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Making use of the generalized hypergeometric functions, we define a new subclass of
uniformly convex functions and a corresponding subclass of starlike functions with negative
coefficients and obtain coefficient estimates, extreme points, the radii of close to convexity,
starlikeness and convexity and neighbourhood results for the class TS} (e, 8,7). In particular,
we obtain integral means inequalities for the function f(z) belongs to the class T'S}(a, 8,7) in

the unit disc.
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1 Introduction

Let A denote the class of functions of the form
o0

(1.1) f)=z+)_ an2"
n=2

which are analytic and univalent in the open disc Y = {2z : z € D, |2| < 1}.
Also denote by 7 the subclass of A consisting of functions of the form

(12) )= 2= 3 ans®, (an20)

n=2
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introduced and studied by Silverman [21].For functions f € A given by (1.1)
(e}

and g(z) € A given by g(z) = z + Y bpz", we define the Hadamard product
n=2

(or Convolution ) of f and g by

(13) (Fr9)(=) = 2+ 3 anbaz™, z€U.

n=2

For positive real values of a1,...,oq and B1,...,8m (B; #0,—1,...;5 =
1,2,...,m) the generalized hypergeometric function ;Fy,(z) is defined by
(c1)n c()n 2"
1.4) 1Fn(2) = 1Fn(ay,...a;; 81, .-, Bm; 2) == -
(1) (Fn(e) = o Bis) 5= 3 (GHEE

(<m+1;l,meNy := NU{0};z€U)

where N denotes the set of all positive integers and (a), is the Pochhammer
symbol defined by

1, =0
(1.5) (“)"z{ ala+1)(a+2)...(a+n—1), neN.

The notation ;F}, is quite useful for representing many well-known functions
such as the exponential, the Binomial, the Bessel, the Laguerre polynomial and
others; for example see [3] and [4,23].

Let H(a,...a;61,---,8m) : A — A be a linear operator defined by

[(H(ai,-. ;81 Bm))(H(2) =z 1Fn(ea,02,...00;81,P2 - - -, Bm; 2) * f(2)

o0
(1.6) =z+ Y wn(oa;l;m) anz"
n=2
where
(1-7) wn(ag;l; m) = (@1)n—1--. (al)n—l 1

(B)n-1---Bm)n-1 (n =1V
For notational simplification in our investigation, we write
Hl[aa]f(z) = H(ea, ... o3 B, - - -, Bm) F(2).
T,001

Recently Srivastava and et.al.[23] defined the linear operator Ly, as
follows:

Aalf(z) f(z)v
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Ly f(z) = L3y . f(2)
(1.8) = (1 = N H [a] f(2) + A(HE[0a] £(2))'5 (A > 0),

(1.9) LYo f(2) = L3 m(LX 0 (2))
and in general,
L3imf(2)
(1.10) = LY (L3 02 f(2)), (< m+1; l,me No=NU{0};2 € U).

If the function f(z) is given by (1.1), then we see from (1.6), (1.7),(1.8)
and(1.10) that

o0
(1.11) Ly f(z) = z+ ) wh(a; Am) an 2"

n=2
‘where
T U
wr (a1; A;l;m)

_ ((@)n-1...()n-1 [L+A(n—1)]
(1.12) B ((Bl)n—l ¢ sie (ﬂm)n—-l (n - 1)!

)T,(nGN\{l},T € No).

unless otherwise stated. We note that when 7 = 1 and A = 0 the linear operator
Ly ?‘m would reduce to the familiar Dziok-Srivastava linear operator given in
(5], includes (as its special cases) various other linear operators introduced and
studied by Carlson and Shaffer [4], Owa [16]and Ruscheweyh [19]. Motivated
by Gooodman [7], [8], Rgnning [17], [18] introduced and studied the following
subclasses of A. A function f € A is said to be in the class Sp(a, 8) uniformly
[B—starlike functions if it satisfies the condition

(1.13) Re {Zﬁg) - a} >3 ZJ{;S) _

and is said to be in the class UCV(a, B), uniformly S—convex functions if it
satisfies the condition

(1.14) Re {1+EJ{7';%—) }>5 z}{,';(’;)

