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Considering first and second order evolution problems associated with self-adjoint
compact operators on Hilbert spaces, we provide estimates for the time ¢ in which functions
of the type ef#*u and e'VP'u or e*V#*y approach their solutions u(t) when the initial data
deal with quasimodes (u,u) of the operators under consideration; p is a positive number. We
establish a general framework which involves the case where operators, spaces and quasimodes
depend on a small parameter of perturbation &, e > 0. We apply the results to operators arising
in a spectral boundary homogenization problem, and we highlight time-dependent solutions
concentrating their support asymptotically (as € — 0) along lines for long times; ¢ measures
the periodicity of the structure.
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1 Introduction

Let A : H — H be a linear, self-adjoint, non-negative, and compact
operator on a separable Hilbert space H; a quasimode with remainder r > 0
for the operator A is a pair (u,pu) € H X R, with ||lu||lg = 1 and g > 0, such
that |Au — pu|lg < r. The closeness of a quasimode in the space H X R to
the eigenelements of the operator A is provided by Lemma 2.1: for “small”
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r, u approaches a certain linear combination of eigenfunctions associated with
the eigenvalues of A in “small” intervals containing [ — 7, i + r]. Throughout
the text, if no confusion arises, we shall refer to u as the quasimode, which is
associated with the almost eigenfrequency p and the reminder r.

The value of quasimodes in describing asymptotics for low and high fre-
quency vibrations in certain singularly perturbed spectral problems, which de-
pend on a small positive parameter €, has been highlighted recently in many
papers: see Lobo&Pérez (8], Lobo&Pérez [10], Pérez [15], and Sanchez-Hubert
[16] in this respect. For these problems, the spaces and the operators under con-
sideration depend on the parameter of perturbation €, and also the quasimode
function u, the almost eigenfrequency p and the reminder » may depend on this
parameter; namely (u, u, r) = (uf, pf, r¢), € — 0. Obtaining approaches to
eigenfunctions individually becomes difficult and constructing quasimodes (u¢,
uf) for spectral problems in certain spaces allows us to construct standing waves
of the type eVF tye which approach for long times the solutions ut (t) of the
associated wave equations when the initial data are related to (u®, uf).

In this connection, certain approaches and estimates for vibrating sys-
tems have been obtained in Pérez [15], and Lobo&Pérez [10]: this involves
considering the associated wave equations, and hence, dealing with unbounded
operators on H in the general setting of spectral problems for sesquilinear, con-
tinuous, symmetric and coercive forms on V; V and H being two separable
Hilbert spaces, V C H with a dense and compact imbedding.

However, not all spectral problems can be set in the above-mentioned
framework. In this paper, we provide a new abstract framework for the case
of first and second order evolution problems associated with bounded operators
on Hilbert spaces, and more specifically, non-negative, self-adjoint and compact
operators A. The results are different from those in previeus papers: differ-
ent second order evolution problems are considered and reduced to systems of
equations of first order which do not involve, in general, semigroups of contrac-
tions as is the case in Lobo&Pérez [10] and Pérez [15] (cf. (2.5), (2.7), (2.17)
and Remark 4. 7.)). See Dautray&Lions [4], Engel&Nagel (5], Kato [6], and
Sanchez-Hubert&Sanchez-Palencia [16] for a general theory and for examples of
applications.

By analogy with wave equations, throughout the paper, we refer to prod-
ucts of functions u(z)7(t) as standing waves and we state their connection with
solutions of certain evolution problems; more precisely, their relation with solu-
tions of these problems when the initial data are related to quasimodes. Often
in applications, approaches to eigenfunctions are provided by quasimodes which
can be constructed explicitly (cf. Arnold [1], Babich&Buldyrev [2], and Pérez
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(13], for instance). If so, from the quasimodes, it can be useful to construct
certain functions which depend on the spatial and time variables separately and
approach solutions of the evolution problems. Note that these functions are
not solutions of the homogeneous differential equation, but we prove that they
behave as elementary solutions for long times, and during this period of time
(which we determine) they simultaneously approach elementary solutions (which
are unknown) and unknown solutions which cannot be obtained by separation
of variables. This is one of the aims of this paper (see Section 2). We show that
the period of time depends on the problem, the numbers y and r arising in the
definition of the quasimodes, the above mentioned closeness of the quasimodes
to the eigenelements of A, and new parameters related with the norm or the
accretivity of the operators under consideration (cf. Remark 2.3, and Remarks
3.1, 4.2 and 4.3. when there is also dependence on the perturbation parameter
€). We state the results for e-dependent evolution problems and apply them to
a specific problem (see Sections 3-4).

The structure of the paper is as follows: The statements of the general
results are given in Sections 2.1 and 2.2 for second order evolution problems;
their proofs are in Section 2.3. In Section 2.1 (Section 2.2, respectively) we con-
sider problems with the elementary solutions which are trigonometric functions
(exponential functions, respectively) of the time variable. Section 2.4 contains
the results for first order evolution problems. All these results allow a wide
range of applications when considering problems depending on a perturbation
parameter, and, for the sake of completeness, in Section 3 we summarize the
abstract framework and the results which can be applied to singularly perturbed
spectral problems (see Theorems 3.1-3.4 and Remarks 3.1 - 3.2.

In Section 4, we apply the results of Section 3 to a family of compact
operators arising in a homogenization problem which is related to models in
Geophysics (cf. for instance Dascalu&lonescu [3] and Pérez [14]). We intro-
duce the spectral boundary homogenization problem (4.4) and the associated
e-dependent operators (4.6). Problem (4.4) is a spectral problem posed in a
domain of R? with strongly alternating boundary conditions of the Stkelov type
on a part of the boundary ¥; the perturbation parameter € measures the pe-
riodicity of the structure on X. In Section 4.1 we gather the results on the
quasimodes constructed in Pérez [14]. In Section 4.2 we provide the standing
waves approaching the solutions of the evolution problem (4.17), which concen-
trate asymptotically their support along £. Near this part of the boundary, the
standing waves are also strongly oscillating functions (cf. Remarks 4.1 and 4.6).
Finally, in this section, we derive the bounds for the discrepancies between solu-
tions and standing waves, and bounds for the time in which the standing waves
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provide true approaches, that is, the time in which they behave as elementary
solutions (see Remarks 4.2- 4.4.). All these bounds are well determined in terms
of €.

We observe that other evolution problems and standing waves associ-
ated with (4.5), different from those in this paper, have been considered in
Lobo&Pérez [10]. As a matter of fact, the formulation in Lobo&Pérez [10] is
within the unbounded operators on fractional Sobolev spaces, and obtaining
estimates uses results which are extensions of those in Pérez [15]. This is not
possible in the framework of the present paper, and the boundary homoge-
nization problem serves as a sample for applying the wide variety of results in
Sections 2 and 3, and to show the value of these results. In this respect, see
Remarks 4.7- 4.10.

It should be emphasized that although some bounds for the discrepancies
between approximations might be obtained from the theory of semigroups, these
bounds may be unknown (cf. Remark 2.2). In addition, our technique is well
focused for applications of the results in singularly perturbed spectral problems
which have been addressed recently in many papers (cf. Lobo&Pérez (8], Pérez
[15], and Sanchez-Hubert&Sanchez-Palencia [16] for further references). There
is a lack of bibliography in the literature of applied mathematics on the asso-
ciated time-dependent perturbed problems here considered. Also the technique
makes it possible to highlight resonance phenomena for non-homogeneous dif-
ferential equations when the non-homogeneous terms involve quasimodes and
almost eigenfrequencies. In fact, for problems arising in spectral perturbation
theory, the quasimodes often allow us to detect time-dependent solutions con-
centrating their support asymptotically near points, lines or on certain regions of
the space under consideration for long times (cf. also Pérez [15] and Lobo&Pérez
[10] in this connection). In this paper, we stress the concentration of supports
along a line (see Remark 4.6).

