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A dynamical model of plasmid-bearing, plasmid-free competition in the chemostat
with uncertain inhibitory kinetics is studied. Based on a feedback control, an extremum
seeking model-based algorithm is designed and applied to maximize the concentration of the
plasmid-bearing organisms in real time. Computer simulation is carried out to demonstrate
the theoretical results.
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1. Introduction.

The chemostat is widely used for model-based tests and experiments in
microbial biology. In recent years it is also exploited for laboratory production
of substances by genetically altered organisms. The modification is typically
obtained by introducing a DNA molecule into the cell in the form of a plasmid.
These plasmid-bearing organisms are then grown in the chemostat. During
the reproductive process, however, the plasmid might be lost, resulting in the
appearance of a second competitor, the plasmid-free organism [2], [3].

We consider the following model describing the competition between
plasmid-bearing and plasmid-free organisms in the chemostat [2], [3], [5]

§ = D(s®—s) — z1p1(s) — z2pa(s)
(1) #1 = z1((1-q)u(s) — D)
&2 = z2(p2(s) — D) + qz1p1(s),
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where

s(t)  is the substrate concentration
z1(t) is the concentration of the plasmid-bearing organism
z2(t) is the concentration of the plasmid-free organism
s° is the input substrate concentration
D is the dilution rate in the chemostat
wi(s) are the specific growth rate (uptake) functions, i =1,2
q is the plasmid loss probability, 0 < q < 1.

For biological reasons, it is assumed that 0 < s < s is fulfilled. In what follows
we shall assume that s° is fixed and D is the control variable.

In [2], [3] this model is studied under the following assumptions on the
uptake functions:

(3)  pi(s) are monotone increasing, continuously differentiable and
bounded with u;(0) =0, pui(s)>0foralls>0, i=1,2;
(1) the graphs of (1 — q)u1(s) and p2(s) intersect once at a point
s* € (0,5°), i. e (1—q)u(s*) = pa(s*) = D*.
(47) (1 — g)p1(s) < p2(s) for all s € (0,s*) and
(1 — q@)p1(8) > pa(s) for all s > s*.
Growth rate functions satisfying (i) are known as model functions of Holling
type II; they have the form
m;s?
a; + 82’

pi(s) = or p(s) =

a; + 8
Condition (747) means that for high substrate concentration (s > s*) the plasmid-
bearing organism is a superior competitor, while for low levels (s < s*) the
plasmid-free organism is superior. If the plasmid-free organism is a superior
competitor, then this leads to the extinction of the plasmid-bearing species [2],
which is an undesirable outcome of the process. Practical experiments show [5]
that under certain conditions the plasmid-bearing organism can be a superior
competitor and thus coexistence of both organisms is possible. In fact, it is not
possible to achieve total efficiency of the chemostat by excluding the plasmid-
free organisms [2], [3]. The best that can be done is to operate the chemostat
at a state, where both populations survive. As it is shown in [2], [3] this is
possible if the control input D is chosen very carefully. However, in the case



Modeling the Production of Genetically Modified Organisms 279

when the uptake functions pi(s) and p2(s) are not exactly known but only
bounds for them are available, coexistence might be lost leading to extinction
of the plasmid-bearing organism. The latter drawback can be overcome by
implementing the dilution rate D as a feedback law, depending on the system
states, i. e. D = D(s,z1,z2); then the model (1) takes the form

§ = D(s,z1,%2)" (30 —8) — z1p1(8) — T2p2(s)
(2) 31 z1 ((1 — q)u1(s) — D(s, z1,22))
T2 = 2 (#’2(3) - D(sa 11:1,.’1)2)) + qzrip1 (3)

Definition 1.1 [3]. A positive dynamic system is permanent if there
exists a compact set K, K C int (R3), which attracts all solutions starting in
int (RY).

D* —¢

Theorem 1.1 [3]. For any € € (0,D*) and k > k with k = 5

define the following feedback
(3) D(z1,z2) = k(z1 + z2) + €.

Then the system (2) is permanent. Moreover, there ezists an equilibrium point
P = (sP,2%,28) > 0 which is globally asymptotically stable for (2) with the
feedback (8) with respect to initial conditions (s(0),z1(0),z2(0)) > 0.

It is shown in [3], that the feedback (3) ensures permanence of (2) also
in the case of uncertain uptake functions if € and k are chosen in a proper way.

