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Adaptive Asymptotic Stabilization of a
Bioprocess Model with Unknown Kinetics

Neli S. Dimitrova and Mikhail 1. Krastanov

We consider a nonlinear model of an anaerobic wastewater treatment process, in which
biodegradable organic is decomposed to produce methane. The model, described by a four-
dimensional dynamic system, is known to be practically validated and reliable. We propose a
feedback control law for asymptotic stabilization of the closed-loop system towards a previously
chosen operating point, presented as a linear combination of the substrate concentrations. This
feedback depends only on online measurable quantities. A model-based numerical extremum
seeking algorithm is applied to stabilize the dynamics towards the maximum methane output
flow rate. Computer simulations are reported to illustrate the theoretical results.
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1. Introduction

We consider a model of an anaerobic digestion process, described by the
following nonlinear system of ordinary differential equations ([2], [12], [13]):

(0.1) % = u(si —s81) = kipi(s1)z1

(0.2) B~ (asr) - awn

(0.3) B~ ush— 52) + kapa(s1)a1 — Kapa(s2)zs
(0.4) % = (p2(s2) — au)zo

(0.5) Q = kapo(s2)za.
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Table 1: Definition of the model variables and parameters

81 concentration of chemical oxygen demand (COD) [g/]]

82 concentration of volatile fatty acids (VFA) [mmol/]]

T concentration of acidogenic bacteria [g/1]

2 concentration of methanogenic bacteria [g/]]

u dilution rate [day ™!

i influent concentration s; [g/]]

sb influent concentration s [mmol/l]

k1 yield coefficient for COD degradation [g COD/(g z1)]

k2 yield coefficient for VFA production [mmol VFA/(g z1)]
k3 yield coefficient for VFA consumption [mmol VFA/(g z2)]
ks coefficient [12/g]

pmax  maximum acidogenic biomass growth rate [day~!]

1o maximum methanogenic biomass growth rate [day ]

ks, saturation parameter associated with s; [g COD/I]

ks, saturation parameter associated with s; [mmol VFA/I]

kr inhibition constant associated with sp [(mmol VFA/1)!/2]
a proportion of dilution rate reflecting process heterogeneity
Q methane gas flow rate

The state variables s;, so and 1, 2 denote substrate and biomass con-
centrations, respectively: s; represents the organic substrate, characterized by
its chemical oxygen demand (COD), s; denotes the volatile fatty acids (VFA),
z; and z5 are the acidogenic and methanogenic bacteria respectively. The pa-
rameter a € [0, 1] represents the proportion of bacteria that are affected by the
dilution; @ = 0 and a = 1 correspond to an ideal fixed bed reactor and to an
ideal continuous stirred tank reactor, respectively (cf. e. g. [1], [2], [4], [5], [12],
[13], [18]). The dilution rate u is considered as a control variable. We assume
that the methane flow rate Q is the measurable output. The definition of the
model parameters is given in Table 1. The functions u;(s1) and uz(s2) model
the specific growth rates of the microorganisms.

It is known [5], [13] that the model (0.1)-(0.4) describes a two-stage pro-
cess in a continuously stirred tank-reactor, based on two main reactions: (a) aci-
dogenesis, where the organic substrate (denoted by s;) is degraded into volatile
fatty acids (VFA, denoted by s3) by acidogenic bacteria (z1); (b) methanogen-
esis, where VFA are degraded into methane C'H4 and carbon dioxide CO2 by
methanogenic bacteria (z2). In [8], the asymptotic stabilizability of this model
is studied under the assumption that the acidogenesis (first stage, described
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by equations (0.1)—(0.2)) has been already stabilized to some operating point
s1; then a nonlinear adaptive feedback is proposed, which stabilizes asymptot-
ically the closed-loop second stage dynamics (methanogenic phase) towards a
previously chosen reference point s3, such that (s3, %) is an equilibrium point
of (0.3)—(0.4). Further, a numerical extremum seeking algorithm is applied to
steer the (two-dimensional) system to an equilibrium point, where maximum
methane output flow rate is achieved.