2 General setting of the problems

The results in Section 9 of Visik&Lusternik [17] (cf. Lemmas 12 and 13)
and in Section 2 of Lazutkin [7] (cf. Theorem 1) establish the closeness in the
space H x R of the eigenelements of the operator A defined on H to a given
quasimode of A (see the definition in Section 1). For the case of a linear, non-
negative, self-adjoint and compact operator, the results in Visik&Lusternik (17]
and Lazutkin (7] can be stated as follows:
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Lemma 2.1 Let A: H — H be a linear, non-negative, self-adjoint,
and compact operator on a separable Hilbert space H. Let (u,p) be a given a
quasimode for the operator A of remainder r. Then, in each interval [ —1*, p+
T*] containing [u — T, p + 7], under the assumption that the spectrum of A is
discrete in both intervals, there are eigenvalues of A, {Nir+)4kk=1,2,---,0(r*) C
[w — %, + 1*] for some indez i(r*) and some natural number I(r*) > 1. In
addition, there is u* € H,

I(r*)
lullg =1, u"€ [ui(r‘)+1’ui(r‘)+2:"'aui(r')+1(r')] U =) apUigreypk s
k=1
(2.1)
satisfying
I(r*) o
(2.2) lu — u*|lg = |ju— Z Uiy k| = -
k=1 H

Here {ui(r-)+k}£(=r;) are the eigenfunctions of A associated with {/\i(r.)_,_k}i(:r;),

which we assume orthonormal in H.

In order to introduce a general framework for first and second order evo-
lution problems associated with the operator arising in Lemma 2.1, throughout
the section we consider A a linear, compact, self-adjoint and non-negative op-
erator on the separable Hilbert space H.

Let us consider the bounded operator A defined on H = H x H by

(2.3) 0 , +I
) A, 0
depending on the sign accompanying the identity operator I on H. Then, for

any @ € H, the evolution problem

da _
(2.4) — + At 0

dt
0) = ¢

has a unique solution ti(t), @ € C*([0,T]; H) for any positive T', which satisfies

(2.5) la®)lua < e!llplla, VE=>0,

for a certain w > 0, w < ||A|lzem) (cf. Section IX in [6], for instance).

In Sections 2.1 and 2.2 we introduce different second order evolution
problems associated with A: see (2.6) and (2.16). The results in Section 2.1
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(Section 2.2, respectively) show the connection between quasimodes (u,pu) of
the operator A and standing waves of the type elVity (exVhty, respectively)
approaching solutions of (2.6) ((2.16), respectively). We emphasize that here
we not deal with sesquilinear, continuous and coercive forms, and statements
and results are different from those in Lobo&Pérez [10] and Pérez [15], as has
already been outlined in Section 1. Section 2.3 contains the proofs of these
results, while the results for first order evolution problems associated with A
(see (2.39)) are in Section 2.4.

2.1 Approximations from time-dependent trigonometric functions

Following the notations above, for A a compact, self-adjoint and non-
negative operator on the Hilbert space H, let us consider the operator A defined
on H = H x H by (2.3) with the negative sign accompanying I.

Let us introduce the second order evolution problem

(f:Tl?l +Au = 0

(2.6) u(0) = ¢
du

70 = ¥

for initial data (p,¥) € H x H.

It suffices to consider the change u;(t) = u(t), uz(t) = (fl—‘tl(t) in (2.6) to

write
du; dug
dt dt
and to reduce problem (2.6) to (2.4) for ¢ = (p,v) € H x H. The uniqueness
of solution u(t) of (2.6), u € C?([0,T); H) for any positive T', holds from the

uniqueness of solution of (2.4), while inequality (2.5) is improved in the following
lemma.

(t) = uz(2), (t) = —Auy (t)

Lemma 2.2  For ¢ = (p,9) € H x H the solution u(t) of (2.6)
satisfies

2 du 2
@) @7 + “E(t)”l{ <2(1+|Allcen + ) (el + IlE) . ve=o.
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Now, considering \; > 0 an eigenvalue of the operator A, it is self-evident
that, for a given ¢ = au; or ¥ = Pu;, with a, 8 any constants, u; any eigenfunc-
tion of A associated with the eigenvalue )\;, the elementary solution of (2.6) is
the standing wave

) = (a cos(v/ ) + ﬂﬁE‘%’“t)) e
i
Similarly, for ¢ = ):i(;;) ApUi(re)+k and ¢ = Zi(___';) brWi(re)+k » with ag, by con-
stants, the solution of (2.6) is given by the sum of standing waves

I('I") Sin(‘ ’ A‘&(T‘)-Fk t)
(28) u(t) = Z aj Cos(\/)‘i(r‘)+k t) + by ———vnr Ui(re)+k -
k=1 Vi) +k

Also, for solutions of problem (2.6)

I(r*)
(29) u(t) = Z ag (COS(\ / Ai(r‘)+k t) + sin(, /’\i(r‘)+k t)) Ui(re)+k
k=1
I(r*) ) i
associated with complex solutions of the form u(t) = Z ageV ik tui(r.)_,_k :
k=1

the corresponding initial data are

I(r*) I(r*)

0= aklireyrx  and P = D @y Ny +kUi(re)+k -
k=1 k=1

In the case where (u, )) is a quasimode of the operator A with remainder
r, and (p,v) = (0,u) or (p,%) = (u,0), the following results provide the rela-
tion between the solution of (2.6) and the standing waves (VX)~!sin (VAt)u or
cos (VA t)u respectively.

Theorem 2.1  Let (u,)) be a quasimode with remainder r of the op-
erator A arising in (2.6). Let {Aj(r+)4k}r=12,1(r+) and {¥igre)+k I e=1,2,--,1(r*)
be the eigenvalues and the associated eigenfunctions of the operator A satisfying
(2.1)-(2.2). Let us assume that v* > r and A—1* > 0. Then, forp =0, Y =u,
the solution u(t) of (2.6) satisfies

1) sin(y/Aigrey+k t) ’
u(t) = 3 o ek ||+
k=1 /i) +k

H
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I(r*)

( ) — Z akcos(y/ Ai(re)+k t)ut(r')+k S
(2.10) 2 (1+ || Allcy + %) (3") . Vt>0.
In addition, for any t > 0, we have
Si_n(.\}%.Xt_)u—u(t) < émax( (CaEt), & *\/_ \/_(\/Ft+7_)‘i_;_‘ﬁ))
(2.11) 8
an
212)  |lcos(vAtyu - —(t)” < & faax (— Ca+1), z JFt)

where C and C4 are constants independent of A\, t, v and r*, Cj = 1+
I Allz(r))Y/? . Also, the bounds (2.11) and (2.12) hold for the discrepancy

I(r*) sin(, / Aigr+)+k t) sin(\/x t)
Z A= Uj(r*)+k — — = U
k=1 V A‘i'("‘)'*'k \/X

and its time derivative.

Theorem 2.2  Let us consider the assumptions in Theorem 2.1.
Then, for ¢ = u, ¥ = 0, the solution u(t) of (2.6) satisfies

I(r*) 2
u(t) = > arcos(\/Aie)rk Vuigrey4n ||+
k=1 H
I(r*) 2
(t) + Z Qg \/’\t(r’)+k Sln(\/’\t(r‘)+k t)ut(r‘)+k <
H

2 2
(2.13) 2 (1+ | All gy + £2) (;3) , Vt>0.

In addition, for any t > 0, we have

(2.14) ”cos(\/Xt)u - u(t)“H < C max (i—: (Ca+1), 3—': : \/Ft)
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and

Vasin(VA t)u + dg‘i(t)“ < & max (2—f(c,, 1), VX, (VAVIE L+ Vi )) ,
t H T T

(2.15) _
where C and Ca are constants independent of A\, t, r and r*, Ca = (1 +
| Allzry) /2. Also, the bounds (2.14) and (2.15) hold for the discrepancy

I(r*)

Z koS (y/ N )k D Ui(re)+k — cos(VAt)u
k=1

and its time derivative.

Under the hypotheses in Theorems 2.1 and 2.2, giving the initial data
¢ = u, P = VAu leads us to obtain approximations for solutions of (2.6) via
the function cos(v/At)u + sin(v/At)u (see (2.9) and bounds in Section 2.2). The
same initial data for a different problem are considered in Theorem 2.3. Also,
extensions of the results in Theorems 2.1 and 2.2 for more general initial data
can be obtained combining the results in both theorems (see (2.8)): namely, for
¢ = u and 1) = v, where (u,\;) and (v, \2) are quasimodes of the operator A,
approaches to solutions of (2.6) are given by sums of standing waves of different
frequencies, namely v/A; and v/A.

2.2 Approximations from time-dependent exponential functions

In this section, we show similar results to those in Section 2.1 for standing
waves of the type ei‘/X‘u; we follow the structure of Section 2.1.

