{ (pt +2)(B(P) — (k — B(Py))) — 2}
= maz{ (pt +2)(26(Py) — k) — 2}
(for B(Py) = %)

— maz{ (pt +2)(2 g k) -2}

=maz{0—2} = -2
Thus if £ is even, then the rupture degree of Efo o Py is —2.

Case?2: Let k be odd. In this case we remove a(FPy) vertices from Py, path
graph. The proof is similar to that of Casel. So we obtain r(Ezt, oP)=-1.
The proof is completed. ]

Conclusion 4.2. Let ¢, p and k be positive integer (¢t > 2,p > 2). Then

r(ELoPy) =r(P)—1

5. Conclusion

In this article, we have studied the stability of various topologies to ver-

tex failure. We give comparisons between popular interconnection networks
and thorn graphs of these below. These networks are complete graph Kjg,
path graph P, cycle graph Cigp, star graph Kj g9 and E3,. The thorn graphs
of these networks were considered to improve the graph stability. The rupture
degree of the above graphs are shown in Table 1.
By using Table 1, we say that the stability of graphs G* is more powerful than
the stability of graphs G. Moreover, the results in Table 1 represent a trade-off
between the amount of work done to damage the network and how badly the
network is damaged. Therefore, designers for choosing the appropriate topology
can use these results.

G graph | r(G) | Thorn graph (p; = 1) | r(G¥)
1

Pioo P 5*0 23
Cioo | -1 Ct, 23
Kigo | 97 K 1 a7
Ko | -99 K, 1

E, -1 (E§)* 23
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