Here we propose a new feedback law, that stabilizes simultaneously the
whole system (0.1)—(0.4). The feedback depends on online measurable quanti-
ties, the so called biochemical oxygen demand (BOD), which is a linear combina-
tion of the substrate concentrations s; and so; the latter are online measurable
by using real sensors or numerical estimators (cf. e. g. [6], [11] and the refer-
ences therein). The extremum seeking algorithm from [8], [9] is adapted to the
four-dimensional system to maximize the methane rate outlet.

The paper is organized as follows. Section 2 presents the main and new
result on asymptotic stabilization of the control system (0.1)—(0.4) towards a
previously chosen operating point (called also reference or set point). In order
to prove that the closed-loop system is asymptotically stable, suitable Lyapunov
functions are constructed explicitly. The numerical extremum seeking algorithm
is applied in Section 3 to stabilize the dynamics towards the equilibrium point
where maximum production of biogas (methane) is achieved. Computer simu-
lations illustrating the theoretical results, are reported in Section 4.

2. Adaptive asymptotic stabilization

Let us consider the model (0.1)—(0.4) as a control system, where sy, z1,
s9 and z9 are the state variables and u is the control. For biological evidence
we assume that all phase variables as well as the control take only nonnegative
values. We shall construct an adaptive stabilizing controller under the following
assumptions:

Assumption A1l: The methane gas flow rate @ and a linear combination
k
k—zsl + s9 of 51 and sg, called the biochemical oxygen demand (BOD), are online

1
measurable outputs.

Assumption A2: pu;(s;) is defined for s; € [0,+00), pi(0) = 0 and
#i(si) > 0 for s; > 0; pi(si) is continuously differentiable and bounded for all
8; € [0,400), 1= 1,2.

Let us fix an operating (reference) point 3,

. A
5€(0,s") with s':= k—2$’1 + 5.
1
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Assume that the following so-called regulability condition [12] is fulfilled:
there exists a point §; such that

_ _ ko _ ;
(0.6) p1(31) = pa (s - —l;l-sl) , 81 € (0, 3'1) .
Define further
sh— 3y +ake; s —3

o = = ‘
ak3 Otk3

(0.7) S =8— %81, z =

It is straightforward to see that the point ((3) = ¢ = (81,71, 52, Z2) is an equi-
librium point for (0.1)-(0.4). Our goal is to construct an adaptive feedback law
to asymptotically stabilize the system (0.1)-(0.4) to {(3). Denote further by

(0.8) Q(C) = ka u(32) Z2

the static characteristic of the model, which is defined on the set of all steady
states ((3) parameterized by 3. We shall also show that the adaptive feedback
law can be applied so that to stabilize the control system (0.1)-(0.4) to an
equilibrium point where the static characteristic of the model is maximal.

k .
Denote s = Ez—sl + 3 and define the following sets
1

Q = {(s1,71,52,72)| s1 >0, z1 >0, s2 >0, z2 > 0},

i

sy s
0 = {(sl,xl,sz,xz)l s1+ kiry < > s+ kszg < E}’

k
Q = {(Sl,ml,sz,iz)l k—jsl+82=§}’.
Q = QN0

The last assumption imposed on the considered model is the following:
. ) d ke d _ ke .
Assumption A3: Let F u1(s1) + k. ds: 72 (s k1 sl) > 0 be satis-
fied on the set QN s.

Remark 1. Assumption A3 is technical. It is remarkable that this
assumption is fulfilled whenever p; and pg are the Monod and the Haldane
model functions and the values of the parameters are determined through off-
line measurements (cf. (1], [2]).

The main result of this section is the following
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Theorem 1. Let us fix an arbitrary operating point 5 € (0,s'). Let
Assumptions Al, A2 and A3 be satisfied. Then there exists a feedback control
law that asymptotically stabilizes the control system (0.1)-(0.4) to the point
¢(8) = (81, %1, 82, T2) for each starting point (o from the set Sg.

Proof. Let us fix an arbitrary point {p € ¢ and a positive value ug > 0
for the control. According to Lemma 1 from [12] there exists T' > 0 such that
the value of the corresponding trajectory of (0.1)—(0.4) for t = T belongs to the
set Q. For that reason we can consider (without loss of generality) the control
system (0.1)-(0.4) with starting point belonging to the set 2.