For A a compact, self-adjoint and non-negative operator on the Hilbert
space H, let us consider the operator A defined on H = H x H by (2.3) with
the positive sign accompanying I. Let us introduce the second order evolution
problem

d?*u
A =
(2.16) u0) = ¢
du
-0 (4
for initial data (p,%) € H x H.
Performing the change uy(t) = u(t), uz(t) = —(‘li—l:(t) in (2.16), we can
write d d
) = 2 ) = —
T(t) = —uz(t), T (t) = —Auy(t)
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and reduce problem (2.16) to (2.4) for = (p,—%) € H x H. Therefore, the
uniqueness of solution u(t) of (2.16), u € C2([0,T]; H) for any positive T, u
satisfying the inequality

du, ||
@17 ulh+ | Go| < e (ol + 1), vezo,

for a certain constant w > 0, holds from the uniqueness of solution of (2.4) and
from (2.5) (cf. Lemma 2.2 and Remark 2.1 to compare).

Considering A; > 0 an eigenvalue of the operator A associated with the
eigenfunction wu;, it is self-evident that the solution of (2.16), for the initial data
@ = uj, ¥ = £y/\; 4, is given by the standing wave:

u(t) = exViity, , Vt>0.

Similar considerations to those in (2.7)-(2.9) can be outlined by replacing sines
and cosines by exponential functions.

In the case where (u, ) is a quasimode of the operator A with remainder
r,and (p,%) = (u,£vVAu) € Hx H, the following theorem provides the relation
between the solution of (2.16) and the standing wave u(t) = etVity,

Theorem 2.3 Let (u, ) be a quasimode with remainder r of the op-
erator A arising in (2.16). Let {/\i(,..)+k}k=1,2,...,1(r-) and {Uitpe) 4k k=12, 1(r*)
be the eigenvalues and the associated eigenfunctions of the operator A satisfying
(2.1)-(2.2). Let us assume that r* > r and A\ — 7* > 0. Then, for ¢ = u,
¥ = £V u, the solution u(t) of (2.16) satisfies

2

I(r*)
u(t) = Y apetVéeRty o Gl 4
k=1 "
du ) +./X ?
O F > o \/)‘i(r')+ke Vit "Uigreyk|| <
k=1 "
2wt 2r 2 *
(2.18) de pors (T4+AN)+7"), Vvt>o.

Here, each one of the signs + implies a chosen sign for the initial data.
In addition:

i). For (¢,v) = (u,—VAu), and for any t > 0, we have the estimates

(219) [ u—u@)],, < Cmax (CEA+ VD) + Vi) e, vive)
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and

”\/Xe_‘/mu -+ (fl—ltl(t)”

H

(220) & max (L@ + VR + Vi) e, ZVR, (VR4 VWV + Vi )
which also hold for the norms in H of the functions

I(r*)
age” VAirtk tui(r.)+k —e YAty
k=1

and
I(r*)
Z Qy. \//\i(,.‘)+k€—-\/’\i(r‘)+k tui(r‘)+k 2 \/Xe—\/xtu .
k=1

11). For (o,v) = (u, \/X'u.), and for any t > 0, we have the estimates

”e‘/Xtu — u(t)”H < C max ((i—f(l + V) + Ve, ze‘/}:t, \/Fté(\/x'*‘/r_')t)

T*
(2.21)
and

H\/—Xe‘/hu - c(li—l:(t)“ < C max ((-i—:(l + V) + Vr*) e, -i—t—\/Xe‘/Xt,
H

(2.22) (VA + VIV el VXVt 4 (frieVat)
which also hold for the norms in H of the functions
I(r*)
Z areV Ni(re)+k tui(r‘)+k — eﬁtu
k=1
and
I(r*)
Z oo \/)\i(rt)+ke\/Ai(r')+k tui(r')+k 3 \/Xe‘/’“u.
k=1

Here, C and w are constants independent of \, v, r* and t, with w appearing in

(2.5).
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Remark 2. 1. Note that the bounds (2.11)-(2.12) ((2.14)- (2.15), re-
spectively) establish the range of ¢t where the standing wave (v/A)™!sin(vAt)u
(cos(VXt)u, respectively) approaches the solution u(t) of problem (2.6) for the
initial data ¢ = 0 and ¥ = u (¢ = u and ¥ = 0 respectively), (u,\) being a
given quasimode of the operator A. This range of ¢ is valid for the approach

between the solutions of (2.16), z{‘;;) ak(y/Aigre)+x) "L sin( [ Nire)+k E)Ui(re)+k>
and (V)" !sin(vVAt)u (Z;lc(;;)ak c08(y/Ai(r+)+k t)Ui(r+)+x and cos(VAt)u, re-
spectively), and also between these solutions and u(t)

The same holds for bounds (2.19)—(2.22), standing waves e*V*ty, solu-
tions of (2.16), Z,Ic(;;)akei Xi(re)+k tui(r.)“c , and initial data ¢ = u, ¢ =
+vAu. We also note that all the results in Theorems 2.1- 2.3 hold in the

case where we know that there is only one eigenvalue Ai(r+) in the interval
A—=r* A +r*. "

2.3 On the proofs

Estimates (2.10), (2.13) and (2.18) in Theorems 2.1, 2.2 and 2.3, respec-
tively, are a natural consequence of the estimates for the energy (2.7) and (2.17),
and of the definition of quasimode (2.1)-(2.2). We show (2.7) at the end of the
section. In order to obtain the rest of the estimates in Theorems 2.1-2.3, below
we introduce Propositions 2.1-2.4.

Proposition 2.1 Let (u,\) be a quasimode with remainder r of the
operator A arising in (2.6) (respectively, (2.16)) . Let {Xigr)+k tk=1,2, 1(r) and
{witre)+k te=1,2,..1(r) be the eigenvalues and the associated eigenfunctions of the
operator A satisfying (2.1)-(2.2). Let us assume that v* > r and A — r* > 0.
For given initial data ¢, v related with u, let us assume that the solution u(t)
of (2.6) (respectively, (2.16)) satisfies

I(r*) I(r*)
du
u(t) = > ok fireyrkOuireyrif  + praORy D fipeyrkOuiryk| <
k=1 H = H
(2.23) F(\rr*t), Vt>DO0,

for certain functions f(t) and {fitr)4+x(t) }k=1,2,..1(r), f depending on t and X,
figre)+k depending on t and Ai;+)4r, and such that f, firy+k € C([0,00)),
k=1,2,---,I(r*), and for the function F(\,r,7*,t) defined by

2
FOLrr*,t) = 221+ [ Allean + ¢)12
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(F(/\,r,r*,t) = e“"(i—:(l +VA) + Vr*), nespect.) .

where w is the constant appearing in (2.17). Then,

(2.24) If()u—u@®)lly < F(/\,T,T*at)+|f(t)li—: | fierey+k () — F(2)]

1<k<I( *)

and

d
[rere-SG0| <Fromeoriro e s® = £

(2.25)
hold for any t > 0.

1<k<I( “)

Proof. The proof of (2.24) and (2.25) hold the same steps and therefore
we only show estimate (2.24).

Consider
I(r*)
IFu—u@®lly < |[[fBu— D arfiryerOtigayer| +
k=1 H
I(r*)
Dk firy k() tirey i — u(t)
k=1 -

Then, on account of (2.23), the last term on the right hand side of the above
inequality is bounded by F(A,r,7*,t). Let us consider the first term of the
inequality; we can write

I(r*) I(r*)
F@)u—= D" akfitrey+n () titre)+k F@u—= " arf@uieyrr]| +

k=1 o k=1 e
I(r*) I(r*)
D akfOuigeyik — O CkfitroyrkOuigreyrk| <
k=1 k=1 H

I(r*) I(r*)

[fF@)] |u— ?::1 Qe Ui(re)+k ; + gl f(t) - fz(r‘)+k(t)| Z QRUi(re) 4k :

which, on account of the definition of quasimode (2.1)-(2.2), is bounded by

F@IZ + iy e(t) = FCB)]

1<Ic<I( ™)
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Therefore, (2.24) holds and also (2.25) does by replacing time-dependent func-
tions by their derivatives. Thus, the proposition is proved. 2]

As a consequence of Proposition 2.1, considering the functions f(t) and
{fit" +k(t)}£(=ri) to be either the trigonometric or exponential functions appear-
ing in the statements of Theorems 2.1, 2.2 and 2.3, we obtain the bounds in
Propositions 2.2, 2.3 and 2.4, repectively.

Proposition 2.2  Under the hypotheses of Theorem 2.1, for any t >
0, we have

l sin(vVAt) N ~ 2r 2r
| =05 e )] <0 max (r* Cat+t) =,
(2.26) 1 max |sin (\/,T.—._—t) — sin (\/Xt)| gre ¥ . r
' VA \1gk<i(re) o)tk VA — Jr

and

cos(V A t)u — %%(t)“ﬂ <

~ 2r 2r
(2.27) Cmax <;; (Ca+t), = 15§cr_l<_a13((r~) |cos (1/Ai(re)4k t) — cos (\/Xt)|) .