According to Theorem 1.1, it is not possible to achieve total efficiency
(exclusion of plasmid-free organisms) since there is no attracting solution with
zo(t) = 0 and z1(¢) > 0. The open problem posed in [2] is how to optimize the
location of the point P to maximize the concentration of the plasmid-bearing
organisms.

In this paper we solve the latter problem under more general assumptions
on the uptake functions; we consider the case when at least one of p1(s) and pa(s)
is of Holling type III, i. e. it exhibits inhibition, and the graphs of (1—q)u1(s) and
pa(s) intersect at two points. Assuming further, that x;(s) and pa(s) are uncer-
tain but bounded, Theorem 1.1 is modified so that to guarantee permanence of
the closed-loop system in this case. A model-based extremum seeking algorithm
is applied to maximize the concentration of the plasmid-bearing organisms in
real time.
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2. The model with non-monotone uptake functions

We consider now the model (1) under the following assumptions on the
uptake functions p; and pa:

(A1) pi(s) are continuously differentiable,
1i(0) = 0 and pi(s) >0 for s > 0,i=1,2

(A2) p2(s) is monotone increasing for 0 < s < 80

(A3) pi1(s) has a maximum at a unique point s™ € (0, %)

(A4) (1 —q)pi(s) and pa(s) intersect twice at points s; and sg,
81 < 8™ < 89 < s and
(1 = q)p1(s1) = p2(s1) = Dy
(1 — q)u1(s2) = pa(s2) = D2

(A5) pa(s) > (1 — q)pa(s) for all s € (0,s1) U (s2,5°) and
p2(s) < (1 — q)pi(s) for all s € (s, s2).

Denote Dmax = max{(1l — q)u1(s™), p2(s®)}; it follows from (A4) that
D, < Dy < Dpax and Ds < /1.2(80).

Figure 1 visualizes the uptake functions satisfying the above assumptions.

S

Figure 1: The uptake functions (1 — g)u1(s) and pa(s)

Equilibrium points for constant dilution rate. Let us consider the
dilution rate D is a parameter (not depending on the time t). The equilibrium
points are solutions of the following system of algebraic equations

D(s° — 8) — zyp41(8) — zop2(s) =0
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z1 (1= q)ui(s)—D)=0
z2(p2(s) — D) + qz1p1(s) = 0.
Obviously, the equilibrium point
Eo = (s° 0, 0)

always exists; it is called a wash-out steady state. If z; = 0, 22 # 0 hold
true, and D is chosen so that the equation ug(s) = D has a (unique) solution
s = ag < $0, then a second equilibrium point is

E,; = (a23 0, sO - 02)-

When z; # 0 and z2 # 0 are valid, the equation (1 — ¢)u1(s) = D may possess
at most two solutions (depending on the value of D), denoted by a; and f,
such that a; < B1 < s° hold true. Then the equilibrium components for z; and
9 are solutions of the following two linear systems

p1(¢)z1 + p2(Q)ze = D(s° — ()
qu1(Q)z1 + (p2(¢) — D)z2 =0, (€ {a1,p1}

Denote

AK) = p(Q)((1—q)p2¢)—D)
A1(€) (s° = ¢)D (p2(¢) — D)
A2(¢) = —(s°=¢)Daqmi), <¢e€{a,pi}

Positive solutions for z; and z9 exist if and only if
A(¢) # 0 and sign A(¢) = sign A1(¢) = sign Az(¢), ¢ € {a1,b1},

which is valid when
D
pa(en) <D and  pp(en) < m(en) = 17—,
D
1-— q'

Q

p2(B1) < D and  p2(B1) < pa(B1) =

Then there exist the steady states

Ai(an)  Asz(on) e A1(B1)  A2B)
Awo’Amn)’ F_<m’AWﬂ’Aw0)

E°¢ = (al,
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As mentioned before, there is no equilibrium where only plasmid-bearing but no
plasmid-free organisms are present (i. e. with z; # 0 and x2 = 0 in the steady
state components).

Define the set Q = {(s,z1,22) | s >0, z1 > 0, z2 > 0}.

The next theorem reports on stability of the equilibrium points.