Following [2] and [17], we extend the system (0.1)-(0.4) by adding the
differential equation

dB

(0.9) pre —C(B—B7)(BT — B)ka p2(s2) z2 (s — 3),

where C' > 0 is an arbitrary constant. Denote

1 ks
aksZo - k4(3i - 5)

(0.10) 3=

and let 3~ > 0 and B+ > 0 be arbitrary real numbers such that B € (B,B").
We consider the control system (0.1)—(0.4) and (0.9) in the augmented
state space ((,8) with ¢ = (s1,z1,S2,22) and define the following feedback
control law
(0.11) k(¢, B) := B ka pa(s2) 2.
Taking into account the expression for @ (see (0.5)), equation (0.9) and As-
sumption A1, we can state that the proposed feedback k(¢,3) uses only online
measurable quantities.
Let () denotes the closed-loop system obtained from (0.1)-(0.4) and
(0.9) by substituting the control variable u by the feedback k(¢, 8). Define the
following function:

V(¢ B) = (s — 5+ ka(z2 — T2))*+

S v—3§ 1 (B w—B
F(L 's—t'j’;d’l)‘i'a ﬁ (w—-ﬂ‘)(ﬂ*‘—w) d’LU)a

where the parameter I' > 0 will be determined later. Clearly, the values of
this function are nonnegative. If we denote by V' (¢, 3) the Lie derivative of the
function V with respect to the right-hand side of the closed-loop system % at
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the point (¢,B), then it is easy to see that for each point (¢,B) from the set
Q:=Q x (8~,8%), the following equality holds true:

V(C.B) = —k(¢B) (2+r-kw(si_'l"’)(si_g)))(s-sf

—2(1 + a)ks - k(¢, B)(s — 8) (w2 — 22)
— 20k - k(¢, B) (w2 — 72)”.

The boundedness of the set 2 implies the existence of a sufficiently large constant
I' > 0 so that ) B
(0.12) V(¢,B) <0 for each point ({,B) € Q.

We set 5 .
Q:={(¢,8) €Q: V((,B) =0}
One can directly check that

- = ~ k
92 = {(81,1’1,82,52,B) €EN: 'k_jsl +82= §} ’

62 == {(sl,zlvg_ E31)52)5) € ﬁ} .
k1

Applying the LaSalle’s invariance principle (cf. e. g. [16]), it follows that
every solution of the system (X) starting from a point of 2 is defined on the
interval [0, +00) and approaches the largest invariant set (with respect to (X))
which is contained in the set Q2. In fact one can directly check that the set Q, is
invariant with respect to the trajectories of (X). Using (0.7), (0.10) and (0.11),
the dynamics of (X) on the set 22 can be described by the following system

or equivalently

% = é x(sl)(s'i — 81) — kipi(s1)z1
(0.13)
1~ nler) — x(e)an,

k
where x(s1) = p2 (5— %31). Taking into account that 5 = k—2§1 + 32 and
. 1 1
s} = 31 + ak,Z, (0.13) can be rewritten as follows:

d 1
7?‘ = -3 x(81) - (81 — 51 + aki(z1 — Z1)) — k1 (pa(s1) — x(81)) - 71
dxq

at = (pa(s1) — x(81)) - z1.
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Consider the function
W (¢, B) = (s1 — 51 + aki(z1 — 71)) + a1 — @)k (z1 — 71)%.

Clearly, this function depends only on the variables s; and z; and takes only
nonnegative values; moreover, for each point (s1,z1,5— %81, Z9, ) from the set

Qo, the following presentation holds true:

(0.14)W(31’$1’ §—Bs1,02,0) = —%x(sl)(sl — 51 + aki(z1 — Z1))?
—2(1 — a)k1z1(s1 — 51)(pa(s1) — x(51))-

The regulability condition (0.6) implies the following:

pi(s1) — x(s1) = pa(s1) — pe (5 - ]I:—jsl)
= p(s1) — p2 (52 — (51— 51)%)
= p(51)+ /: d;jl'ﬂl(o) df — p2 (32)

ko %1 d (_ _ k’z)
k2 [ 2 —(0-5)22) da
o e p2 | 32 — (0 —31) *r

$1 d ko d (_ al kz))
= —u1(0) + —— — (0 —35)— de,
/§ (dslm( )+ %y dsph2 |2 ( Sl)kl
and by means of Assumption A3 it follows that
s1 d ko d (_ _ kz))
—3 . = —(0—-35)— dé > 0.
(150 [ (Gom@ + 2 gogre (2~ 0= 30

From this inequality and from (0.14) we obtain that

. k —
(0.15) W(Sl,.’l:l, s — -ésl,.’iz,ﬂ) <0

for each point (s1,z1,5 — %sl,ig,ﬂ_) from the set Q2 \ {(51, Z1, 52, T2, B)}.