The bounds appearing in (2.26’)—(2;2'7) depend on the relation between \, r, r*,
{Nigro)+k te=1,2,-1(r+) and t, and C and C4 are are constants independent of
these parameters, with C4q = (1 + ||A||£(H))1/2.

Proposition 2.3  Under the hypotheses of Theorem 2.2, for any t >
0, we have

“cos(\/Xt)u - u(t)”H <

= 2r 2r
(2.28) Cmax (r_* (Ca+t), = 15?53})((”) lcos (1/Ai¢r+)+k t) — cos (VA t)|)

and

*

“\/Xsin(\/it)u + ‘i—‘t‘(t)“H < & max (f—” (Ca+1), f—’\/X,

(2.29) (VA max |sin(,//\,-(r.)+kt)—sin(\/Xt)|+\/7—;)),

1<k<I(r*)

where the bounds and constants in (2.28)-(2.29) satisfy the relations stated in
Proposition 2.2.
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Proposition 2.4  Under the hypotheses of Theorem 2.8, for any t >
0, we have

”eiﬁtu - u(t)”H < C max ((i—:(l +VA) + V) et

(2-30) -2—1: e:h\/Xt y max lei At’(r")-{-kt — e:h\/Xt‘)
r* 1<k<I(r*)

and

[Vt | < & max (R0 + VR + VI, 2 /R,
H

@3) (VA4 _me et A«r->+kt_ewt|+\/;:eiﬁt).

1<k<I(r*

The bounds and constants appearing in (2.80)—(2.31) depend on the relation
between X, T, 7, {Xi(re)+kk=1,2,-I(r*) and t, and C and w are constants inde-
pendent of these parameters, with w appearing in (2.17).

Now, the estimates in Theorems 2.1, 2.2 and 2.3 hold considering the
estimates in Propositions 2.2, 2.3 and 2.4 respectively, and the Taylor series
error of the sines, cosines and exponential functions in a neighborhood of Vt.
Below we gather some estimates for errors.

Namely, under the hypotheses for the quasimode in Theorems 2.1 and
2.2 we have:

max )|sin(,/)\,~(r.)+kt) —sin (V)| < Vet

1<k<I(r*

and

(o — < bt 57
IS{CIISai)((r‘) |cos (y/Aire)+k t) cos (VAt)| < Vr*t
In the same way, under the hypotheses for the quasimode in Theorem 2.3, and
depending on the sign of the argument of the exponential, we have:

max |e—\/Ai(r')+kt _ e—\/th < ‘\/’I:t

1<k<I(r*)

and

— |e\/r\s(r')+kt o e\/nl < \/'rjte(‘/x""/r—‘)t .

1<k<I(r*)



110 E. Pérez

Consequently, once that we prove Lemma 2.2, Theorems 2.1-2.3 are also
proved.

Proof of Lemma 2.2. Let u(t) be the solution (2.6) for (p,%) €
H x H. Let us consider {\;};>1 the set of positive eigenvalues of A, and let us
assume that {u;};> are the corresponding eigenfunctions which along with the
basis {v;j}j>1 of Ker(A) form an orthonormal basis of H. Let us consider the
expansion of the initial data

o= oqui+ Y &juv; and Y= Biwi+ Y Bjv

i>1 j>1 i>1 §>1

with a; =< Y, ui >y, &_—,‘ =< p,v; >H, Bi =< Y,ui >g, ﬂj =< ’(/),’Uj >H.
Considering the solution of the associated system (2.4), @(t) = e At@, and
computing the different powers of A, it can be verified that this solution has the
components

(2.32) u@t)=Y (al cos(v/ i t) + B,Sm(‘/—t) ) wi + 3 (& + tB)v;
i>1 2 j>1

and

(2.33) (fi—ltl(t) = z ( Vi sm(\/—t) + B; cos(\/—t)) u; + Z ﬂJ'UJ

j>1

Then, on account that |cos(t)| < 1 and |sin(t)| < t, Vt > 0, we can write

@)l < 22( 2(cos(vAr1))? + (s‘“f}/—_t’) )+2Z(~ +232),

i>1 j>1

and consequently,
(2.34) la@E < 2 (el + 2lIvik) -

Similarly, we have

du 2 2 2
(2.35) W], <2 (14llean ol + 1)

Gathering (2.34) and (2.35) we can write

230) WOl + |50 <20+ Nlealloll +20+ 2wl veo,

which proves the lemma. [
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Remark 2. 2. Following the notations in Lemma 2.2 the solution of
(2.16) reads

u(t) = z; <ai cosh(\/:\_it) + \5;7 sinh(\/)\_,-t)) u; + Zl(&j + tBj)'Uj
> o iz

which makes it difficult to remove the exponential function in (2.17) for general
data (i, ). ]

2.4 On the first order evolution equation

The kinds of results in Sections 2.1 and 2.2, and proofs in Section 2.3,
hold in the case where we consider a first order evolution problem, with the
suitable modifications.

Let us consider a non-negative, compact and self-adjoint operator A act-
ing on the separable Hilbert space H. Let w® > 0and Ef,t > w* be the constants,
depending on the sign accompanying the operator A, such that

(2.37) (Au,u)g +wt|u|?) >0, VYue H,
and
(2.38) R(xA+ ¢ =H.

Here and hereafter throughout the section, each one of the signs & implies a
chosen sign + accompanying A. Considering that A is non-negative, and the
Fredholm alternative, it suffices to take w* = 0 and w™ = ||Al|z(z) to get (2.37)
while £ > 0 and &5 > ||Allz(m) provide (2.38).

Taking into account (2.37), (2.38) and the Lumer-Phillips Theorem (cf.
Section IT1.8 in [16], for instance), we can assert that for any ¢ € H the evolution
problem

dui +
(2.39) 5 —aa =
ut(0) =
has a unique solution u* € C([0,T]; H) for any positive T, which satisfies
(2.40) @)l < eHlolla, VE20,

with wt = 0. Then, we state the following theorem.
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Theorem 2.4  Let (u,\) be a quasimode with remainder r of the op-
erator A arising in (2.89). Let {Xir+)1k =12, 1(r*) ANd {Ui(r)pk k=12, 1(r*)
be the eigenvalues and the associated eigenfunctions of the operator A satisfying
(2.1)-(2.2). Let us assume that v* > r and A\ —r* > 0. Then, for ¢ = u, and
for any t > 0, the solution u*(t) of (2.89) satisfies

~ 2
(2.41) e tu - u+(t)||H < C'max (r—" , t)
for the positive sign accompanying the operator, while
~ 2% X
(2.42) ety — u_(t)“ < Cmax (L e” ’,&:e“, r*te(A+ro)t
H r* ,rll

for the negative sign. Again C and w* are constants independent of A\, r, r*
and t, with w* appearing in (2.40).
The same bounds hold for

I(r*)
Z akeiAi(")"’k tui(r')-l-k _ e:!:Atu

k=1 H
depending on the sign +, while
T e Kt + 2r E .
Z e e e —uE ()] < =€ with w™ = 0.
k=1 H

Proof. For each one of the signs +, the last inequality in the state-
ment of the theorem holds from (2.40) and (2.1)-(2.2). Inequalities (2.41) and
(2.42) are obtained from (2.24) for F(\,r,7*,t) = 2r(r*)~le¥™t | f(t) = =M
and firo)4x(t) = etXie+kt  after considering the Taylor series error of the
exponential function in a neighborhood of (£At). (]

Remark 2. 3. Asis well-known, the solution of (2.4) (cf. also (2.6)
and (2.16) and (2.39)) and, more precisely, of the non-homogeneous equation

da _ -
T + A = f(t)
u(0) = ¢
for given ¢ € H, T > 0, and f € C*([0, T}, H), is provided by

(2.43) a(t) = e Ao + /ot e~ At=9) f(s)ds, Vte[0,T).
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This formula, also allows us to obtain bounds for the discrepancies between the
solutions i(t) of (2.4) when the initial data are linear combinations of eigenfunc-
tions (or quasimodes) and the standing waves constructed from the quasimode
(u, ) in Theorems 2.1-2.4. Nevertheless, these bounds involve d(\,o(A))™!
which, in general, is unknown and very large, above all when we deal with the
very small frequencies of A or with singularly perturbed spectral problems. Fur-
ther manipulation of the discrepancies is likely to involve using the technique in
Section 2.3.