Theorem 2.1 . Under Assumptions (A1) to (A5), the following state-
ments are true:

(a) E°¢ is asymptotically stable for D € (D1, D3) with respect to initial
conditions in the set Q.
(b) Eg is asymptotically stable for D > Dmyax on 2.
(c) Ey is asymptotically stable on 2 for D < D; and if
(1 — @)u1(s™) < D < pa(s).
(d) Eo and E® are asymptotically stable on 2 for
p2(s%) < D < (1 —q)pa(s™).
(e) E2 and E° are asymptotically stable on Q for
Dy < D < min{(1 — g)u1(s™), pa(s°)}-
(f) F¢ (if exists) is always asymptotically unstable on (2.
Proof. The proof follows from standard local analysis based on investi-

gating the eigenvalues of the Jacobian matrix at the steady states and we omit
it here. [ ]

Uncertain uptake functions. Usually the formulation of the uptake
functions is based on experimental results with measurement errors. Therefore
it is not possible to obtain an analytic form of the functions, but only some
qualitative properties and quantitative bounds. Assume that bounds for yu1(s)
and po(s) are available:

p1(s) € [y (s), u (8)],  pa(s) € [uz (), 3 (s)] for all 5 > 0.
Let the boundary functions p; (s), u; (s) satisfy the following assumptions:

(B1) u;(s), wpi(s) are continuously differentiable,

p; (0) =0, pf(0)=0and pu;(s) >0, p(0) >0 for s > 0,i =1,2;
(B2) p; (s) and ud (s) are monotone increasing for 0 < s < 0
(B3) puy(s) (resp. pi(s)) has a maximum at a unique point s™

(resp. s™") with s™ ,s™" € (0,s°).

(B4) There exist compact intervals [s1] = [s7,s{] € (0, s]
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S S

Figure 2: The uncertain uptake functions (1 — q)u1(s) and pa(s)

and [sg] = [s5,53] C (0,5% such that [s;] N [sg] = @ and

pz (s7) = (L—@uf(s), w3 (sT) = (1 — qui (s7),

p3(s7) = 1=y (s3), w3 (s3) = (1 —@uf (s3).
5y (L= 0wt <pz(s) forallsc (0,s7)U (s, )

uf(s) < (1 — gy (s) for all s € (sF,57).

Denote by [Di] = [Dy, Df] and [Ds] = [D3, D] the projections of [s;]
and [s3] respectively on the vertical axis.

If the dilution rate is constant, then it follows from Theorem 2.1, that
persistence (i. e. coexistence of both organisms in the chemostat) is achievable
if [D1]N[D2] =0 and D € (Df',D; ), see Figure 2 (left plot). Dilution rates
outside this interval do not guarantee persistence. If D} and Dj are very close
to each other, the operator who is controlling the chemostat should be very
careful in setting the dilution rate. Persistence is also not guaranteed in the
case when [D;] N [D2] # 0, i. e. if D} > D3 and D € (D{,Di*‘), see Figure 2
(right plot). Therefore, keeping the operating conditions s% and D constant and
introducing uncertainty only in the uptake functions may lead to extinction of
the plasmid-bearing organism or of both organisms. As we shall see in the next
section, this drawback can be overcome by introducing feedback control.

3. Feedback control

Consider the model (2) where the dilution rate is implemented as a feed-
back law, depending on the system states, D = D(s,z1,z2), assuming that
D(s,z,x2) is defined for all (s,z1,z2) > 0 and D(s,z1,z2) > 0 holds true.
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Denote by s™ = min{s™ , smh )
Additionally to (B1)—(B5), let the following assumption is satisfied:

(B6) For any py € [p1], the derivative pj(s) is enclosed by (uy)'(s)
and (u7)'(s) for any s € [sT, s].

Let the following inequality holds true:

(4) §:=Di + (s —s7) min _min_{(u7)(s), (u})(s)} > 0.

s€([sT,s0]

Denote .
Dy := p3 (s3) = (1 — q)uy (s3)

and define the constants

D} —-d Dy —
k1 = —1—, ko = .
(5) 1= 352 e Jn v s for d € (0,6)

Theorem 3.1. Let the uncertain uptake functions [p1] and [ug] satisfy
assumptions (B1) to (B6). For any d € (0,0) and any k € (k1,k2) define the
following feedback
(6) D = D(z1,z2) = k(z1 + z2) + d.

Then the closed-loop system (2) with the feedback (6) is permanent with respect
to initial conditions (s(0),z1(0),z2(0)) > 0.