Indeed it follows from (1.13) and (1.14) that

1‘, (-l<a<1;8>20)2€U

(-l<a<1;8>0)z€U,

(1.15) fEeUCV (o, B) & zf' € Sp(a, B).
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Recently, many papers in the theory of univalent functions have been
devoted to mapping and characterization properties of various linear integral or
integro-differential operators in the class S (of normalized analytic and univalent
functions in the open unit disk U), and in its subclasses (as the classes S* of
the starlike functions and K of the convex functions in /) by Kiryakova [11] and
Kiryakova et.al. [12], using various linear operators (also see [4,5,14,15,19,23] ). :
further, the interesting geometric properties of the function classes UC'V and S,
were discussed by Kanas et.al. in [9],[10] and in [14]. Motivated by Altintas et al.
(1], Murugusundaramoorthy and Magesh [14] and Murugusundaramoorthy and
Srivastava [16], we define a subclass uniformly starlike functions of complex order
using the generalized derivative operator [,f\‘l’:n and discuss its characterization
properties.

For -1 <a <1, >0 and vy € C\{0} we let S](a, 3,7) be the subclass
of A consisting of functions of the form (1.1) and satisfying the analytic criterion

1 (2(L30f(2)
Re {1+; <———_—;?;nf(2) —a)}

1 (25
1+7( C;Y[me(z) 1)‘, zeU

where L7} f(z) is given by (1.11). We also let TS3(e, 8,7) = S (a,8,7) N T.
The main object of this paper is to study some usual properties of the geometric
function theory such as the coefficient bound, extreme points, radii of close
to convexity, starlikeness and convexity for the class 7S3 (e, 3,v). Further, we
obtain Neighbourhood results and integral means inequalities for aforementioned
class.

(1.16) > B

2 Basic properties

Now we obtain the necessary and sufficient condition for functions functions
f(2) in the class TS} (e, B,7).

Theorem 2.1. A necessary and sufficient condition for f(z) of the form
(1.2) to be in the class TS} (e, B,7),is

DY [(n+ )1 = B) = (o = B)lwp(ar; X lim)an < (1 — @) + [4[(1 = B),

n=2

where —1 < a <1, B> 0 and v € C\{0}.
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Proof. Assume that f(z) € TS3(e,B,7), then
1 (2(L3Tmf(2)) 2(Lximf(2))
o oo (SR ) oo (R

Lytmf(2)
z(l1-a) - ngz(n — a)wp(ai; A l;m)ap2z™

,y R o0
z— Y wi(a; Al m)agzn
n=2
[e.=]
1 > (n— Nwi(a1; A l;m)a z”
>Bl1-=| =2
v z— Y wi(ai; A l;m)agzn

n=2

Letting = — 1~ along the real axis, we have

(=]
L [ -@) = X (n = a)wf(en; dilim)an|
n=2
1+ m o
1— 3 wi(oa; A l;m)lant

n=2

()
i Y- (n = 1wy (a5 Al m)|an|
>p 11— I_‘I 2 =)
T\ 1= 3 wileAl;m)laal

n=2

The simple computation leads the desired inequality
o o]
DI+ DA = B) = (@ = B)lwi (e A lsm)an < (1 —a) + |vI(L - B).
n=2

Conversely, suppose that (2.1) is true for z € Y. Then

(@) O\ |1 (@) |-
Re {1+7< ‘;‘lx:nf() a)} B1+7( ,.al 1) >0

Lyimf(2)

if
o0
1 [A—a) = z_:z(n — a)wr(a1; A;l;m)ag|z|*?
1+ ﬁ "’;‘o
! 1= 3 wi(oa; Asl;m)an|z|m—1
n=2
oo
> (n — 1)wi(ar; Asl;m)an 2|1
1 n=2

(o]
] 1— 3 wi(ai;A;l;m)ag|z|m?
n=2
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That is if
D oI+ DA = B) — (@ = B)lwr(e; A lm)an < (1—a) + |Y[(1 - B),
n=2

which completes the proof.

Corollary 2.1 Let the function f(z) defined by (1.2) belong$ TSY (e, By7).
Then
(A —a)+ |1 = B)]
2.2 "
22) “ = [+ P = B) — (a - Blwp(ar X lm)
n>2 —1<a<l1, >0 and~y € C\{0}, with equality for

L [(1=a)+[(1-25) o
[(n+ [y = B) = (a = B)wi(ar; A 5;m) ™

f(z) =

In the following theorem we state the extreme points for the functions of
the class 7S} (e, 8,7) without proof.