Indeed, considering formula (2.43) for A = +A and choosing the appro-
priate data @ = ¢ and f(t) = f(t), it is simple to verify the assertion above
for problem (2.39) and for the discrepancies considered in Theorem 2.4, while
all the bounds that we obtain in Theorem 2.4 (cf. (2.41) and (2.42)) are well
determined in terms of well-known parameters. ]

3 General setting for e-dependent problems

In this section, for the sake of completeness, we state the general frame-
work and results for e-dependent evolution problems when € is a small positive
parameter. )

For each fixed € > 0, we assume that A€ is a linear, compact, self-adjoint
and non-negative operator on a separable Hilbert space H®. Depending on the
sign =+, we consider the problem

d%uc -
72 + A%uw® = 0
(3.1) u(0) = of
du® "

for given initial data (¢°,v°) € HE x H€ related to quasimodes (u®, A®) of the
operators, A¢, and we prove the results in Theorems 3.1-3.3. In order to do this,
throughout the section we consider the following hypotheses for the family of
operators {A¢}c on H¢, ¢ a small parameter € € (0,1).

Let w = we be the parameter appearing in (2.5) which depends on the
sign £+ accompanying the operator A€ in (3.1), H being H = H® x H®. For
the positive sign in (3.1) we have inequality (2.7) depending on the norm of A¢,
while for the negative sign we have (2.17).

Also, let (uf,\¥) be a quasimode with remainder r. of the operator A®
arising in (3.1). Let r* be r¥ > r¢, and let us assume that the interval [A\® —
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¥, A° + rZ] only contains discrete spectrum of A°. Then, on account of Lemma
2.1, we consider {’\f(r;) +k}k=1,2,-~~, 1(rz) the set of eigenvalues of A° in the interval
[A® — r2, A¢ + 7] for some index i(rf) and I(rf) > 1, and let the associated
eigenfunctions be {uf.(r.) +kYk=12,-I(rz) Satisfying the orthonormality condition
(U (o)1 k> Wi(rey 45 e = Okygo for k,j = 1,2,---, I(rg). Let u®* € HF,

(3.2) e = 1, u* € [ufrayens Uiirgyans 2 Uirs) ey » 07 =

I(r)

€.,€
Z QApUj(re)+k
k=1

and satisfying

I(r?)
2r,
(3.3) lu® —u*llae = l1u = Y ofufsyullie < 2
k=1 €

On account of the normalization for the eigenfunctions and for u®*, obviously
the of are constants such that |af| < 1 for k= 1,2,--- I(r}).

Since it must be assumed that A has only discrete spectrum in the
interval [\ — 72, A° 4+ rZ], it can obviously be assumed that A* —r} > 0, Ve > 0.
Additionally, for the results in this section, we assume that r. — 0 and r} — 0
as € — 0, that there is a constant § > 0 such that A* — 7} > § for sufficiently
small €, and, finally that r} > r. and limc_,o(re/r%) = 0.

Under the hypotheses above for the operator A° and the quasimode
(uf, \?), we can rewrite statements and proofs in Sections 2.1-2.3 with minor
modifications and we have the results stated below. In this respect, we observe
that bounds in Theorems 2.1-2.4 and Propositions 2.1-2.4 are valid and keep
the dependence on ¢ of the parameters A, 7, * and w, while C is a constant
independent of ¢.

2,46
Theorem 3.1  Consider the equation dTl; + A®u® = 0 and the ini-
tial data o° = 0 and ¢* = u®. Then, for any t > 0, the solution u(t) of (3.1)

satisfies

sin(Vet) . e ~ Té Te NG
(3.4) ——\/X__E_u u®(t) o < C max (E (Ce + 1), s -—;(H— 1)
and
(3.5) cos(VAE t)us — di(t)“ < C'max (T—E (Ce +t), = , Vrk t) ,
dt He T; ’l"ei.l N
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for sufficiently small € (namely, € < eo with o independent of t). Here C;
and C are constants independent of X%, t, T and r2; C¢ is the constant C =
(1+|]AEI|£(HC))1/2; A, re and T} are the constants appearing in (3.2)-(3.3) while
C is a certain constant which is also independent of €.

2,6

e + A®u® = 0 and the ini-
tial data ¢f = u and ¢ = 0. Then, for any t > 0, the solution uc(t) of (3.1)
satisfies

Theorem 3.2  Consider the equation

(36)  [eos(VAFtyut — ut(t)] . < cmax< (Ce+1), =, V7 t)

and

d €
Ve sin(V S t)u + ——-;t )
He

(3.7) N
for sufficiently small €, and constants r¢, 75, Ce and C as in Theorem 8.1.

SC’max( (Ce + 1), \/F\/—(\/le))

Theorem 3.3  Assume all the hypotheses above for the operator A®

uE
and the quasimode (uf, %) and consider the equation " Afu® =

i). For the initial data ¢° = u®, Y = —V XU, for any positive t and suf-
ficiently small € (namely, € < g9 with €9 independent of t), the solution

u®(t) of (3.1) satisfies
(3.8) [le=V™ tuf — (1) e < € max ((%(1 + V) + T et \/'r_;‘t)

and
I Nee~VAtyE 4 ddit(t)llm < 5’max( %(1 + VE) + /TE) et
€

(3.9) T VR, (VR + VT + \/7"_>

ii). For the initial data ¢ = u®, ¥° = vV Au®, for any positive t and sufficiently
small € (namely, € < €y with o independent of t), the solution uc(t) of
(8.1) satisfies

”e" At —u
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(3.10) C max ((%(1 + V) +/12) et :—5 eVt \/—r—;te(\/ﬁ+\/7?)t)
&

€

and

c du® s
[Vaertue — G, < € max (a4 VA + Vi et
€

(311) (= /\fe‘/*_“,\/,v+\/;§)\/r—;te(\/ﬁ+\/?:)t+\/,—;e\/a—et).
&

In inequalities (3.8)-(3.11), C are constants independent of X, t, r. and
r¥; we s the constant appearing in (2.17) for A = A° and H = H¢; )¢,
. and r* are the constants appearing in (3.2)-(3.3) while C is a certain
constant which is also independent of €.

Remark 3. 1. Note that the estimates in the inequalities (3.4)-
(3.5), (3.6)—(3.7), and (3.8)—(3.11), establish the range of t for which the stand-
ing waves (V)™ !sin(v/A¢t)us, cos(VAst)us and etV tye approach the respec-
tive solutions of (3.1), when the given initial data (along with \) are related
to the quasimodes of A° as stated in the Theorems 3.1, 3.2 and 3.3 respec-
tively. In addition, the same estimates and range of ¢ hold for the discrepancies
between (V) !sin(VAet)us, cos(VAet)u and e*V2*tyf and the elementary
solutions of the evolution problems when the initial data are ¢ = 0, ¥* =

I(r?) e, e v = D) e e £ — 0 e — ) e, e
k=1 ORU(ra)k Y7 = Lk=1 QUi(rz)+h> ¥ = 05 and ¢ = 3754 1" afuf,ey o

Yt =+ lec(ﬁ) /,\f(r;) +k Q% W(rs) 4 k> TESPectively (see also Remark 2.2).

As a sample, the precise range of ¢ is stated in Section 4 for an operator
arising in the homogenization of a Steklov type eigenvalue problem (cf. (4.25),
(4.26) and (4.31)). Also, the precise bounds for the discrepancies between the so-
lutions and the standing waves are provided depending on the relations between
(re/r2), (re/r)t, JTE, VATEL, JTEL, (ve/TE)VTE, (7'5/"';)\/F ) TE/(T;\/F) ’
V/T2/X%t, and on the products of some of these factors by | A€ ||2/(";1,) or by the

exponential functions e‘/’v‘, eVt and ewet, -
The results in Section 2.4 can also be extended for a first order evolution
problem associated with the operator A°. Namely, under the assumptions (2.37)
and (2.38), which are satisfied for certain w* = w# and ¢F = fffs, we consider
the problem
du®

(3.12) dt

+ A%u® =
u®(0) = ¢°
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for a given initial data ¢° € H* related to quasimodes of (u®, A¥) of the operators
Af which satisfy all the hypotheses in (3.2)-(3.3). Then, from Theorem 2.4 we
derive the results in Theorem 3.4 below.