Proof. We shall show that for any p1 € [u1], p2 € [u2] there exists an
equilibrium point E. = (s z§,z§) > 0 which is globally asymptotically stable
for the closed-loop system (2) with the feedback (6). The proof is very similar to
the proof of Theorem 1.1, see [3]. We present below the main and different steps
of the proof for convenience. Let p1 € [p1], p2 € [u2] be any uptake functions.
Define the function

1
(s, x1,T2) = 5(3 + 1 + x2 — s0)2.
Then the derivative of X(s,z1,z2) on any trajectory of (2) with the feedback
(6) is )
X(s,z1,22) = —D(71,22) - £(8, 21, 72).

Since D(z1,z2) > 0 for all (z1,22) > 0, it follows that $(s,z1,z2) < 0. Lasalle’s
invariance principle implies that every solution of the closed-loop system con-
verges to the largest invariant set, which is contained in the set {(s,z1,22) €
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R3 |3(s,z1,72) = 0}, or equivalently to the set {(s,z1,z2) € R} | Z(s,z1,%2) =
0}. This implies that all solutions of (2), starting in R3 are bounded and the
following relation holds true

i — g0
t_l,lﬁloo(s(t) + z1(t) + z2(t)) = s°.
The latter implies that the set
Q= {(8,(61,1‘2) € R?'_ | s+ z1 + 2 = 80}

is invariant for (2) and the w-limit set of every solution of (2) belongs to Q.
Consider the restriction of the original system (2) with the feedback (6) on Q":

& = 1 ((1 — Q) (s®—z1—32) — D(wl,mz))
) Lo = o (M2(80—$1—$2) - D(:z:l,mg)) + qz1p1 (8% — 21 —22)
z1(0) > 0, z2(0) >0, z1(0) + z2(0) < s°.
System (7) possesses the following equilibrium points
E; =(0,0), Ej=(0,5°~5%, E;=(zf,25),
where s¢ is defined as a solution of the equation
(8) (1 — q)u(s°) = k(s° — 5°) + d,
and thus

(9) € = (s - sc)((l _ Q)Nl (sc) _ l“2(3c)) ¢ = g0 — ¢ — z€.
v p1(s€) — p2(s9)) hrw 54 3

It can be directly checked that s < s¢ < s; < s§ < s° and therefore z§ > 0,
z$ > 0 hold true. Denote the vector field in the right-hand side of (7) by
f(z1,z2). By calculating the Jacobian matrices of f(z1,x2) at the three steady
states, it follows that Ej is a repeller, Ej is a saddle, and E is an attractor.
The Butler-McGehee theorem [4] implies that Ej does not belong to the limit
set of solutions with positive initial conditions z;(0) > 0, ¢ = 1,2. Further, the
existence of nontrivial periodic solutions for (7) can also be excluded by means
of the Dulac’s criterion [4]: the divergence of the vector field xllzz f(z1,z2) is
equal to

div 1 f(:l)l,:l)z) e 1 (dlil (s - — .’1:2) + k)
r1T9

0 _ e
_l (dﬂa(s —z1 —x2) + k) _ams xzzl .'1:2).
2
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Using Assumption (B6), (4) and (5) we obtain consecutively

d < Dy + (s° = s{) min oin, {(u1) (8), (1) ()}

Dy —d > —(s° — s{) min s {(u1)'(5), (1) (5)}

Dy —d
s0 — st
k>—min min {(11) (8), (1) (8)} = —pi(s) for all s € [s7*,5°].

> —min Xaie {(u1)'(5), (1) (5)}

The latter inequahty, together with the fact that x)(s) > 0 for all s € [0, sT"]
means that div - Iz f(z1,z2) is negative for all (z1,z2) > 0; this implies that
limit cycles do not exist. Therefore, the equilibrium E? is globally asymptoti-
cally stable.

Denote z = s + 21 + x2 — s° and consider finally the system

i1 = o1 (1 - Qua(s*+2~21~22) — D(@1,2))

(10) 22 = 2 (uz(s°+z—m1——x2) - D(a:l,zz)) + qz1p1(s®+ z2—z1 —22)

zZ = —D(:l:l,:ltz) -z,

where z(0) > —s° z;(0) > 0, i = 1,2. We have that lim; o, 2(t) = 0 and
that system (10) is uniformly bounded. Moreover, on the set {(z1,z2,2) €
R2 x [~s% +00) | 2 = 0} the dynamics of (10) is given by system (7). The equi-
librium points of system (10) are easily seen to be (Ej,0), (Ej,0) and (EZ,0).
Finally, systems (10) and (7) satisfy the hypotheses of Theorem 5 in [3], see also
Appendix F in [4]. This means that the equilibrium point E. = (s¢,z§,z — 2°)
is globally asymptotically stable, which completes the proof. [

4. Model-based extremum seeking

It follows from the proof of Theorem 3.1, that the feedback D(z1,z2) can
be presented in the form

D(s) = k(s° — s) + d with k € (k1, ko).