To complete the proof we use an idea from [10] (cf. the proof of Theorem
3.1). First we shall remind some notions. Let us denote by ¢(t,(,3) the value
of the trajectory of the closed-loop system (X) at time ¢ starting from the point
(¢, B) € Q. The positive limit set (or w-limit set) of the solution ¢(t, ¢, B) of (X)
is defined as

L*(,B) = {(Z, B)| there exists a sequence {t,} — +00
with (G, B) = limy, 400 $(tn, G, 6)} -
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The negative limit set (or a-limit set) L~ (¢, B) of the solution ¢(t,(,B) of (X)
is defined in an analogous way using sequences {t,} — —oo.

Let us fix an arbitrary point ({p, o) from the set Q. The invariance of
the bounded set 2 with respect to the trajectories of () implies that the w-limit
set L*({o, o) is a nonempty compact connected invariant set. Moreover, the
LaSalle’s invariance principle implies that L"'(Co, Bo) is a subset of 0.

We shall prove that L*(o,B80) = {({,B)}. Let us assume the contrary,
i. e. there exists a point (Ceo,B) € L% (C0,B0) With (oo # (. Then € :=

The invariance of the set L*((p,B0) with respect to the trajectories of
(£) implies that ¢(—t,¢, ) € L*({o,Bo) for each positive t and for each point
(¢,B) € L*(¢o,B0)- In particular we have that ¢(—t, Coos B) € L*(o,Po) for
each positive ¢ and hence L™ ((o0, 3) € L*(¢0, Bo)-

The inequality (0.15) implies the existence of a sequence ¢, — +00 such
that

, m ¢(tn,C, B) = (C,B), where (C,B) is an arbitrary point from L™ (o, B)-

On the other hand, the invariance of the set L~ (Coo,ﬂ—) with respect to the
trajectories of (X) implies that #(tn,C,B) € L™ (Cooy B), n = 1,2,.... Then the
closeness of the set L™ ((s0,3) implies that limy, ;4o ¢(tn, ¢, B) also belongs to
the set L™ (Coo,B). Thus we have obtained the following relation

(0.16) (¢, B) € L™ (€0, B) S L* (G0, Bo)-

Let B((,B),&/3) be a closed ball centered at ({, 3) with radius £/3. The
first inclusion of (0.16_) implies the existence of a sufficiently large number 7" > 0
such that ¢(—T,Ceo, B) = (¢1,51) € B((¢,8),€/3). But this means that

(0.17) $(T, ¢1,B1) = (o5 B)-

The invariance of the set {25 with respect to the trajectories of (X) implies

(0.18) (¢1,81) € B((C, B),€/3) N Q.

Then (0.15), (0.17) and (0.18) contradict to the equality 1(¢oo, B) — (£, B)|| = €.
This contradiction shows that ({, 3) = L*({o,B0) and completes the proof. =

3. Extremum seeking

k
According to Assumption Al, the BOD concentration s = k—231 + 82

1
and the effluent methane flow rate @Q are online measurable. Denote by 5 €
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(0, s*) some reference point and consider ((3) = (51,1, 82, T2) where 31, Z1, 32
and Z, are computed according to (0.6) and (0.7). We assume that the static
characteristic

Q({) = ka p2(32) Za,

which is defined on the set of all steady states {(5) has a maximum at a unique
steady state point

ko .
Cma.x = (s;n, mina sgl) xén), Smax = _s;n + s;n € (0’ 31),
k1

that is Qmax = Q({max)-
Our goal now is to stabilize the dynamic system towards the (unknown)

maximum methane flow rate Qmax. For that purpose we write equation (0.9) in
the form

019  Luy=_c.sw)-8) B -6 Q- (s() - 9),

where Q(t) denotes the methane flow rate measured at time ¢. It should be
pointed out that not only Q(¢) but also all quantities in (0:19) are online mea-
surable. Therefore, the values of its solution can be determined online as well.
Since the solution of (0.19) depends on 3, we denote it by Bs(t), t € [0,+00).
The last fact allows us to apply on-line the feedback control law

(0.20) (5,Q,Bs) — k(s,Q,Bs) = Bs Q.