Theorem 3.4  Assume all the hypotheses above for the operator A€
and the quasimode (u®,\) and consider the initial data ¢* = u® in problem
(8.12). Then, for any positive t and sufficiently small € (namely, € < g9 with €
independent of t), the solution u®(t) of (3.12) satisfies

Te

(3.13) le™" tu — us(t)|| e < C max (F R t)
€
when the sign + accompanies the operator, and

€ s T ~ T e -
(3.14) ”e/\ tus _ uE(t)” S C max (_E ewe t,_€e)\ t, r;te(,\€+re)t> .
e TR ot

In inequalities (3.13)-(8.14), wZ and C are constants independent of A, t, 7.
and r%; w; 1is the constant appearing in (2.40) for A= A® and H = H®; )°, r¢
and ¥ are the constants appearing in (8.2)-(8.8), while C is a certain constant
which is also independent of €.

Remark 3. 2. Note that bounds in Theorems 2.1-2.4 and Propo-
sitions 2.2-2.4 as well as those in Theorems 3.1-3.4 rely on bounds (2.24) and
(2.25) where the corresponding |f(¢)| and |f’(t)| have been replaced by their
respective bounds, which may be worse for small €. ]

Remark 3. 3. In connection with Remark 3.2 we also note that
bound (2.7) used in Theorems 2.1 and 2.2 can be improved using (2.36), but
(2.7) is kept uniform when changing the initial data in both theorems as we
outline at the end of Section 2.1. ]

4 The boundary homogenization problem

In this section we apply the results in Section 3 for operators arising in
a spectral boundary homogenization problem. First, we introduce the homoge-
nization problem and the associated spectral local problem; then, for the sake
of completeness, in Section 4.1 we gather certain results on the quasimodes con-
structed in Pérez [14]. Finally, in Section 4.2 we use these results to construct
standing waves approaching solutions of time-dependent problems and we derive
the bounds for the discrepancies.
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Let © be an open bounded domain of R?* with a Lipschitz boundary
9. This boundary 9 is assumed to be in contact with the line {zo = 0},
90 = T UX;UTq where the part of 9Q in contact {zo = 0} is assumed to be
the union of £y and £, £ # 0 and £y = (0N {z2 = 0}) \ =. Without any
restriction, we can assume that the segment ¥ is centered at zero and that, in
the case where £y # 0, T NTq = 0.

For fixed €, € € (0,1), we consider ¥ to contain the union of segments X5,
of length ¢ which we define as follows: For k = 0,%1,+2,+3,---, N, let T¢
(25, G%, respectively) be the homothetic T (X!, G, respectively), of ratio ¢;
centered at the point &y = (keP,0). Here, T' and X! are segments centered at
the origin, 7! strictly contained in $!, G! = £! x (0, 00), ¢ is a small parameter
that we shall make go to zero, P is a fixed number, P > 0, and 2N, + 1 denotes
the number of £ contained in £, N, = O(¢~!). For each fixed k, the change of
variable ~
(4.1) y=1 _em’“

transforms 7}, f and G§ into T, ©! and G! respectively. If no confusion
arises, in what follows we shall write |J7T° to denote UfV;_ N I5-

We refer to Pérez [14] for further geometrical considerations and for the
proofs of the results that we state below and in Section 4.1.

Let V¢ denote the space completion of {v € D(?) /v =0 on 82\ UT*}
with the norm

(42) ol = | Vo dz,

whose elements vanish on 02 \ |UT*, and, for sufficiently small ¢, they satisfy

(4.3) /u2 dx =/ u?dz, < ECP/ |Vul®?dz, Yue Ve,
p) Jre Q

where Cp is a well-determined constant independent of € and u (we can take Cp
related to the Poincaré constant for the elements of {U € H!(Z! x (0,1)) /U =
0 on T1}).
Let us consider the spectral problem
—Au® = 0in 2,
(4.4) u® = 0ondQ2\UTe,
g;—%+ﬁ€u5 = Oon UT*,
whose variational formulation reads: Find 8¢ and u® € V¢, u® # 0, satisfying

(4.5) /n Vu* . Vuvdr = 3¢ -/U u‘vdz;, YveE Ve,
Te
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For each fixed €, and for each v¢ € V¢, the Riesz representation theorem
identifies the element of (V€)' defined by [y v*vdz;, Vv € V¢, with an element
of V€. Therefore, the problem (4.5) can be written as an eigenvalue problem for
a non-negative, self-adjoint, compact operator A€ on the space V¢ as follows:
Find pf (uf = 1/8°) and u® € V¢, u® # 0 satisfying A®u® = p®u®, where

(4.6) < Afu,v >= / wdzy, Vu,v€E VE
Ure

(cf. Lobo&Pérez [10], Pérez [14] and Remark 4.8 to compare).

The operator A® has the eigenvalue 0 with corresponding eigenspace
Ker(Af) = {u € V¢ /u=0on UT°} = H}(Q), and the rest of the spectrum,
which is discrete, is denoted by {(8f)71}$2,, where {8§}2, are the set of eigen-
values with finite multiplicity of (4.5), 8§ — oo as i — oo; the convention of
repeated eigenvalues is used. Let {uf}$2, be the set of associated eigenfunctions
which are assumed to be orthonormal in V€. They form an orthonormal basis in
the space complement orthogonal to Ker(A®) in V¢, Ker(A® )%, which satisfies:

(4.7) Ker(AS)* c {ue H'(Q) /Au=0inQ, and u=0on 02\ | JT*}.

The minimax principle characterizes the i-th eigenvalue of problem (4.5);
in this case (see Pérez [14]), it allows us to assert that 8§ = O(¢~!). In addition,
the limit behavior of the re-scaled eigenvalues fSfe and the associated eigenfunc-
tions is involved with the eigenelements of the local problem, namely problem
(4.8), as stated in Theorem 4.1 below (see also Remark 4.1).

The eigenvalue local problem in the half-band G! is: Find (8°,V?) €
R+ x V1, V0 £ 0, satisfying

(4.8) /Gl v,VO.v,V dy = ° /Tl VOVdy, VV eVl

Here y is the local variable defined by (4.1), and V! denotes the space completion
of {V € D(GY), V = 0on '\ T',V(y1,y2) is y1 — periodic in G'} with the
gradient norm in L?(G'). It is known that (4.8) has a discrete spectrum and
we consider the set of eigenelements {8?,V°}%2,, where we assume that the
eigenfunctions have norm 1 in V! (cf. Pérez [14] for more details).

4.1 On the quasimodes for (4.6)

For each eigenfunction V° of (4.8), ||V°|lyv1 = 1, let w(z) be the function
defined by

(4.9) w(z1,22) = VO(y1,y2)  for (z1,22) € G§ = G’
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and extended by periodicity to all the half-bands G§ such that the corresponding
3¢ are contained in X.
Let us consider the cutoff function 7¢,

(4.10) n°(z) = n (20:71),

where 6. — 0 as ¢ — 0 and 7 is a smooth function with a compact support,
supp (') C (3, 3],

neC'(R), 0<n<1, n(t)=1fort5% and n(t)=0fort2§.

For each fixed V°(y) solution of (4.8), the order function §. can be taken to be
d. = ke|lne|, where k is a well determined constant which depends on V? (see
Pérez [14] and Panasenko&Pérez [12] for the construction of 7° and proofs).

Let us denote by w®n® = w®(z)n®(z) the function V°(z/c) extended by
periodicity to all the £ contained in ¥ and multiplied by the function 7¢(z)
which is only dependent on z3. w®n® is a periodic function of the z, variable
which vanishes on ¥\ |J 7.

For any fixed intervals (a,b) and (c,d) contained in ¥, with (a, b) strictly
contained in (¢, d), let ¥ be a function

YeCPR), 0<y <1, YP()=1ifz€labd], (z1)=0ifz ¢ (cd).
(4.11)
Then, we define the boundary layer function w®n®iy, concentrating its support
in a thin layer near X,

(4.12) (wn*Y)(z) = w(z1, 22)n" (22)¥(21) -

Obviously, w*n®y € V¢ where now the function 7y € C§°(R?) takes the value
1 in the rectangle [a,b] x [0, (1/3)ke |Ine|] and vanishes outside the rectangle
[e,d] x [0,(2/3)ke |Ine|]. Hence, wn®y is also a strongly oscillating function in
the thin layer where it concentrates its support.

Finally, let us introduce the constant o such that ||o®(w*ny)|lve = 1,
that is,

(4.13) of = ( /n |V(w"’rf¢)|2d:c) .