On Figure 3, the two dash-dot line segments present the boundary lines k; (s —
s) + d and ko(s® — s) + d for fixed d.

We shall use the freedom in choosing the slope k € (ki, k2) to maximize
the concentration z(t) of the plasmid-bearing organisms. From Theorem 3.1
we know that for any d € (0,0) and any k € (ki,k2) there exists a globally
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S

Figure 3: The feedback control law

asymptotically stable equilibrium of (7) with the feedback D(z;,z2). Let us fix
some d € (0, ), and denote this equilibrium by E7 (k) = (z§(k), z§(k)). Our goal
is to stabilize the dynamics to a point E~ (k™) = (z§(k™), z5(k™)) where z§(k™)
takes its maximal value. This is achieved by applying a numerical extremum
seeking algorithm. Such algorithm was firstly proposed in [1] to solve another
optimization problem in a bioreactor. Here the algorithm is adapted for this
chemostat model. The main idea of the algorithm is based on the fact, that
Theorem 3.1 is valid for any k from the known interval (ki,k2). Therefore we
can construct in a proper way a sequence of points k%, k!, k2, ..., that converges
to the (unknown) point k™, where z§(k™) is maximal. The main steps of the
algorithm are presented in the Appendix. The algorithm is executed in two
stages: on the first stage, an interval [K] = [K~, K*] C (k1, k2) is determined;
such that k™ € [K]; on the second stage the interval [K] is refined by means of
Fibonacci elimination techniques to obtain an interval [K™] C [K], which width
is less than a user-defined tolerance £ > 0.
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5. Numerical simulation

In the simulation process we consider two specific uptake functions:

(8) = ——— b —— (s) = —22
M - (a1+s)(b1+s)’ 2 - a2+s'

Obviously, p1(s) has a maximum at s™ = v/a;b;. The uncertainty in p; and p2
is simulated by assuming that the coefficients m;, a; and b; are bounded within
compact positive intervals:

m; € [mi] = [my,m}), ai € [ai] = [a;,a}],i=1,2; b1 € [b] = [b7, b7].

Then

my s mis
(af + 8)(b] +5)’ (a7 + s)(by + 38)

- i+

— o+ m28 mqy 8
3s), s)] = Rt
[Mz()ﬂz()] [a'{+s a2+s]

pul(s) = [u;(s>,ur(s)1=[

(12](s)

The boundary functions g; and p, i = 1,2, satisfy assumptions (B1) to (B3).
It is straightforward to see that

Hi(s) € [(u1)(9), (u)'(8)] for s € [T, 5°)

so that (B6) is also satisfied. To fulfill the assumptions (B4), (B5) as well as
the conditions of Theorem 3.1, particular numerical values for the intervals [ma],
[a;] and [b;] are considered.

Further we denote the feedback by Dy = k(z; + z2) + d to indicate
explicitly the dependence of k; note that d € (0,0) is fixed. For simplicity, the
globally asymptotically stable equilibrium, corresponding to k, is denoted by
z¢(k) = (5 (k), z5(k))-

In the simulation process we proceed in the following way. At the initial
time o = 0 we take random values for the coefficients m; € [m;], a; € [a;] (i =
1,2) and b; € [b1]. We apply the extremum seeking algorithm to stabilize the
closed-loop system to the globally stable equilibrium, where the plasmid-bearing
concentration is maximal. Then, at some time ¢; > tp, we choose another set
of random coefficient values and repeat the process. Figure 4 visualizes the
time evolution of the state variables z1(t) and z2(t). The dash horizontal line
segments go through the points z§(k™) and x§(k™) respectively. The vertical
dot line segments mark the time moment t;, when the new coefficients values
are taken in a random way from the corresponding intervals.
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0 40 80 120 160 0 40 80 120 160
t .

Figure 4: Time evolution of z1(t) (left) and z2(t) (right).

Appendix: The extremum seeking algorithm

We present here the main steps of the numerical extremum seeking al-
gorithm. The steps are executed in the given order except as indicated by
branching. We assume tolerances € > 0, €5 > 0 and h > 0 to be given.