According to Theorem 1, this feedback will asymptotically stabilize the
control system (0.1)—(0.4), (0.19) to the point (¢, Bs) with Bs = Ws’:s_—g).

To stabilize the dynamics (0.1)—(0.4), (0.19) towards Qmax by means of
the feedback (0.20), we use a numerical iterative extremum seeking algorithm.
The algorithm is based on the fact that Theorem 1 is valid for any reference point
§ € (0,s). Thus we can construct a sequence of points s 5@ 50 .
and generate in a proper way a sequence of values for the methane rate QW,
Q@ ... Q@ ... which converges to Qmax. The algorithm, which is first
presented in [8] for a two-dimensional model, is adapted for the model considered
here. The algorithm is carried out in two stages: on Stage I, an interval [S] =
[S—, §*] is found such that [S~,S%] C (0,s*) and Smax € [S™,S*]; on Stage II,
the interval [S] is refined using an elimination procedure based on a Fibonacci
search technique [15]. Stage II produces the final interval [Sy .y, Sihax] such that



302 N. S. Dimitrova, M. I. Krastanov

[Smaxs Sthax] € [S7,8%] C (0,5%), 8max € [Smax) Shax] 20d Sgax — Spax < €
where the tolerance € > 0 is assumed to be specified by the user.

4. Numerical simulation

In the computer simulation, we consider for p1(s1) and uz(s2) the Monod
and the Haldane model functions [3] for the specific growth rates:

S1 082
ll'max M2 (32) = p’

ks, + 51’ z
kr

pi(s1) =

Obviously, p1(s1) and pa(s2) satisfy Assumption Al. Moreover, Q also has a
maximum at a unique steady state point.

The following values for the model coefficients [1], [2] are used in the
simulation process

a = 0.5, ky = 10.53, ke = 28.6,
ks = 1074, ks = 675 Pmax = 1.2,
kyy = T.1, po = 0.74, ks, = 9.28,
kr = 16, s =1 sh = 70.

With the above coefficient values, the functions p1(s1) and pua(s2) satisfy
Assumption A3.

Figure 1 shows the time profiles of the phase variables s1(t), z1(t), s2(t),
z2(t) (plots (a) to (d) respectively), of the feedback k(t) (plot (e)) and of Q(t)
(plot (f)). In the plots the symbol ¢ denotes the initial values s1(0), z1(0), s2(0)
and z2(0); the horizontal dash-line segments go through s7*, z7*, s3*, 23", Umax
and Qmax respectively, where

k
Umax = k(cmax,ﬁma.x)? ,Bma.x B m

5. Conclusion

The paper is devoted to the stabilization of a four-dimensional nonlinear
dynamic system, which models an anaerobic degradation of organic wastes and
produces methane. A nonlinear adaptive feedback is proposed, which stabilizes
asymptotically the dynamic system towards the (unknown) maximum methane
production rate Qmax. For that purpose, it is first shown that for any previously
chosen reference point 3, representing the biochemical oxygen demand, the sys-
tem can be asymptotically stabilized to an equilibrium point (81, %1, 82, %2), such
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Figure 1: Time evolution of (a): s1(t), (b): z1(t), (c): s2(t), (d): z2(t), (e): k(t)
and (f): Q(t); the horizontal (dash) line segments go through s7*, z1*, s3*, %",
Umax and Qmax respectively.
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k . .
that 5 = -,;23'1 + 39. Further, an iterative numerical extremum seeking algorithm

is applied éo stabilize the closed-loop system into an interval [Smax|, containing
the equilibrium point smax for which the methane output flow rate Q takes its
maximum Qmax. The interval [Smax] can be made as tight as desired depending
on a tolerance £ > 0, which has to be specified by the user. The theoretical
results are illustrated numerically.
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