Theorem 2.2. (Eztreme points) Let fi(z) =2 and fo(z) =2—
[(A—a)+]7|(1-8)] —

A RNI=A (e B (et = Jor n=2,34,....
Then f(z) € TSX\(e, B,7) if and only if f(z) can be expressed in the form

o0

o0
f(z) = 1ann(z), where xn > 0 and 21 Xn = 1.
n:

n=

3 Close-to-convexity, starlikeness and convexity

We now obtain the radii of close-to-convexity, starlikeness and convexity results
for functions in the class 7S%(«, B,7).

Theorem 3.1. Let f € TS} (e, B,7). Then f is close-to-convez of order
0 (0 <6< 1) in the disc |z| < r1, that is Re {f'(z)} > 6, where

1

A=) [+ A=A = (@=B)] ;0 . 5T
n —a)rhia—pg)] wrlenib ’] :

™ = inf [

n>2

Proof. Given f € T, and f is close-to-convex of order J, we have

(3.1) If(z) =1 < 1-34.
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For the left hand side of (3.1) we have

If(2) =1 < D nan|z[*t

n=2
The last expression is less than 1 — ¢ if

oo

n e
Z 1 _6an|z|" Ve

n=2

Using the fact, that f € T'S](«, 3,7) if and only if

%Z[(n+l'rl)(1 B)—(a—-B)] -

a; A\ lm)a, < 1.
DD S s gy pea G L

We can say (3.1) is true if
1< <+ h)A-5) - (a—hB)] -

L ey ) B
Or, equivalently,

< [A=n+ D1 =B = (=B , =

A< [ i e xtm)]

which completes the proof.

Theorem 3.2. Let f € TSY(a,B,7). Then

1. f is starlike of order 6(0 < § < 1) in the disc |z| < ro; that is,

Re {i((—?} > 0, where

(1=0)[(n+ DA =8)=(a=B)] -

s %‘éfz{(n—s) A-o)*ha=—pg] wnlenXb m)}

1

2. f is convez of order § (0 < & < 1) in the unit disc |z| < rs, that is

Re {1 + zf,”: } > 6§, where

o= g { =9 40P~ (e B
n22\n(n—6) [(1-a)+hl(-P)

w;(al;x;z;m)}

1
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Each of these results are sharp for the extremal function f(z) given by (2).

Proof. Given f € T, and f is starlike of order §, we have

zf'(2)
f(2)

For the left hand side of (3.2), we have

(3.2)

—1|<1—5.

=F'(2) 4<Eﬂn Daw le™

fGz) 1—3 an |2|*-1

n=2

The last expression is less than 1 — § if

oo

Z an |z|" ! < 1.

Using the fact, that f € 7S} (e, 8,7) if and only if

i[(nﬂvl)(l—ﬂ) (@—B) -

= (I-a)+hl(1-8 n(e1; A l;m)an, < 1.

We can say (3.2) is true if

n=d n1 (ot =8) —(e—p)] .
L=9 (1-a)+ i1 -8)

m(a1; ALy m).

Or, equivalently,

A=9n+ )2 =B) —(a=B)] -
n—8)[(1—a) + hI(1 - B)] wn(en; A;1;m)

which yields the starlikeness of the family.

|Z'n—1 <

Using the fact that f is convex if and only if zf’ is starlike, we can prove
(2), on lines similar the proof of (1).
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4 Integral Means

In order to find the integral means inequality and to verify the Silverman Con-
juncture [22], we need the following subordination result, due to Littlewood
(13].

Lemma 4.1. If the functions f(z) and g(z) are analytic in U with
9(z) < f(2), then :

2m 2w
(4.1) /lg(rew)’" df < / If(reia),n d9, >0, z=7e" and 0<r < 1.
0 0

Applying Theorem 2.1 with extremal function and Lemma 4.1, we prove
the following theorem.

Theorem 4.2. Letn > 0. If f(z) € TS}(a,ﬂ,’y)', and {®(a, B,7v,n)}52,
is non-decreasing sequence, then for z = re? and 0 < r < 1, we have

T 2w
(4.2) 7|f(rei‘9)’77 df < /lfg('rew)ln dé
0 0 ’

where
(L-a)+(1=8) .

&) =2 = 515 5.7,9)

and
(v, B,7,m) = [(n+ 7)1 = B) = (@ = B)lwr(a1; A l;m).

