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In the article we give some answers to a question of Albert Marshal and Ingram
Olkm [1]. Namely, glven a Schur-convex non-negative function ¢ : R™ — R and the integral

= [ K( (z)dz with a kernel K : R™ x R"™ — R, find conditions on the kernel
K Wthh guarantee that the function ¢ is Shur-convex.
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1. Introduction

Inequalities have been used in almost all branches of Mathematics.In
their monograph : ’Inequalities: Theory of Majorization and Its Applications’
[1], Albert Marshal and Ingram Olkin have raised the problem: Under what
conditions about the function K cmd the measure ,u, the function v is Schur-
conver. Here we have put (0) = [ p.K( (x)du(x), where 8,z € R"™,
K,z) : R"xXR" — R, ¢: R” — R and 4,0 is Schur—convex.

In [1], the authors have proved a theorem, when K (6, ) is of the form
K(0,z) = g(0 — x). F. Proshan, J. Sethuraman [2], K.W. Chen [3] and N.
Elezovic, J. Pecaric [4] have proved a series of theorems about this problem.
All proved assertions are considered in the sense of the Lebesgue integral. In
[b]there are given results when :

1. If K(0,z) = g(6.7z) is convex, then 1) is Schur-convex.

2. K(0,z) = g(0 x x).

We formulate these theorems in our paper, in the secton Related results,
as Theorem 1 and Theorem 2. The conclusion in Theorem 1 is very important,
because we integrate a convex function and the result is Schur-convex function.



386 Todor S. Stoyanov

After Theorem 1, we show an Example 1.

The next two theorems, which we present here, in the section Main re-
sults, are natural extensions of [5]. Their results are very important in this
sense.

The conditions in Theorem 3 and Theorem 4 are:

3. K(0,2) = g(2%). 4. K(0,2) = g(6%).

In Theorem 2, Theorem 3 and Theorem 4 ¢ is a Schur-convex function,
and the conclusion is that 1 is a Schur-concave function. In all four conditions,
 is non-negative. After Theorem 3 and Theorem 4 we show three examples.
In Example 4 after Theorem 4, we use the function of Laplace

Phi(z) = \/g/: exp(—t2/2)dt.

The results here could be apply in Probability theory. All the results in
theorems and examples can be used as a generator for S-convex and S-concave
functions.

2. Preliminaries.

Everywhere in the paper we rely essentialy on Lemma 1. Therefore all
theorems are formulated for n, but in the proofs, we consider only the case
n=2.

We note R} =[0,00)", and R’ = (0,00)".

Definition 1. Let x = (21,29, ...,2y), ¥y = (y1,Y2, ..., yn) € R™. We say
. k k
=<y, if Y2 <YL wpyE, k=12, 00 — LY xpgan = Do Ty
Here we note xpy) > xj9) > ... > x[,], as a rearrangement of the coordinates of
x = (21,2, ...,2,). Analogically yn) = Y2 2 --Yin)-

Definition 2. Let z = (z1,22,....,2n), ¥ = (¥1,%2,...,yn) € R". We
say T <y y, if Zlex[i]x[i] < Zlex[i]y[i], k =1,2,..,n. Here we note ;) >
Zjg] 2 ... = T[p], &S & rearrangement of the coordinates of © = (x1,x2,...,xy,).
Analogically yp; > yjg = -y

Definition 3. The real function ¢, defined on the set A, A C R", is
Schur-convex if: (z <y on the set A) implies p(z) < ¢(y). Analogically, the
real function ¢, defined on the set A, A C R", is Schur-concave if: (z <y on
the set A) implies (z) > o(y).
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Lemma 1.([1]) If x <y, x can be obtained by y after sequential ap-
plying of finite number T-transformations. (The matriz of the T-transformations
is T=AE+ (1—-X)Q, where X\ € [0,1] and Q is obtained by unit matriz, after
changing the places of two columns.)

Lemma 2.([1]) The real function ¢, defined on the set A, A C R",
satisfied the condition: with x <., y above A implies p(x) < ©(y); if and only if
© is monotone, non-decreasing and Schur-convexr above A.

Lemma 3.  The function f(z) = z(c —z), x € [0,¢/2], ¢ > 0, is
non-decreasing.

Lemma 4. The function f(o) = o§ — 25, 1 > 22 >0, a >0, is
non-decreasing.

Lemma 5.  The function f(x) =Inzln(c — ), z € [1,¢/2], ¢ > 2, is
non-decreasing.

Lemma 6.([1]) Let the function f(x) be defined on the interval I C R.
Then the function p(z) = [[i f(z;),z € R", is Shur-convex if and only
if f(x) is convex on I.

Let K(0,z) : R"xR" = R, ¢ : R" = Rand ¥(0) = [5.K(0,z)p(z)dz,
always when the integral exists.