I. Determine an interval [K] = [K~, K] such that [K] C (k1, ko) and k™ € [K].

Step 1.0. Choose k° € (k1,k2). Apply the feedback Dyo to stabilize the system
to z°(k?). According to Theorem 3.1, there is a time moment ¢¢ such

that |z1(to) — z$(k°)| < ex; set z§(k°) := z1(to), z5(k°) := z2(to).

Step I.1. Set o := 1, k! := k° + oh. Apply the feedback D1 to stabilize
the system to z°(k'). According to Theorem 3.1, there is a time
moment t; such that |z1(to) — z§(k')| < ek; set z§(k') = =z1(t1),
x5 (k') := za(t1).

If 2§ (k') > z§(k°) then goto Step L.3
else goto Step 1.2.

Step 1.2. Set o := —1, k! := k% + oh. Apply the feedback Dj: to stabilize
the system to z¢(k!). According to Theorem 3.1, there is a time
moment ¢; such that |z;(t1) — z§(k')| < ex; set z§(k!) := z1(t1),
z§(k?) := za(t1).

If 2§ (k') > z§(k°) then goto Step L.3.

If 2§ (k') < z$(k°) then set h := h/2;
if h < /2 then set [K™] := [k® —¢,k? +€]; goto III
if h > €/2 then goto Step L.1.
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Step 1.3. Set h := 2h, k? := k' + oh. Apply the feedback Dj2 to stabilize
the system to z°(k?). According to Theorem 3.1, there is a time
moment ¢y such that |z;(t2) — z§(k?)| < ex; set z§(k?) := z1(t2),
z§(k?) := za(t2).

If z§(k?) < z§(k') then set [K] = [K~, K*] := [k k?] and goto IL.
If z§(k?) > z§(k') then set k® := k!, k! := k?; repeat this Step 1.3.

II. Starting with [K] = [K—, K*], determine an interval [K™] = [K™ ,K™"]
with k™ € [K™] and K™ — K™ <e.
V5 —
2

= 1 -
Denote k% := K, Ko .= Ko i= ; compute Ap 1= KOt — k0.

Step II.0. Compute Ag := (1 — A)Ayq, po :=k°” + Ag, qo := KoF — A,

Step II.1. Apply the feedback Dp, to stabilize the system to z°(pp). According
to Theorem 3.1, there exists a moment of time t,, > 0 such that

|Z1(tpo) — 25 (P0)| < €k; set z§(po) := Z1(tp,), Z5(po) := T2(tpo)-
Apply the feedback Dg, to stabilize the system to go. According
to Theorem 3.1, there exists a moment of time ¢4, > 0 such that
|z1 (tqo) - $§(40)| < &k; set :L“{(qo) = zl(tqo)’ 35(40) = 22(tqo)'
Step II.2. Set A3 := qo — Po-
If 25(po) > 5(qo) then set k'™ := kO, k'" := qo,
p1:=k'" + As, q1 = po;
If z$(po) < x§(qo) then set k' = po, k1T = kO,
1+
p1:=qo, q1:=k' —As.
Compute A; := k" — k17,

Step IL.8. If A, < € then set [K™)] := [k'",k'"]; goto IIL
If Ay > € then

if p; > ¢1 then set k0 := k17, k" := k'* and goto Step II.0.

if p1 < q1 then
if $(po) > z§(go) then apply the feedback D, to stabilize the
system to z¢(p1). According to Theorem 3.1, there exists a
moment of time ¢,, > 0 such that |z1(t,,) — z(p1)| < &x;
set z§(p1) = z1(tp,), 25(P1) = Z2(tp,)-
if z$(po) < z§(go) then apply the feedback D, to stabilize
the system to z¢(g;). According to Theorem 3.1, there exists
a moment of time ¢4, > 0 such that |z;(t,,) — z{(q1)| < €k;
set z§(q1) = z1(tq,), 25(q1) = z2(ta,)-
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Set po := p1, qo == q1, KO := k17, kO := k7,
z§(po) == z§(p1), 2§(qo0) := z§(q1);
goto Step I1.2.

III. STOP computations

Remark 1. At any step of the algorithm, the last computed values for
z1 and zo are used as initial conditions for the next step.

Remark 2. The algorithm can be implemented to work online. If the
system states (measurements) change due to some parameter perturbations,
then the algorithm starts to work from Stage I.
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