Proof. Let f(z) of the form (1.2) and f2(z) = z — %%J%_rﬁlza then we

must show that

2 fo%e) 17 '271’
- l—a)+|y|[(1-8) |"
1- 3 gn2"! d0_<_/|1—( 2| de.
‘0/ n=2 " ) ‘I)(Oe,,B,’y,Z)

By Lemma 4.1, it suffices to show that

o (—a)+ha-8)
S L TN T
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Setting

= n-1_q,_ (1=a)+ N1 -5
(4.3) 1—n§=:2anz l=1- (@ B.72)

From (4.3) and (2.1), we obtain

w(z).

e ®(a, B,7,m) =
el = X T ma=a

— Q(a7ﬂ’77 n)
S G hia—p

<zl < 1.

This completes the proof of Theorem 4.2.
5 Inclusion relations involving Nj(e).

To study about the inclusion relations involving Nj(e) we need the fol-
lowing definitions. Following [1], [6], [20], we define the n,d neighborhood of
function f(z) € T by

o0 o0

(5.1) Ns(f) = {g e€T:9(z)=2z— anz" and anan —by| < 6} .
n=2 n=2

Particulary for the identity function e(z) = z, we have

(5.2) N;(e) = {g €T :g9(z)=2z— i bpz" and i n|by| < 6} ]

n=2 n=2

Theorem 5.1. Let

2((1 - a)+ (1 -B)]
(2 + Iy)(1 = B) = (e = B)lw(ar; A lsm)”

Then T S%(e, B,7) C Ns(e).

(5.3) §=
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Proof. For f € TS%(a,B,7), Theorem 2.1 yields:

[(2+ Y1 = B) — (a = B)wi(1;A;5m) D an < (1 — @) + [|(L - B),

n=2
so that . et
0o — )+ z
(54) 7?—::20'11 < [(2 + |'y|)(1 - ,B) — (a s ﬁ)]wg(al; /\;l;m) 2

On the other hand, from (2.1) and (5.4) we have

(1 = B)ws (13 A;5;m) i nan,

n=2

< (1—a)+ (1= B) + [(@ = B) = 7|(1 = B)wi (15 A;5m) D an

n=2
S =a)+ 71 =8) + [(a—=B8) = |71 — B)]ws (a5 A ;;m)
» (1-a)+ (1A -8)
(2+ YDA = B) = (o = B)|wE (15 As 15 m)
< A=)+ (1 - B)2(1 - B)]
- [+ A=8)=(a=p8)]

o0 2[(1 — a) + |7I(1 - B)]
(5.5) nz::z”“" SETANA =B = (a-AlwtenNGm)’

Now we determine the neighborhood for each of the class 7.S%(«, 8,7)
which we define as follows. A function f € 7 is said to be in the class
TS («, B,7) if there exists a function g € TS (e, 3,7) such that

(5.6) %—1I<1—-n, (zeU, 0<n<1).

Theorem 5.2. Ifge TSY(e,B,7) and

S[(2 + v = B) — (o = B)lwI (a1; A;l;m)
[((2+ YDA = B) — (a—B))wi(a1; A lsm) — (1 —a) + [v](1 = B))]

(5.7) n=1—2

Then Ns(g) € TS%(«, B,7,7)-
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Proof. Suppose that f € Ns(g) then we find from (5.5) that

[o.¢]

n=2

which implies that the coefficient inequality

o0

Z ]
|an - bnl S 5.

n=2

Next, since g € 7 S%(a, 3,7), we have

2[(1—a)+ (1 -8)
Z " S @R - B) - (@- B (e NG m)

n=2
So that -
9(2) 1- S,
n=2
< fs_ (2+ |1 = B) — (a — B)wg (a1; A;l;m)
27 (@4 DA =B) = (= B)wi(a A lm) = (1 - o) + (1 - B))]

<l-n.
provided that 7 is given precisely by (5.7). Thus by definition, f € T7S%(a, 8,7,7)
for n given by (5.7), which completes the proof.

Concluding Remarks: By suitably specializing the various parame-
ters involved in Theorem 2.1 to Theorem 5.2, presented in this paper, we can
deduce numerous further corollaries and consequences of each of these results.

Acknowledgment: The author would like thank the referee for his
valuable suggestions.
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