3. Related results.
Here we present the results, which are formulated and proved in [5].

Theorem 1. Let K(0,z) = g(0.z) (Here 0.x =Y. 0;x;) ,where
g: R—= R. If ¢ is non-negative and symmetric, and g is convex, then 1 1is
Schur-convex.

Example 1. Ifin the conditions of Theorem1 we put g(t) = exp(—2t), p(z) =
772 exp(=Y21_2?) we obtain, that the function (0) = exp(>.7_,07) is
Schur-convex.

Theorem 2. Let K(A,z): R}, xR} = R, and K(0,z) = g(0 x x),
where 0 x x = (0111,0222, ...,0,7,) and g : R} — R. If ¢ and g are Shur-
convezr and non-decreasing, and ¢ is non-negative, then v is Shur-concave.
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4. Main results.

Here we present new results, which are natural extension of the previous
section.

Theorem 3. Let A =[1,00)", K(,z): R}, x A= R, and K(0,x)

= g(2%), where 2¢ = (x(il,ng,. ) andg: A - R. If ¢ and g are

S tn
Shur-convex and non-decreasing, and moreover ¢ is non-negative, then ¢ is

Shur-concave.
Proof. We note

A =10 // oz, x2)] 166{7 92) 9($§1»$2 )dx1dxs

by £ <fand 0<6; <& <& <0, Let us substitute 1 = xfl, T9 = xgz

_ _ P(O)—y() _
Then 5 = W =

// glar, 257/%) — g(a5"  22)]

(10(:&/917 1/52) (1-61)/61 (1 g2)/£2d5131df€2

//1< < [9(37179532/52)—9(x§1/917962)]x
X15X2

Sp(x}/el 7 x;/gz)x§1—91)/91 xél_EQ)/Edeldl'Q

// :L' xfz/@) —g(fL‘gl/Gl,fL‘l)]X
X1>X2>1
(,0(!131/52 7 xé/el):Ugl*@l)/elxgl*@)/@ de‘lde‘Q,

and

since ¢ is Shur-convex, ¢ is symmetric. Let us replace a = 65/&, b= &1 /6.
According to Lemma 3 6105 < £1&, hence 1 <a <b. Then

5= / / L Tatahan) —glana)]

p(ay/® oy )OO GRS gy —

_//XIZXPI[g(x‘f,:cz) — g(x1,28)]x
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cp(xy& 7 xé/(’l)$é1*91)/91$g1*§2)/§2 daydy.

Obviously (2%, 29) <w (28, 22), (21,2%) <w (z1,28).
Applying Lemma 2, we obtain

g(:L’Lf,:L‘Q) < g(l'li,$2), g(l'l?xg) < g(l'l?xg)'
According to Lemma 4, we get

T — Ty < 20— 23 < 28 — 2%, ie 2+ 23 <28+,

or
(x1, 23) <w (23,25), ie. g(af,x,) — g(ay, 28) > 0.
Again using Lemma 4 we obtain x}/& — xé/& < x}/el —x;/el. Since then
P 0 2 g e (S ) (0
and then
plar/® ") < o) ay/®).
Moreover
x;/91*1/§2 < m}/91*1/§2’ ie. x}/&x;/ﬁ < x%wlxé/&.
Therefore
—6> ffA xl,:cz —g(x1,2%) — g(zf, x2) +g(x1,xg)]0d:v1d:z:2 >0,
ie.

1/61\ 1 1/6
§<0 (C=px 1/&, 2/ 1)371/52,372/ .
Therefore v is Schur-concave. ]

Example 2. If in the conditons of Theorem 3 we put g¢(t) =

Sty p(z) = 1, where z € A=1,c]", 0,t,€ R}, 1 < ¢ € R, then
the function x(0)> ", Cgé;i;l is Schur-concave.

Proof. Wehave () = [, K( (z)dz, where K (0,z) = Y1 2,
according to the condition. Then we obtaln w( ) = izlfoi’dx. We see that
the functions g¢(t) and ¢(z) satisfy the conditions of Theorem 3, i.e. they
are Shur-convex, non-decreasing, and moreover ¢ is non-negative.

If we put D = (¢ —1)""!then we get ¢(0) = D>, 90++11 L If we
substitute x(0) = ¥(0)/D, then our conclusion is that the function x(0) =

0,+1_1 .
n cYi 1
>ic1 g5 is Schur-concave.

Theorem 4. Let A =[1,00)", B=(1,00)", K(f,z):B xR} —
R, and K(0,z) = g(6"), where 0= (07*,65,....,605") and g : A — R. If ¢ and
g are Shur-convexr and mon-decreasing, and furthermore o is non-negative,
then 1 is Shur-concave.
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Proof. We note

A = yY(0) — (&) =l bz p(r1,22)[g(07",65%) — 9§, &5°)|dardra, as
E<0and 1 <6 <& <& <0y

Let us substitute 1 = Inz1, 9 = Inxy. Then

dridxs.