Theorem 4.1  Let (8%, V?) be any eigenelement of (4.8), VO with
norm 1 in V! (that is, [ |V, V°|2dy = 1). There ezists a sequence d¢, d* — 0,
as e — 0, such that there are eigenvalues 8¢ of (4.5) with e3¢ € [B° —df, 8O +df]
(or equivalently, such that (85)~! € [¢(8°)~1 —7¢,e(B%) "1 +7¢] for r¢ = O(d%¢)).
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In addition, there are u€, with [ |V@¢|? dz = 1, @€ in the eigenspace of all
the eigenfunctions u® of (4.5) assoczated with the eigenvalues 3¢ such that e3¢ €
[B° —d¢, B° + d*] (or equivalently, such that (8°)™! € [(B°) ! —7¢,e(B%) ! + 7]
Jor 7€ O(dse) e(B°)~! > 7€), with d° — 0 and d°/d* — 0 as € = 0, (or
equivalently, 7 — 0 and r€/7€ — 0 as € — 0), and ¢ satisfying:

(4.14) / V(@ — ofwnp)|? dz < C(%)2,
Q T

where C is a constant independent of €, af is the constant defined by (4.13)
and the function wn®y is defined in (4.12) from (4.9), (4.10) and (4.11). The
sequences d¢ and r¢ can be taken as follows:

(4.15) d® = Ki|lne|™Y2, and r° = Ke|lne|~Y/?

where K, Ky are certain constants independent of €. Also, sequences d° and
re 7€ = df /czE can be chosen in order to get either smaller intervals [3° —d , B0+
d®] or improved bounds (4.14).

Moreover, considering e(8°)™! > 7 and (4.15), possible choices of ¥ are

1
(4.16) 7 = Ksellne|™P,  with K3 any constant and 0 < B < 3

In particular, d€/d® = 7€ /7 = O(|lne|~'/1) is one of these possible choices.

We refer to Pérez [14] for the proof of Theorem 4.1 and for further results
obtained from the statements in this theorem that we gather in the following
remark.

Remark 4. 1. As a matter of fact, applying results in Theorem 4.1
allows us to assert that each eigenvalue B° of (4.8) is an accumulation point
of the re-scaled eigenvalues 3¢ of (4.5). As regards the eigenfunctions, for any
eigenfunction V0 associated with the eigenvalue ° of (4.8), and sufficiently small
€, functions o (wn®1y) are the so-called quasimodes of (4.5), approaching linear
combinations of eigenfunctions u° in small intervals as stated in Theorem 4.1.
The norm used for the approach is (4.2), and considering the support of (w*n°¢),
we can assert that these eigenfunctions {4}~ concentrate asymptotically their
support in a thin layer of width O(e|ln€|) around a part of the boundary ¥ (in
which the supp(v) is contained) and they vanish outside. In this thin layer they
are also strongly oscillating functions.

In addition, for fixed 4, it has been shown in Pérez [14] that lim._,q Bfe =
BY where (9 is the first eigenvalue of (4.8), but this result should be combined
with others in order to obtain an idea on the asymptotic behavior for the eigen-
function associated with gf and for the eigenfunctions of (4.5) individually (see
also Nazarov&Pérez [11] and remarks in Pérez [14]). u
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4.2 On evolution problems associated with (4.6)

In this section, we deal with the evolution problems associated with the
operator A€ in (4.6) and the standing waves from the quasimodes in Section
4.1. For initial data (¢%,9°) € V€ x V€ we consider the problem

d?us e e
pTS + Afu® = 0
(4.17) w(0) = ¢f
du®

50 = ¥

A¢ satisfies the hypotheses in Section 3 for H® = V¢, and here we com-
pute the associated w® arising in (2.5) or, equivalently, in (2.7).

From A = A€ we define the operator A in (2.3) on the space H = V¢ x V=,
For (u,v) € V€ x V¢, let us consider @ = (u,v) and take into account the
definition of A€ in (4.6) and the inequality (4.3). Then, we can write

(4.18) [l At[la = l[(Fv, A%u)|lu < [lvllve +eCpllullve < (1 +eCp)|allu,

for the constant Cp in (4.3). Consequently, for both signs, we can take w in (2.5)
to be w, = (1+&Cp) which is bounded by any fixed constant w > 1 independent
of €, for sufficiently small € (without any restriction we can assume w = 2).
Thus, for each sign +, we have a unique solution u®(t) of (4.17), u® €
C2%([0,T); V¢) for any positive T, which satisfies the inequality (cf. (2.17))

dut . ||?
€ 2 < 42(1+eCp)t €112 €112
Il @1 + | G @, < te (el + 1) <

(4.19) 4 (11f IRre + 1 113re)

for any t > 0 and w above. Considering (2.7), for the positive sign in (4.17) we
also have

2

d
L. S2+eCr+td) (e lRre + If13re ) s W2 > 0.

(@20l Ol + | G ®

Hence, we are in the framework of Section 3, and, we consider the quasi-
modes W¢(z) = af(w*n°y)(z) constructed in Theorem 4.1, from (4.9)-(4.13)
and (8° V°) an eigenelement of (4.8), V? of norm 1 in V1. On account of
Remark 3.2 and (2.24), we state results in Theorems 3.1-3.3 for the operator
Af and the initial data which we describe below.
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Let us consider problem (4.17) with the positive sign accompanying the
operator, namely, the equation

d2 €
d—;-+AEuE=O

and the initial data (¢%,%°) € V& x V&, It is self-evident that for (¢f,1°) =
(uf(s), 0) ((¢°,v°) = (0, u;’(s)) respectively), where (,Bf(e), uf(s)) is an eigenele-
ment of (4.5), the solution of (4.17) is

u®(t) = cos (, /l/ﬁf(E) t) “f(s)’ (uf(t) =, /ﬁf(e) sin (, /l/ﬂf(s) t) uf(e), respect.)

When (¢, 1) are the quasimodes constructed above, namely, (¢%, ¥°) = (W€, 0)
((¢%,4°) = (0, W¢), respectively) the relation of the solutions of (4.17) and the
standing waves

cos <m t> we, <\/,—6’_0/—s sin (m t) W€ respectively )

is provided by the following theorems.

Theorem 4.2 With the notations in Theorem 4.1, for the initial data
(p%,9°) = (W*,0), the solution u®(t) of (4.17) with the positive sign in the
equation satisfies

(4.21) |[cos (\/;ﬁ t) we — uE(t)“Hlm)
(e ],

(4.22) Cs max(;—5-(1+t),\/5\/it + V7)),

< Crmax (£ (1+1), Ve 1),
€

where C and Cy are constants independent of t and €, and, r. and 7. are the
order functions in Theorem /.1.

Theorem 4.3 With the notations in Theorem 4.1, for the initial data
(%, %%) = (0, W*), the solution u®(t) of (4.17) with the positive sign in the
equation satisfies

\/Bo/s sin <\/e/ﬂ° t) we — uf(t)“ <

HY(Q)
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(4.23) C maX(~ (1+1), —: ‘/\; (t+1)),
/750 1) e _ 2t re =
(4.24) ||cos ( e/p° t) w 7 )‘ it < Cy max(;e (1+1),V7t),

where C, and Co are constants independent of t and €, and, r. and 7. are the
order functions in Theorem 4.1,

Remark 4. 2. Note that the bounds in Theorem 4.2 (Theorem 4.3,
respectively) establish the range of ¢ in which the standing wave cos ( e/B t) w

(v/B9/¢ sin (\/s/BG t) We€, respectively) approaches the solution of (4.17) for
given initial data (¢°,¢¥°) = (W*¢,0) ((¢%,v°) = (0, W¢), respectively) quasi-
modes of the operator A® defined in (4.6).

Namely, considermg re and T, re given by (4.15) and (4.16), and the con-
stants B and sa.tlsfymg <B<3 Land 0 < v < 1, for

(4.25) te [0, |In e|‘;e"‘37] ,

we have the bounds

cos (/= tyw* — uE(t)” < C ()|
B HY(Q)

”\/g sin { % W+ o (t)“ < Clin(e)| 7

“\/—ﬂ; sin ( % t) W — ut(t)

E e - ” 5
cos ( 70 tyw 7 (t) _— < C/|ln(e)|

< C|ln(e)| ™"
H(Q2)

with 5 = Qﬁ%(l—_ﬁ > 0, and C a certain constant independent of t and €. m

Remark 4. 3. In connection with Remark 4.2, it should be noted
that the range of ¢t can be enlarged if we need to compute the discrepancy
between the solution and the standing wave only on the part of the boundary
¥.. Indeed, this is a consequence of estimate (4.3) satisfied by the elements of
V¢ which implies that considering the norm of L?(X) on the left hand side of
estimates (4.21)—(4.24), the right hand side is multiplied by /. Consequently,
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the discrepancies in L?(X) between standing waves and solutions in Remark 4.2
remain valid for

(4.26) te [0, (vE) el T,

Comparing intervals (4.25) and (4.26) leads us to assert that the standing waves
on the boundary ¥ remain close to the solutions of (4.17) for a longer period of
time. u

Let us consider problem (4.17) with the negative sign accompanying the
operator, namely, the equation

2146
dch; ~ A%t =0
and the initial data (¢%,9°) € V€ x V. Obviously, for (¢, %) the pair

(Uieyr £y /l/ﬂf(s) Ui(e)), the solution of (4.17) is given by

w(t)=eV' ﬂf“’tuf(e)

while for (¢f,9°) = (W€, 4/e/BO W¢), the connection between the standing

wave efVe/B° t e and the solution of u®(t) of problem (4.17) is given by the
following theorem.