A= // (e ey %) — glay"® 2y )] p(nay, Inwy)
A 1%

Now again, we substitute z; = x}/lnel, Ty = aré/ &2 Then, if we put

a=1In63/In&, b=1In&/Inb;, we obtain

dridxs.

5—ln911n§2A—// [9(z1,2%) — g(z8,22)]p(In 21/ In 61, In 2o/ In &)
A

1%
Applying Lemma 1 we get 1 < a < b (because 6;§; € (1,00) ).Besides
Inzi(1/Inf; —1/Iné) > Inxzy(1/Inby —1/1In&y)
ie.

Inzy/InInze/Inh; <Ilnwzq/Inblnzy/Inés.

Therefore

(Inzy/Inés,Inze/Inby) <y (Inzy/Inby,Inzy/In&s).

Further, the proof does not differ essentially from the proof of Theorem 3.
Here we apply Lemma 5 and then we show, that § < 0, i.e. % is Shur-
concave. [

Example 3. If in the conditons of Theorem 4 we put p(z) = > z;,
g(t) = Y0 ti, . where z € A=10,c]", § € B= (1,00)",t € [1,00)"
¢ € Ry, then the function x(0) = 1", [(n—i_l)cmei_zlfg;(n_l)dn9i+2

concave.

is Schur-

Proof. We have 4(0) = [, K(0,z)p(x)dx, where K(0,z)=>"" 0",
according to the condition. Then we obtain ¢(0) = Y7, [ 407 (O i x;)dx.
We see that the functions ¢(t) and ¢ (z)satisfy the conditions of Theorem 3, i.e.
they are Shur-convex and non-decreasing, and moreover ¢ is non-negative.
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It is obvious ¢(0) = I + (n — 1)1, where I} = ¢~ 137 | [Ft0Ld,

n c c n c n M ¢ — 1
L= [ 6t | tat=5Y"" /eﬁdtzc— i

_ n  texp(tinb;) n 1 c
_ n—1 LEXPWLINTG) e ’
Iy =c [Zi:1 In o, 10 Zi:l]n 0; /0 exp(t1n 6;)dt]

n O0%In0; —0¢+1
_ n—1 i [ i
-y Hemb 0L

Then we obtain 1 (6) = C";Z?ﬂ lntL)endy 2o {n—Delnbit2

7 . If we

put

X(H) _ %Qb(g)? then we get X(H) _ Z?:l [(n-‘rl)cln9¢—21]119§9—i(n—1)cln9¢+2

is Schur-concave.

Example 4. If in the conditons of Theorem 4 we put g(t) = >, ",
where z € A =10,c]", § € B= (1,00)",t € [1,0)", ¢ € Ry, and p(z) =
7, [1 — exp(—2?/2)]. Then the function

(0 =3 05 — \/m/2exp(In® §)[®(c — In ;) — d(In ;)] — 1

=1 In 6;

X
is Schur-concave. Here we put ®(z) = \/g o) exp(—t?/2)dt the function of
Laplace.

Proof. Let us put f(t) = 1 —exp(—t2/2), t > 0. Then we calculate
d(In f)/dt = texp(—t?/2)/[1 — exp(—t2/2)] > 0. Besides

exXpl(— 2
(n f)/dt* = d[— é’x(p (t_i 22;2) £]/dt
= [d( exp(~1%/2) )]t + (/2 g

1 —exp(—t2/2) 1 — exp(—t2/2)
Then according to Lemma 6 ¢(z) = I [l — exp(—x2/2)] is Shur-
convex.
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We have 1(0) = [, K (z)dz, where K(0,z) =>"" ,0;", according
to the condition Then we obtaln ¢( ) = 2o [ AT [1 — exp(—a7/2)]dz.
We see that the functions ¢(t) and ¢(x) satisfy the conditions of Theorem 3,
i.e. they are Shur-convex and non-decreasing, and moreover ¢ is non-negative.

Let us put
D—/ 1Hn L1 — exp(—a?/2)]dz, 2 € R"L.
[0,¢]"™

Then we obtain

=Dy / ;95 [1 — exp(—t?/2)]dt
- DZ?_l[/;Hfdt - /;Hf exp(—t2/2)dt] =

n 05 —1 1 1112_0L ¢ 7(15711191-)2
:DZi:I[ In 6; _1n0f ’ /e =4

0

/2ex In? ®(c—1Inb,; Ing;)| —
_ DZZ 1 — V/m/2exp( )[ln(ﬁi i) — ©(Inb;)]

If we put x(0) =(0)/D, then we obtain

n 0f—/m/2ex n? %)@ c—Inf;)—®(Inb;)]—1
X(G) — Zi:l / p( 5 31[195 ) ( )]

is Schur-concave.
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