Theorem 4.4  With the notations in Theorem 4.1, the solution u®(t)
of (4.17) with the negative sign in the equation satisfies:

i). For the initial data (¢%,v°) = (W€, —\/e/BOWE), for any positive t and
sufficiently small € (namely, € < g with €y independent of t),

(@.27) [}V W — (D)l ey < Crmax (2 + V) !, ViTt)
€

and
\Je/B0 e VEIB tyye 4 L B <
dt HY()
(4.28) & max ((;_w\/i) et (VE+ VIt + f)

ii). For the initial data (¢¢,%°) = (W¢,\/e/BOW¢), for any positive t and
sufficiently small € (namely, € < g9 with €9 independent of t),

<
HY(Q)

e B
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(4.29) Cs max ((;; + V) et et e VTP +V) t)
€

and
Vel VoI twe - )| max (22 + VD) e,
dt Hl(Q)
(4.30) (VE + Vi)V t e VPVt [y E/BOt) :

The constants w, 51,52,5'3,6'4 appearing in (4.27)-(4.30) are constants inde-
pendent of t and e, with w appearing in (4.19), and, r. and 7. are the order
functions in Theorem 4.1.

Remark 4. 4. Similarly to Remark 4.2, with the notation in
Theorem 4.4, from (4.27)—(4.30) we derive uniform bounds for the discrepancies
of the standing waves of the type e*V¢/#° t W¢ and the solutions u®(t) of (4.17)
when the initial data (¢°,¢) are given by (W€, +/e/B% W¢). Namely, for

(4.31) te [O, : ;w2B7ln(|ln€|)] ;
we have
eEVEB tyye _ uf(t)“ < Clin(e)| ™
HY(Q)
and

|\/€/ﬂ° VTP tyye 4 (—1)% | < Clin(e)| 7,
HY(Q)
1

where 7 and 7 are the same constants introduced in Remark 4.2, 0 < § < 3,
and C is a constant independent of ¢ and €. n

Remark 4. 5. On account of Theorem 3. 4 the kind of bounds in
Theorem 4.4 with the suitable modifications can be obtained when a first order
evolution problem (3.12) is considered for the operator A¢ defined by (4.6) and
¢¢ the quasimode W€ constructed in Theorem 4.1 from (\°, V°) an eigenelement
of (4.8). Namely, considering (4.3) and (4.18), under the assumptions in this

section for the operator and the initial data, the solution u®(t) of (3.12) satisfies
||e‘(€/[3°) tW€ _ ue(t)”HI(Q) S 51 max (%E- ,'Fe t)
3

when the positive sign accompanies the operator, and

ee/B)tyye _ t)” Ca max (?— e(6CPIt T€ o(e/B)t 7 4 o(e/B0 +7) t)
€

H! (9) Te
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otherwise, where 6’1, Cs are constants independent of ¢ and ¢, and 7. and 7 are
the order functions in Theorem 4.1. ]

Remark 4. 6. We emphasize that according to formulas (4.9)-(4.13),
the standing waves constructed in Theorems 4.2 - 4.4 and Remark 4.5 concen-
trate asymptotically their support along a small neighborhood of any chosen
segment on the boundary ¥ where the strongly alternating conditions are im-
posed. The width of the band where the support is concentrated is O(e|ine|).
Consequently, we can construct approaches to solutions of first and second order
evolution problems that concentrate asymptotically their support along a line
for long periods of time (cf. Remarks 4.2 - 4.5). n

Remark 4. 7. As regards the inequality (4.19), we note that, for the
du®

positive sign in +A¢€, multiplying the equation (4.17); by and integrating

between 0 and t for any positive ¢, on account of (4.17)2 and (4.17)3, we can
write an energy equality

du®
dt

2
@) |G|+ L dm = i+ [ dm, vezo,
ve z

which avoids time-dependent exponential functions accompanying the initial
data. Instead, formula (4.32) does not provide bounds for ||Vu‘(t)||iz(9) in
terms of the initial data, providing only estimates for the derivative of u® in
H'(Q) and for u® in L3(Z).

This is in good agreement with the fact that the norm in the space
product H = V¢ x V¢ is not provided by the energy of the system. In addition,
for the negative sign in + A€, there appears a negative sign affecting the integrals
on ¥ in (4.32) which renders this equality useless. ]

Remark 4. 8. It should be noted that the original spectral problem
in Pérez [14], which has the variational formulation (4.5), is written in terms of
harmonic functions in , with the Steklov boundary condition %2 + Bfuf =0
on (JT°¢; namely in terms of partial derivatives in the spatial variable z. This
problem has a discrete spectrum, while when considering the spectral problem
in terms of the operator (4.6), the eigenvalue 0 is added with an associated
eigenspace H}(Q) which, along with the orthogonal space (4.7), completes V<.

However, when considering the evolution problem (4.17) associated with
the operator (4.6), we may not obtain the solution u®(t) as a harmonic function
unless we restrict ourselves to initial data (%, ¥*) which are harmonic functions,
namely ¢¢,1° € Ker(Af)' (see (4.7) and Lobo&Pérez [10] to compare).
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Indeed, multiplying the equation (4.17) by v* € V¢, we have
d2 €
—u,vs + (Afu®,v°) =0
dt? -

Taking v¢ = v € H}(Q) we can write:

d*u® 1
/v W) Vude=0, vve HY(Q),
Q dt

and therefore,

2,4€
A (‘%) =0 inD'(Q)

but this does not ensure that u® is a harmonic function. In order to ensure
this, we must restrict problem (4.17) to the subspace Ker(A¢)* of V¢ (with the
same scalar product), whose elements are harmonic functions in 2, this being
the space of the initial data. Therefore, all the properties for the solutions of
(4.17) in V¢ hold for the solutions in Ker(A¢)t. In other words, with the
initial data ¢¢,1° € Ker(A¢)! we have a unique solution of problem (4.17) in
Ker(Af)* and this is the only solution of (4.17) in V¢, ]

Remark 4. 9. According to Remark 4.8, in order to have a physical
meaning of the solutions of (4.17) in terms of the solutions of wave equations
(similarly, for first order equations in terms of heat equations), we must look
for solutions of (4.17) which are harmonic functions and this restricts the initial
data to harmonic functions in V€. This happens for instance if the initial data
are eigenfunctions of A€ associated with positive eigenvalues but not for the
given initial data which are the quasimodes W* related with the eigenelements
of (4.8) (A%, V).

In this framework, it should be noted that all the results of the Theorems
4.2-4.4 and Remarks 4.2 — 4.5 hold if we replace W* by its projection on We into
the space Ker(Af)* (cf. (4.7)). This result is a consequence of the fact that
the eigenfunctions approaching the quasimodes are already in Ker(A¢)* and
consequently, estimates (4.14) and the fact that ||W¢||ye < 1 is not a restriction
in the proofs of the theorems. The only exception worth mentioning is that
we lose the property of the concentration of the support of the standing waves
and consequently of the solutions of the evolution problems along a line: see
Lobo&Pérez [10] in this respect. =

Remark 4. 10. In the framework of Remarks 4.6. - 4. 9., an-
other point is that when looking at the low frequency vibrations associated with
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problem (4.5), the frequency of vibration is expected to be in fact very large,
namely, of the order of O(¢~!) instead of the order O(e) as we obtain in this
paper considering the evolution problem associated with the operator Af; A€
has the eigenvalues which are the inverse of the eigenvalues of the original prob-
lem (4.5). Another formulation of the evolution problem in terms of unbounded
operators on the fractionary Sobolev spaces on the boundary of the T* is given
in Lobo&Pérez [10] using the results in Pérez [15]. With this new alternative
evolution problem in Lobo&Pérez [10], we lose the concentration of the sup-
port of the standing waves that we construct as well as that of the solutions of
the evolution problems (cf. also Lobo&Pérez [9] and Lobo&Pérez [10] in this
respect). o
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